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ABSTRACT
In this paper we propose a new LP-based formulation to solve near
separable non negative matrix factorization (NMF) problem using L1
norm optimization. We also present a comprehensive experimental
evaluation of the existing methods to solve separable NMF problem
and compare them with the proposed formulation. The evaluation of
this formulation on synthetic data shows that our new formulation
gives significantly better quality of factorization as compared to the
existing methods.
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1 INTRODUCTION
Matrix factorization is an emerging feature selection and dimension-
ality reduction technique. The goal behind matrix factorization is
to find a suitable representation of data which explains the hidden
structure in the data explicitly that can further be used for high level
computations and model building.

Given a matrix X ∈ Rm×n , a matrix factorization algorithm de-
composes it into two matricesW ∈ Rm×r and H ∈ Rr×n such that
r ≪min(m,n) and X ≈WH . There have been several variations of
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matrix factorization such as principal component analysis (PCA),
independent component analysis (ICA), vector quantization etc. Es-
sentially all of these variations decomposes the data matrix X into
basis matrixW and coefficient matrix H under some constraints. In
the case of non-negative matrix factorization, the constraint is non-
negativity of basis and coefficient matrix coefficients i.e., wi j ≥ 0,
hi j ≥ 0 assuming that xi j ≥ 0 where wi j , hi j and xi j are coeffi-
cients of the matricesW , H and X , respectively. Constraint of non
negativity can be used to learn a parts-based representation of the
data [20]. Also it makes the representation purely additive whereas
other variations like principal component analysis and independent
component analysis allows subtractions only.

NMF was first introduced by Paatero and Tapper [24] as positive
matrix factorization and since then it has been used in a variety of
research areas such as facial feature extraction [8], video tracking
[7], document clustering [27], email analysis, topic detection [4, 26],
acoustic signal processing, blind source separating [9], recommen-
dation systems [22] among many more. Exact NMF is NP-hard in
general as shown by [25]. Several heuristic approaches have been
proposed in the past such as the multiplicative update rule [21] which
uses alternating least squares minimization method [17] to find a
good solution. Many alternative approaches focus on some specific
conditions on the input data solving NMF in polynomial time. The
most important condition is the separability condition under which
the matrix X is assumed to yield a non-negative matrix factorization
such that columns ofW are a subset of columns of X . The separable
NMF has been shown to be useful for many applications such as
hyperspectral unmixing [5], document clustering [10, 26, 27], image
analysis [12].

One of the popular application of separable NMF is in blind
hyperspectral unmixing in the presence of pure pixels [15]. In the
context of topic modeling problems where X is a document-word
matrix and W, H are document-topic and topic-word matrices, the
separability implies that there exist anchor words in the vocabulary
which uniquely describes a topic.

In the recent past, several new algorithms have been proposed to
solve the problem of separable NMF. In this paper, we examine these
algorithms critically and compare them with a new method that we
have developed to solve the separable NMF problem. Evaluation on
synthetic data shows that our new formulation performs significantly
better than the existing methods.

https://doi.org/10.1145/3297001.3297016
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The rest of the paper is organised as follows. In Section 2, we out-
line related work on algorithms for the separable NMF problem. In
section 3, we present our proposed formulation for the problem and
give the main result for the case of noiseless recovery. In section 4,
we present performance comparison using synthetic data. Section 5
concludes with some ideas for future work.

2 SEPARABLE NON-NEGATIVE MATRIX
FACTORIZATION

Algebraically, the exact separable NMF can be represented as:

X =W [Ir ,H
′]π , (1)

where Ir is r by r identity matrix,W is a basis matrix and H
′

is the
coefficient matrix s.t. [Ir ,H

′]π = H and π is a permutation matrix.
If the input non-negative matrix X can be exactly decomposed as in
(1), such that the columns of the matrixW are a subset of columns
of the matrix X , then the matrix X is called r -separable.

Geometrically, r -separability means that in the cone generated
by the columns of X , the r extreme rays of the cone correspond to
the columns ofW . Equivalently, if the columns of X are drawn in
m-dimensional space, r -separability means that convex cone formed
by the r columns ofW encapsulate all the columns of X which are
contained in positive orthant [11].

