
Operational Semantics for Concurrency



Syntactic Sets

Domains

v ∈ Val positive and negative integers with zero

r ∈ Reg thread local variables

X ,Y ∈ Mem locations

i ∈ Tid = {1, 2, · · · ,N}

Expressions and Commands

e = r | X | Aexp | Bexp

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c
| r := e | X := e | r := X
| r := FAA(X , e) | r := CAS(X , e0, e1) | fence

Programs

P : Tid→ Cmd, written as P = c1 || · · · || cN
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Basic Set Up

Concurrency computation takes place in two subsystems:

Thread subsystem

captures the thread local computation.

Thread local state captures values of each thread-local
locations.

Function s : Reg→ Val e.g. s0 , λr .0

TState: set of thread local states in a thread.

Thread con�guration is a combination of commands and
thread local states. e.g. 〈c , s〉 ∈ Cmd× TState

Memory subsystem (de�ned by memory model)

Describe the e�ect of memory accesses and fences.

Memory state M : Loc→ Val e.g. M0 , λx .0
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Command and Action

Memory access or fence commands generate respective actions.

Read ⇒ R

Write ⇒ W

Fetch-and-add ⇒ U

Compare-and-swap ⇒ U (on success) / R (on failure)

Fence ⇒ F

Memory Action: Tuple of operation, location, value read or written.

Fence action: No location or value.

Action label ` := R(X , v) |W(X , v) | U(X , v , v ′) | F

4



Transitions

Thread-local steps:

Silent step; not observable to other threads. 〈c, s〉 ε−→ 〈c ′, s ′〉

Non-silent steps; observable to other threads. 〈c , s〉 `−→ 〈c ′, s ′〉

Lift to program steps: 〈P,S〉 i :`−→ 〈P ′, S ′〉 where
S : Tid→ TState.

State transition in memory:

M
i :`−→ M ′ where M and M ′ are memory subsystem states.

Linking Thread & Memory

Either some thread i or the memory subsystem make an
internal step ε, or they make matching i : ` steps.

P, S ,M =⇒ P ′,S ′,M ′
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Transitions in Thread Subsystems

〈skip; c , s〉 ε−→ 〈c , s〉
s ′ = s[r 7→ s(e)]

〈r := e, s〉 ε−→ 〈skip, s ′〉

s(e) == true

〈if e then c0 else c1, s〉
ε−→ 〈c0, s〉

s(e) == false

〈if e then c0 else c1, s〉
ε−→ 〈c1, s〉

〈while b do c , s〉 ε−→ 〈if b then (c ;while b do c) else skip, s〉

c0, s
`−→ c ′

0
, s ′

〈c0; c1, s〉
`−→ 〈c ′

0
; c1, s

′〉
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Transitions in Thread Subsystem

` = R(X , v)

〈r := X , s〉 `−→ 〈skip, s[r 7→ v ]〉

` = W(X , s(e))

〈X :=e, s〉 `−→ 〈skip, s〉

〈fence, s〉 `−→ 〈skip, s〉
` = U(X , v , v + s(e))

〈r := FAA(X , e), s〉 `−→ 〈skip, s[r 7→ v ]〉

lab = U(X , s(er ), s(ew ))

〈r := CAS(X , er , ew ), s〉
`−→ 〈skip, s[r 7→ 1]〉

lab = R(X , v) v 6= s(er )

〈r := CAS(X , er , ew ), s〉
`−→ 〈skip, s[r 7→ 0]〉

Lifting to Concurrent Programs

P(i),S(i)
`−→ c ′, s ′

〈P(i),S(i)〉 `−→ 〈P[i 7→ c ′],S [i 7→ s ′]〉
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Machine Model for Sequential Consistency (SC)

CPU CPU. . .

Memory

Read Write

- Memory accesses take place from memory.

- Provides interleaving semantics
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Memory Subsystem Transitions

` = R(X , v) M(x) = v

〈M〉 i :`−→ M

` = W(X , v)

M
i :`−→ M[X 7→ v ]

` = U(X , vr , vw ) M(x) = vr

〈M〉 i :`−→ M[X 7→ vw ]

` = F

〈M〉 i :`−→ M
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Linking Thread & Memory in SC

Silent step
P,S

i :ε−→ P ′,S ′

P,S ,M −→ P ′, S ′,M ′

Non-silent step
P, S

i :`−→ P ′, S ′ M
i :`−→ M ′

P,S ,M −→ P ′,S ′,M ′

Consistent Execution

Given a program P an execution con�guration P ′, S ′,M ′ is
consistent under SC i� P, S0,M0 ⇒∗ P ′, S ′,M ′ holds.

Allowed Outcome

Memory state M denotes an outcome of program P under SC
where P, S0,M0 ⇒∗ skip || · · · || skip,S ,M holds.
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