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Recap: Reordering with Release-Acquire

↓ a \ b→ Rvacq(`) Rsc(`) Wna(`) Wrlx(`) Wwrel(`) Uvacq(`) Uwrel(`) Facq Frel Fsc
Rna(`′) - - - - 7 - 7 - 7 7
Rrlx(`

′) - - - - 7 - 7 7 7 7
Rwacq(`

′) 7 7 7 7 7 7 7 - 7 7
Wvrel(`

′) - - - - 7 - 7 - 7 7
Wsc(`′) - - - - 7 - 7 - 7 7
Uvrel(`

′) - - - - 7 - 7 7 7 7
Uwacq(`

′) 7 7 7 7 7 7 7 - 7 7
Facq 7 7 7 7 7 7 7 - - -

Frel - - - 7 - 7 - - - -

Fsc 7 7 7 7 7 7 7 - - -
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Can we Reorder Fences?

Frel;Facq ; Facq;Frel is sound.

Fsc;F<sc ; F<sc;Fsc is unsound.

F<sc;Fsc ; Fsc;F<sc is unsound.

↓ a \ b→ Rvacq(`) Rsc(`) Wna(`) Wrlx(`) Wwrel(`) Uvacq(`) Uwrel(`) Facq Frel Fsc
Rna(`′) - - - - 7 - 7 - 7 7
Rrlx(`

′) - - - - 7 - 7 7 7 7
Rwacq(`

′) 7 7 7 7 7 7 7 - 7 7
Wvrel(`

′) - - - - 7 - 7 - 7 7
Wsc(`′) - - - - 7 - 7 - 7 7
Uvrel(`

′) - - - - 7 - 7 7 7 7
Uwacq(`

′) 7 7 7 7 7 7 7 - 7 7
Facq 7 7 7 7 7 7 7 = 7 7
Frel - - - 7 - 7 - - = 7
Fsc 7 7 7 7 7 7 7 7 7 =
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Safe Reorderings

We show rest of the reorderings can be performed safely.

Threads running in concurrence do not a�ect correctness

Proof steps remain same.

1 For each consistent execution X ′ of target program Ptgt, de�ne
an execution X of Psrc.

2 Show that X is consistent.

3 Show that O(X ) = O(X ′)
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Safe Reorderings

We have to relate the X .hb and X ′.hb relations.

Remember elimination/strengthening transformations

X ′.hb ⊆ X .hb

In a.b ; b.a reordering transformation
X ′.hb ⊆ X .hb does not hold. Why?

(a, b) ∈ X .hb \ X ′.hb and (b, a) ∈ X ′.hb \ X .hb

We have to relate X .hb and X ′.hb.
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Relate Source and Target hb Relations

De�nition

Upred(R, x , y) , R(x , y) ∧ ∀z . G .R(z , y) =⇒ z = x

x z

y

R R

De�nition

Usucc(R, x , y) , R(x , y) ∧ ∀z . G .R(x , z) =⇒ z = y .

x

y z

R R
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Relate Source and Target hb Relations

We derive the following lemma.

Lemma

if Upred(R, b, a) and Usucc(R, b, a) holds then

(R \ {(b, a)} ∪ {(a, b)})+ ⊆ R+\{(b, a)} ∪ {(a, b)} also holds.

Upred(R, b, a) and Usucc(R, b, a):

b

a

p

q

r

s

R R

RR
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Relate Source and Target hb Relations

proof

We assume Upred(R, b, a) and Usucc(R, b, a) holds.
Now we show (R \ {(b, a)} ∪ {(a, b)})+ ⊆ R+ \ {(b, a)} ∪ {(a, b)}.
We prove by induction on transitive closure.

Base Case: In this case R = R+ = Rimm.
The base case holds trivially.

The induction step:
(R \ {(b, a)} ∪ {(a, b)}) ◦ (R+ \ {(b, a)} ∪ {(a, b)}) ⊆
(R+ \ {(b, a)} ∪ {(a, b)}).
To prove we consider following cases

case 1.

(R \ {(b, a)}) ◦ (R+ \ {(b, a)}) ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).
case 2. (R \ {(b, a)}) ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).
case 3. {(a, b)} ◦ (R+ \ {(b, a)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).
case 4. {(a, b)} ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).
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Relate Source and Target hb Relations

case 1.

(R \ {(b, a)}) ◦ (R+ \ {(b, a)}) ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).