The goal is to identify the r columns of X (matrixW ) that will
allow reconstruction of the whole matrix X . One another representa-
tion of separable NMF can be as follows: X = [W,WH

′]Π
Multiplying with Π and Π−1 on the right side gives

X = [[W ,WH
′]Π Π−1]Π

SinceW has r columns andWH
′

has (n-r) columns, we can multiply
RHS with matrix

X =

[
[W ,WH

′]Π Π−1
[

Ir H
′

0(n−r )×r 0(n−r )×(n−r )

] ]
Π

X =
[
[W ,WH

′]Π
]
Π−1

[
Ir H

′

0(n−r )×r 0(n−r )×(n−r )

]
Π

X = XC

where C is called the factorization localizing matrix [6]
In practice non-negative matrices rarely admit separability. There-
fore, in the case of approximate reconstruction of X , the problem is
called near-separable NMF.

Near Separable NMF: Given a noisy matrix X̃ = X +N , where N
represents noise in the measurement of the matrix X . If X admits an
r -separable NMF factorization, the goal is to find a set of r columns
J such that theW approximately represents r columns of X̃ .

X̃ ., J ≈W

Without loss of generality, we make the following two assumptions
for the rest of the paper:
Assumption-1: Given a r -separable matrix X we assume that the

columns of X are normalized i.e.
m∑
i=1

xi j = 1. Note that this also

implies that columns ofW and H
′

sum to one as well. If the input

columns do not sum to one, then they can be scaled suitably. The
results after factoring can be scaled back to give a solution to the
original problem.
Assumption-2: We assume that the matrix X (after normalization)
has no duplicate columns. In case the original matrix had duplicate
columns, those can be found easily and removed to get a matrix
with no duplicate columns. The results thus obtained can be suitably
modified to give a solution to the original problem.

2.1 Algorithms for Near Separable NMF
In this section we summarize some of the historically important
and some recently discovered promising algorithms in more de-
tail. Several algorithms have been proposed to solve the problem
of near-separable NMF in the recent years. These algorithms can
be categorized as linear programming (LP) based [2], [1], [6], [14],
semidefinite programming based [16], [23] and geometric or combi-
natorial algorithms [15], [13],[19].There are also some specialized
algorithms to handle the large scale data in streaming, multi-core
architectures [3]. The LP based algorithms typically have strong
guarantees of finding the right solution under a suitable noise model
and are generally very slow for problems of large size. Geometric
algorithms are generally faster but have weaker guarantees. They try
to identify the vertices of the convex hull of the normalized columns
of X or equivalently, the extreme rays of the convex cone generated
by the columns of X .

AGKM: The first algorithm to solve this specific case of the NMF
problem was [2], which shows that if the noise satisfies ∥N ∥∞,11 ≤
ϵ ≤ α 2

20+13α , where columns of W are α-robust simplicial then
their algorithm provably find a good separable NMF factorization.
A linear program is designed to express a given column as a convex
combination of other columns. This method, though provides prov-
able guarantees, requires solving n feasibility linear programs each
with O(n) variables and therefore is not suitable for solving large
scale practical problems.

Hottopixx: The other LP based method to solve this problem is
Hottopixx [6]. This formulation is also based on (∞, 1) norm of the
matrix as outlined below.

min
∀C ∈Rn×n+

pTdiaд(C)

such that ∥X̃ − X̃C∥∞,1 ≤ 2ϵ,

tr (C) = r , (2)

cii ≤ 1 ∀i,
ci j ≤ cii ∀i, j

where p is n-dimensional vector with distinct entries. This LP in-
volves O(n2) variables. The authors also give a fast stochastic gradi-
ent descent algorithm to solve this optimization problem. Under the
assumption X̃ = X + N , where X =WH is r-separable, ∥N ∥∞,1 ≤ ϵ

1

∥N ∥∞,1 = max
1≤i≤m

n∑
j=1

|Ni j |
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and ϵ ≤ α 2

8+4α and columns of W are α-robust simplicial, the so-
lution to the above LP gives a rank-r factorization W̃ H̃ such that
∥X̃ − W̃ H̃ ∥ ≤ 4ϵ . Although Hottopixx is a promising algorithm for
separable NMF, but it doesn’t do well in noisy data. This drawback
is primarily due to the choice of (∞, 1) norm which is very sensitive
to the outliers. If one column of X̃ is very noisy, the choice of the
norm will ensure that accuracy w.r.t. other columns will also degrade.
Also, Hottopixx requires the knowledge of ϵ , which may be hard to
estimate for most practical applications.

