
Introduction to Operational Semantics



Operational Semantics

A program is interpreted as a sequence of computation steps

IMP - a simple imperative language
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IMP - Syntactic Sets

numbers Val, consist of positive/negative/zero

truth values T = {true, false}
locations Loc,

arithmetic expressions Aexp

boolean expressions Bexp

commands Cmd
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Domains

numbers Val, consist of positive/negative/zero

n,m ∈ Val

truth values T = {true, false}
locations Loc,

X ,Y ∈ Loc

arithmetic expressions Aexp

a ∈ Aexp

boolean expressions Bexp

b ∈ Bexp

commands Cmd

c ∈ Cmd
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IMP - Syntax

Aexp

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Bexp

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

Cmd

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c
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State & Con�guration

State of computation: Values of the locations

σ : Loc→ Val

e.g. Init(X) = 0

Con�guration: Evaluation of an expression or a command in a state.

〈Aexp, σ〉, 〈Bexp, σ〉, 〈Cmd, σ〉

e.g. 〈2+ 3, σ〉, 〈true, σ〉, 〈X := 5, σ〉
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Evaluation of an Arithmetic Expression

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Evaluation of numbers: 〈n, σ〉 → n

Evaluation of locations: 〈X , σ〉 → σ(X )
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Evaluation of an Arithmetic Expression

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Evaluation of numbers: 〈n, σ〉 → n

Evaluation of locations: 〈X , σ〉 → σ(X )

Evaluation of sums/subtractions/products:

premise1 premise2 · · · premisen

conclusion

if all the premises hold then the conclusion also holds
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Evaluation of an Arithmetic Expression

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Evaluation of sums:

〈a0, σ〉 → n0 〈a1, σ〉 → n1

〈a0 + a1, σ〉 → n
where n is the sum of n0 and n1

1 Expression a0 is evaluated to a number n0 and

2 Expression a1 is evaluated to a number n1
3 Then add n0 and n1 to get n

as the result of evaluating a0 + a1.
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Evaluation of an Arithmetic Expression

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Evaluation of subtractions:

〈a0, σ〉 → n0 〈a1, σ〉 → n1

〈a0 − a1, σ〉 → n

where n is the result of
subtracting n1 from n0.

1 Expression a0 is evaluated to a number n0 and

2 Expression a1 is evaluated to a number n1
3 Then subtract n1 from n0 to get n

as the result of evaluating a0 − a1.
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Evaluation of an Arithmetic Expression

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Evaluation of product:

〈a0, σ〉 → n0 〈a1, σ〉 → n1

〈a0 ∗ a1, σ〉 → n
where n is the product of n1 and n0.

1 Expression a0 is evaluated to a number n0 and

2 Expression a1 is evaluated to a number n1
3 Then multiply n0 from n1 to get n

as the result of evaluating a0 ∗ a1.
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Example

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

Show: 2+ 3 ∗ 5

〈2, σ〉 → 2
〈3, σ〉 → 3 〈5, σ〉 → 5

〈3 ∗ 5, σ〉 → 15

〈2+ 3 ∗ 5, σ〉 → 17
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Evaluation of Boolean Expressions

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈true, σ〉 → true 〈false, σ〉 → false
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Evaluation of Boolean Expressions

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈a0, σ〉 → n 〈a1, σ〉 → m

〈a0 == a1, σ〉 → true
where when n and m are equal.

〈a0, σ〉 → n 〈a1, σ〉 → m

〈a0 == a1, σ〉 → false
where when n and m are not equal.
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Evaluation of Boolean Expressions

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈a0, σ〉 → n 〈a1, σ〉 → m

〈a0 ≤ a1, σ〉 → true
if n is less than or equal to m.

〈a0, σ〉 → n 〈a1, σ〉 → m

〈a0 ≤ a1, σ〉 → false
if n is not less than or equal to m.
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Evaluation of Boolean Expressions

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈b, σ〉 → true

〈¬b, σ〉 → false

〈b, σ〉 → false

〈¬b, σ〉 → true

〈b0, σ〉 → t0 〈b1, σ〉 → t1

〈b0 ∧ b1, σ〉 → t

where t is true if
t0 == true and
t1 == true, and is
false otherwise.