It is su�cient to show:
(R \ {(b, a)}) ◦ (R+ \ {(b, a)}) ⊆ R+ \ {(b, a)}

It implies that it is su�cient to show:
(i) (R \ {(b, a)}) ◦ (R+ \ {(b, a)}) ⊆ R+ and

(ii) (b, a) /∈ (R \ {(b, a)}) ◦ (R+ \ {(b, a)}).

Now we consider (i) and (ii).
(i) We know that (R \ {(b, a)}) ◦ (R+ \ {(b, a)}) ⊆ R+.

(ii) (b, a) /∈ (R \ {(b, a)}) ◦ (R+ \ {(a, b)}).
We prove by contradiction.
Assume (b, a) ∈ (R \ {(b, a)}) ◦ (R+ \ {(b, a)}).
By unfolding the de�nition of ◦, it is su�cient to show
@c . (b, c) ∈ (R \ {(b, a)}) ∧ (c , a) ∈ (R+ \ {(b, a)}).
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Relate Source and Target hb Relations

@c . (b, c) ∈ (R \ {(b, a)}) ∧ (c , a) ∈ (R+ \ {(b, a)}).
We show by contradiction.

Assume ∃c .(b, c) ∈ R \ {(b, a)}.
Therefore (b, c) ∈ R ∧ c 6= a ∧ (c , a) ∈ R+ ∧ c 6= b.

From Usucc(R, b, a) we know c = a which is a contradiction.

Hence @c. (b, c) ∈ (R \ {(b, a)}).

Therefore case 1 holds.
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Relate Source and Target hb Relations

case 2.

(R \ {(b, a)}) ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)})

We know Upred(R, b, a) holds and hence
@a, b, c . R(b, a) ∧ R(c , a) ∧ b 6= c .

Hence, R \ {(b, a)} ◦ {(a, b)} = ∅.

As a result, R \ {(b, a)} ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)})
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Relate Source and Target hb Relations

case 3. {(a, b)} ◦ (R+ \ {(b, a)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)})

We know {(a, b)} ◦ R \ {(b, a)} = ∅ because Usucc(R, a, b) holds,
that is, @a, b, c . R(a, b) ∧ R(a, c) ∧ b 6= c .

As a result, {(a, b)} ◦ R \ {(b, a)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)})
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Relate Source and Target hb Relations

case 4.

{(a, b)} ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)}).
In this case {(a, b)} ◦ {(a, b)} = ∅ and hence
{(a, b)} ◦ {(a, b)} ⊆ (R+ \ {(b, a)} ∪ {(a, b)})
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Relate Source and Target hb Relations

Lemma

Suppose a.b ; b.a and the corresponding C11 executions are X
and X ′. In this case X .hb ⊆ X ′.hb \ {(b, a)} ∪ {(a, b)}.

We know X .po = X ′.po \ {(b, a)} ∪ {(a, b)} as a.b ; b.a.
Let R = (X ′.po ∪ R ′) where R ′ is some other relation independent
of X ′.po.
Hence from earlier Lemma,

(R \ {(b, a)} ∪ {(a, b)})+ ⊆ (R+ \ {(b, a)} ∪ {(a, b)})

=⇒ ((X ′.po ∪ R ′) \ {(b, a)} ∪ {(a, b)})+ ⊆
((X ′.po ∪ R ′)+ \ {(b, a)} ∪ {(a, b)})

=⇒ ((X ′.po \ {(b, a)} ∪ {(a, b)}) ∪ R ′)+ ⊆
((X ′.po ∪ R ′)+ \ {(b, a)} ∪ {(a, b)})

=⇒ (X .po ∪ R ′)+ ⊆ ((X ′.po ∪ R ′)+ \ {(b, a)} ∪ {(a, b)})
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Relate Source and Target hb Relations

Lemma

Suppose a.b ; b.a and the corresponding C11 executions are X
and X ′. In this case X .hb ⊆ X ′.hb \ {(b, a)} ∪ {(a, b)}.

=⇒
(imm(X .po) ∪ R ′)+ ⊆ ((imm(X ′.po) ∪ R ′)+ \ {(b, a)} ∪ {(a, b)})
since (X .po ∪ R ′)+ = (X .poimm ∪ R ′)+ and
(X ′.po ∪ R ′)+ = (X ′.poimm ∪ R ′)+,
substituting R ′ = X .sw = X ′.sw we get

(X .poimm ∪ X .sw)+ ⊆ ((X ′.po ∪ X ′.sw)+ \ {(b, a)} ∪ {(a, b)})

It implies X .hb ⊆ (X ′.hb \ {(b, a)} ∪ {(a, b)})

as X .hb = (X .poimm ∪ X .sw)+ and X ′.hb = (X ′.poimm ∪ X ′.sw)+.
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