LPSepNMF: This is another LP-base formulation [14] similar
to Hottopixx, proposed to resolve its drawbacks. The LP model is as
follows:

min
∀C ∈Rn×n+

pTdiaд(C)

such that ∥X̃ − X̃C ∥∞,1 ≤ ρϵ,

cii ≤ 1 ∀i, (3)

ci j ≤ cii ∀i, j,
where p is a positive vector and ρ > 0. The algorithm does not
require the data matrix X to be normalised. It also detects the fac-
torization rank (r) automatically. Hence, it is more flexible than
Hottopixx. However, this algorithm also uses the (∞, 1) norm and ϵ
and therefore has similar limitations as that of Hottopixx.

XRAY: This is a geometric algorithm [19] [18] which iteratively
extracts r columns of the original data matrix. At each step, it selects
an exterior column of the data matrix and projects all the columns of
X onto the cone generated by the columns of X extracted so far and
repeats the process. This is a relatively faster algorithm than other
LP based models but it tends to select near duplicate columns of X
(similar columns to the columns of W ). Also, since it extends the
cone one extreme ray at each step, if some non-anchor columns lie
outside the cone generated by the anchor columns (columns ofW )
due to added noise to the data matrix X , XRAY might select that
non-anchor column. This is illustrated in Section 4.

Successive Projection Algorithm (SPA): This is also a geometric
algorithm [15] similar to XRAY. It extracts one column of X̃ at each
iteration which maximizes a convex function over the set S, set of
currently extracted columns of matrix X̃ . It then projects all vectors
in S onto the orthogonal complement of the extracted column. In
this way, it extracts one vertex of the convex hull at a time. SPA
is very fast and effective in practice but it requires matrixW to be
full rank. Also for ill-conditioned matrices, SPA fails even for small
noise levels (see the discussion in [13]).

Successive Nonnegative Projection Algorithm (SNPA): This is a
slightly modified version of Successive Projection Algorithm [13].
Similar to SPA, it extracts the the column of the data matrix which
maximizes a strongly convex function f over the set S . But instead
of projecting on the orthogonal space of the extracted columns it
projects the vectors of S onto the convex hull of the columns ex-
tracted so far and the origin using the semi metric induced by f .
SNPA is shown to be more robust than SPA and applies to a broader
class of nonnegative matrices [13]. SNPA is relatively slower that

SPA and XRAY, because the projection requires solving n linearly
constrained least squares problems.

3 NEAR SEPARABLE NMF USING L1
OPTIMIZATION

We propose the following linear optimization to identify columns of
W among the columns of matrix X̃ = X + N

min
∀C ∈Rn×n+ ,a∈Rn+

∥X̃ − X̃C∥1,1

subject to: 0 ≤ ci j ≤ ai ∀i, j (4)
n∑
i=1

ai ≤ r

where |M |1,1 represents the element-wise sum of absolute values of
the entries in the matrix M . Algorithm 1 gives the complete details
of the proposed method.

Algorithm 1: Separable Non-negative Matrix Factorization Al-
gorithm using L1 optimization

Input :A noisy r -separable matrix X̃ =WH + N satisfying
Assumption 1 and Assumption 2

Output :Matrix C and index set K satisfying X̃ = ˜XKC + Ñ ,
whereW ≈ ˜XK

1 Compute the matrix C by solving LP (4).
2 Let Cr be the column vector generated by summing matrix C

along the rows.
3 Compute the index set K corresponding to the indices of

largest r entries in Cr .
4 Zero out all the rows of C not in the index set K .

