
C/C++ Concurrency and Program
Transformations



Recap: Transformations

Proved correctness of resundant access eliminations:

Yrlx = v ;Yrlx = v ′ ; Yrlx = v ′ (OW)

Yrlx = v ; a = Yrlx ; Yrlx = v ; a = v ; (RAW)

a = Yrlx; a = Yrlx ; a = Yrlx (RAR)

Correctness theorem:

X ∈ [[Ptgt]]. ∃X ′ ∈ [[Psrc]]. O(X ) = O(X ′)

1 For each consistent execution X ′ of target program Ptgt, de�ne
an execution X of Psrc.

2 Show that X is consistent.

3 Show that O(X ) = O(X ′)
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Fence Insertion Transformations

C1;C2 ; C1;F{rel,acq,sc};C2 (FInsert)

Theorem

(FInsert) is correct.

Correctness theorem:

X ∈ [[Ptgt]]. ∃X ′ ∈ [[Psrc]]. O(X ) = O(X ′)

Remember the proof steps:

1 For each consistent execution X ′ of target program Ptgt, de�ne
an execution X of Psrc.

2 Show that X is consistent.

3 Show that O(X ) = O(X ′)
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Fence Insertion: Proof of Correctness

Let X ′ be a target execution.

We de�ne source execution X where F{rel,acq,sc} results

corresponding event f with label F{rel,acq,sc} and is appended

immediately after event e.
Therefore

X .E = X ′.E \ {f }
X .po = X ′.po \ ({(a, f ) | X ′.po(a, f )} ∪ {(f , b) | X ′.po(f , b)})
X .rf = X ′.rf

X .mo = X ′.mo

X .sc = X ′.sc \ ({(a, f ) | a ∈ X ′.E ∧ (a, f ) ∈
(sc× sc)} ∪ {(f , b) | b ∈ X ′.E ∧ (f , b) ∈ (sc× sc)})
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Fence Insertion: Proof of Correctness

X .E = X ′.E \ {f }
X .po = X ′.po \ ({(a, f ) | X ′.po(a, f )} ∪ {(f , b) | X ′.po(f , b)})
X .rf = X ′.rf

X .mo = X ′.mo

X .sc = X ′.sc \ ({(a, f ) | a ∈ X ′.E ∧ (a, f ) ∈ (sc× sc)} ∪ {(f , b) | b ∈
X ′.E ∧ (f , b) ∈ (sc× sc)})
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Proof of Correctness

Now we prove X is consistent.

The proof is relatively simple as following the de�nition:

X .hb ⊆ X ′.hb

X .sc ⊆ X ′.sc

(irrHB)

We know X ′ satis�es (irrHB) and X .hb ⊆ X ′.hb.
Therefore X satis�es (irrHB).

Similarly X also satis�es (CohHBRF), (Coh-RW), (Coh-WW),

(Coh-WR), (Coh-RR), (Atomicity).

X satis�es (ConsSC) as X .hb ⊆ X ′.hb, X .sc ⊆ X ′.sc, and
X .mo = X ′.mo.

X satis�es (SCread) as X .hb ⊆ X ′.hb, X .sc ⊆ X ′.sc, and
X .rf = X ′.rf.
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Fence Insertion: Proof of Correctness

Remember the next step:

1 Show that O(X ) = O(X ′)

From de�nition, X .mo = X ′.mo and hence O(X ) = O(X ′).

Therefore the transformation is correct.
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Access Strengthening

Transformation is:

For any memory access or fence access:

acco ; acco′

where o < o ′ (STRENGTHEN)

Theorem

(STRENGTHEN) is correct.

Correctness theorem:

X ∈ [[Ptgt]]. ∃X ′ ∈ [[Psrc]]. O(X ) = O(X ′)

Remember the proof steps:

1 For each consistent execution X ′ of target program Ptgt, de�ne
an execution X of Psrc.

2 Show that X is consistent.

3 Show that O(X ) = O(X ′)
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Access Strengthening in C11

Original C11 model disallowed it.

Counter-example from POPL'15 Section 3.

a = 1;
Zrlx = 1;

if(Xrlx)
if(Zacq)

if(a)
Yrlx = 1;

if(Yrlx)
Xrlx = 1;

a = Z = X = Y = 1 is not allowed.
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Access Strengthening in C11

Original C11 model disallows it.

Counter-example from POPL'15 Section 3.

a = 1;
Zrel = 1;

if(Xrlx)
if(Zacq)

if(a)
Yrlx = 1;

if(Yrlx)
Xrlx = 1;

Zrlx = 1 ; Zrel = 1 introduces a = Z = X = Y = 1 behavior.
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Access Strengthening in C11

a = 1;
Zrel = 1;

if(Xrlx)
if(Zacq)

if(a)
Yrlx = 1;

if(Yrlx)
Xrlx = 1;

Wna(a, 1)

Wrel(Z , 1)

Rrlx(X , 1)

Racq(Z , 1)

Rna(a, 1)

Wrlx(Y , 1)

Rna(Y , 1)

Wrlx(X , 1)
SW
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Access Strengthening: Proof of Correctness

Let X ′ be a target execution.