〈b0, σ〉 → t0 〈b1, σ〉 → t1

〈b0 ∨ b1, σ〉 → t

where t is true if
t0 == true or
t1 == true, and is
false otherwise.
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Optimizing ∧ Evaluation Rule

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈b0, σ〉 → false

〈b0 ∧ b1, σ〉 → false

〈b0, σ〉 → true 〈b1, σ〉 → false

〈b0 ∧ b1, σ〉 → false

〈b0, σ〉 → true 〈b1, σ〉 → true

〈b0 ∧ b1, σ〉 → true
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Evaluation of Commands

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

full execution of command c in state σ terminates in �nal state σ′.

〈skip, σ〉 → σ (skip)

〈a, σ〉 → m

〈X := a, σ〉 → σ[X → a]
(assignment)

〈c0, σ〉 → σ′′ 〈c1, σ〉 → σ′

〈c0; c1, σ〉 → σ′
(sequence)
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Evaluation of Commands

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

full execution of command c in state σ terminates in �nal state σ′.

〈b, σ〉 → true 〈c0, σ〉 → σ′

〈if b then c0 else c1, σ〉 → σ′
(ifTrue)

〈b, σ〉 → false 〈c0, σ〉 → σ′

〈if b then c0 else c1, σ〉 → σ′
(ifFalse)
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Evaluation of Commands

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

full execution of command c in state σ terminates in �nal state σ′.

〈b, σ〉 → false

〈while b do c , σ〉 → σ
(whileFalse)

(whileTrue)

〈b, σ〉 → true 〈c , σ〉 → σ′′ 〈while b do c , σ′′〉 → σ′

〈while b do c , σ〉 → σ′
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Evaluation of Commands

De�nes rules for single step of evaluation

〈a, σ〉 →1 〈a′, σ′〉 (Aexp evaluation)

〈b, σ〉 →1 〈b′, σ′〉 (Bexp evaluation)

〈c , σ〉 →1 〈c ′, σ′〉 (Cmd evaluation)

Provides more control on evaluation order and states
e.g. de�ne left-to-right evaluation rules
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Aexp Evaluation in Small Step Semantics

a ::= n | X | a0 + a1 | a0 − a1 | a0 ∗ a1

De�ne left-to-right evaluation rules

〈n +m, σ〉 →1 〈p, σ〉 where p == n+m (numAdd)

〈a0, σ〉 →1 〈a′0, σ〉
〈a0 + a1, σ〉 →1 〈a′0 + a1, σ〉

(LAdd)

〈a1, σ〉 →1 〈a′1, σ〉
〈n + a1, σ〉 →1 〈n + a′1, σ〉

(RAdd)

De�ne similar rules for other arithmetic expressions.
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Bexp Evaluation in Small Step Semantics

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈n1 == n2, σ〉 →1 〈true, σ〉 if n1 is equal to n2 (eqNumBExp)

〈n1 == n2, σ〉 →1 〈false, σ〉 if n1 is not equal to n2 (neqNumBExp)

〈a0, σ〉 →1 〈a′0, σ〉
〈a0 == a1, σ〉 →1 〈a′0 == a1, σ〉

(eqLBexp)

〈a1, σ〉 →1 〈a′1, σ〉
〈n == a1, σ〉 →1 〈n == a′1, σ〉

(eqRBexp)
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Bexp Evaluation in Small Step Semantics

b ::= true | false | a0 == a1 | a0 ≤ a1 | ¬b | b0 ∧ b1 | b0 ∨ b1

〈¬true, σ〉 →1 〈false, σ〉 (notTrueBExp)

〈¬false, σ〉 →1 〈true, σ〉 (notFalseBExp)

〈b, σ〉 →1 〈b′, σ〉
〈¬b, σ〉 →1 〈¬b′, σ〉

(notBoolBexp)
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Cmd Evaluation in Small Step Semantics

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

〈X := a, σ〉 →1 〈skip, σ[X → a]〉 (asgCmd)

〈a, σ〉 →1 〈a′, σ′〉
〈X := a; c1, σ〉 →1 〈X := a′; c1, σ

′〉
(seqCmd)
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Cmd Evaluation in Small Step Semantics

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

〈if true then c0 else c1, σ〉 →1 〈c0, σ〉 (ifTCmd)

〈if false then c0 else c1, σ〉 →1 〈c1, σ〉 (ifFCmd)

〈b, σ〉 →1 〈b′, σ〉
〈if b then c0 else c1, σ〉 →1 〈if b′ then c0 else c1, σ〉

(ifbCmd)
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Cmd Evaluation in Small Step Semantics

c ::= skip | X := a | c0; c1 | if b then c0 else c1 | while b do c

(whileCmd)

〈while b do c, σ〉 →1 〈if b then c ;while b do c else skip, σ〉

26