The event e ′ corresponds to acco′ in X ′ and event e corresponds to

acco in X .

Therefore

X .E = X ′.E ∪ {e} \ {e ′}
X .po = X ′.po ∪ {(a, e) | X ′.po(a, e ′)} ∪ {(e, b) |
X ′.po(e ′, b)} \ ((X ′.E× {e ′}) ∪ ({e ′} × X ′.E)

X .rf = X ′.rf ∪ {(a, e) | X ′.rf(a, e ′)} \ {(a, e ′) | X ′.rf(a, e ′)}
X .mo = X ′.mo∪{(a, e) | X ′.mo(a, e ′)}\{(a, e ′) | X ′.mo(a, e ′)}
X .sc = X ′.sc \ {(a, e ′) | (a, e ′) ∈ (sc× sc)} \ {(e ′, b) |
(e ′, b) ∈ (sc× sc)}
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Access Strengthening: Proof of Correctness

X .E = X ′.E ∪ {e} \ {e′}
X .po = X ′.po ∪ {(a, e) | X ′.po(a, e′)} ∪ {(e, b) |
X ′.po(e′, b)} \ ((X ′.E× {e′}) ∪ ({e′} × X ′.E)

X .rf = X ′.rf ∪ {(a, e) | X ′.rf(a, e′)} \ {(a, e′) | X ′.rf(a, e′)}
X .mo = X ′.mo ∪ {(a, e) | X ′.mo(a, e′)} \ {(a, e′) | X ′.mo(a, e′)}
X .sc = X ′.sc \ {(a, e′) | (a, e′) ∈ (sc× sc)} \ {(e′, b) | (e′, b) ∈ (sc× sc)}
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Access Strengthening: Proof of Correctness

Now we prove X is consistent.

The proof is relatively simple as following the de�nition:

X .hb ⊆ X ′.hb

X .sc ⊆ X ′.sc

Note that the proof arguments are similar to fence insertion.

(irrHB)

We know X ′ satis�es (irrHB) and X .hb ⊆ X ′.hb.
Therefore X satis�es (irrHB).

Similarly X also satis�es (CohHBRF), (Coh-RW), (Coh-WW),

(Coh-WR), (Coh-RR), (Atomicity).

X satis�es (ConsSC) as X .hb ⊆ X ′.hb, X .sc ⊆ X ′.sc, and
X .mo = X ′.mo.

X satis�es (SCread) as X .hb ⊆ X ′.hb, X .sc ⊆ X ′.sc, and
X .rf = X ′.rf.

18



Additional Transformation for Non-atomics

Additional resundant access eliminations with non-atomics:

Ywrlx = v ;Yna = v ′ ; Yna = v ′ (NaOW)

Yna = v ; a = Ywrlx ; Yna = v ; a = v ; (NaRAW)

a = Yna; a = Ywrlx ; a = Yna (NaRAR)

Correctness theorem:

X ∈ [[Ptgt]]. ∃X ′ ∈ [[Psrc]]. O(X ) = O(X ′)

1 For each consistent execution X ′ of target program Ptgt, de�ne
an execution X of Psrc.

2 Show that X is consistent.

3 Show that O(X ) = O(X ′)
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Correctness Proof: Transformation for Non-atomics

Theorem

(NaOW) is correct.

Two possibilities: (1) X ′ is racy (2) Otherwise.

If X ′ is racy then X is also racy which implies the source program

behavior is unde�ned. In this case any transformation is allowed.

(2) Otherwise

Suppose Yna = v creates an event e in X ′ and the newly

introduced event in the source is w .

In this case the incoming

(a, e) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (a, e) ∈ X ′.hbY and

(e, b) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (e, b) ∈ X ′.hbY .
This would be true for when we de�ne the source execution X .

In that case

(a,w) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (a,w) ∈ X ′.hbY and

(w , b) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (w , b) ∈ X ′.hbY also

hold.
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Correctness Proof: Transformation for Non-atomics

Therefore the source execution X would preserve (irrHB) as the

introduced event for Ywrlx = v has no outgoing sw edge.

The rest of the axioms are also preserved by execution X .

Therefore X is consistent with the same behavior as X ′.

Similar argument holds for (NaRAW) and (NaRAR)

transformations.
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Additional Transformation for Non-atomics

Yna = v ; a = Ywrlx ; Yna = v ; a = v ; (NaRAW)

a = Yna; a = Ywrlx ; a = Yna (NaRAR)

Similar to (NaOW)

Suppose the non-atomic access creates event e in X ′ and the newly

introduced event in source is r .
In this case the incoming

(a, e) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (a, e) ∈ X ′.hbY and

(e, b) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (e, b) ∈ X ′.hbY .
This would be true for when we de�ne the source execution X .

In that case

(a, r) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (a, r) ∈ X ′.hbY and

(r , b) ∈ X ′.rfY ∪ X ′.moY ∪ X ′.scY =⇒ (r , b) ∈ X ′.hbY also hold.

Next, we can follow similar arguments for showing X is consistent.

For all these cases O(X ) = O(X ′) hold.
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