The LP based Hottopixx [6] or the LP separable NMF [14] formula-
tions do not work well in practice due to three main reasons. Firstly,
the (∞, 1) norm is used while evaluating the candidate solutions.
The term ∥X̃ − X̃C∥∞,1 represents the maximum L1 error over n
columns of X̃ . So, if there is one noisy column of X̃ , it can poten-
tially make ϵ very large. This makes the final solution, picked by
the algorithm, insensitive to the quality of approximation of all the
other columns of X̃ . Secondly, the error ϵ needs to be estimated well.
The algorithm considers all the potentially feasible solutions in the
region ∥X̃ − X̃C∥∞,1 < ρϵ and selects one of them. If the choice of
ϵ is bad then many of these potential solutions will also tend to be
bad. Finally, out of all the feasible solutions, the algorithm chooses
the one minimizing pTdiaд(C) (where the choice of p is arbitrary),
not the one minimizing the error of approximation ∥X̃ − X̃C∥ (un-
der a suitable norm). Our proposed formulation directly minimizes
the approximation error using the L1 norm instead of using it in a
constraint. As a result, the noise level ϵ is no longer required to be
estimated. Moreover it minimizes the error for every column leading
to much improved solutions.

Notice that the rounding method proposed to get the final set
of the columns of W is also slightly different. While the earlier
approaches select the indices corresponding to the largest diagonal
entries in C, our algorithm selects the rows of C that have the largest
sum. This rounding method ensures that the columns of X̃ that are
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most useful in explaining the other columns get picked. This leads
to significantly improved approximation of X̃ .

3.1 Correctness for a Noiseless Separable Matrix
The following theorem and its proof shows that the proposed for-
mulation finds the optimal factorization in the noiseless case. The
proof technique presented here is more general and uses an approach
which can significantly shorten and simplify the correctness proofs
for the noiseless case in earlier works [6].

THEOREM 3.1. Given a r -separable matrix X = WH (where
X ∈ Rm×n

+ ,W ∈ Rm×r
+ and H ∈ Rr×n+ ), which is not r − 1 separable,

as an input, Algorithm 1 gives an index set K and a matrix C such
that the columns of X corresponding to the index set K are identical
to columns ofW and rows of C corresponding to the index set K are
identical to the rows of H .

We first show that the columns ofW define the extreme rays of
the convex cone of columns of X using the fact that X is r -separable
but not r − 1 separable. We then show that the optimal solution of LP
(4) has zero objective function value. Using the above two facts, we
finally show that any optimal solution of LP (4) must have cii = 1
for column indices i of X corresponding to the columns ofW .

Since X is r -separable, X =WH where X ∈ Rm×n
+ ,W ∈ Rm×r

+

and H ∈ Rr×n+ , such that all the columns ofW are also the columns
of X .

Claim 1: No column ofW is contained in the convex cone of the
remaining columns ofW .

Proof: Assume for contradiction (without loss of generality) that
the r th column ofW is contained in the convex cone of the first r − 1
columns ofW . Thus, there exist scalars α1,α2, . . . ,αr−1 ∈ R+, such
that

∑r−1
j=1 α jwi j = wir ,∀i ∈ [1 . . .m].

Define the matricesW ′ comprising the first r − 1 columns ofW
and H ′ comprising the entries h′jk = hjk + α jhrk . It may be verified
thatW ′ and H ′ are both non-negative and X =W ′H ′, implying that
the matrix X is r − 1 separable, leading to a contradiction. Thus, no
column ofW may be contained in the convex cone of its remaining
columns.

In fact no column of W is contained in the convex cone of the
remaining columns of X . To see this, again assume for contradiction
that jth column ofW is contained in the convex cone of remaining
columns of X . Thus w ., j = Xα , for some α ∈ Rn+, which has at
least two non-zero entries. So, w ., j =WHα =W β , where β = Hα .
From Claim 1, is it only possible when β has only one non-zero
entry equal to 1. For this, either H should have duplicate columns or
α must have only one non-zero entry equal to 1. Since X does not
have duplicate columns (Assumption 2), H cannot have duplicate
columns and α has at least two non-zero entries. Thus, no column of
W is contained in the convex cone of the remaining columns of X .

Claim 2: The optimal solution to the LP (4) has zero objective
function value.

Proof: We construct a feasible solution that gives zero objective
function value. Since the objective function is always non-negative,
this solution must be one of the optimal solutions.

From r -separability of X , we have X = WH , where columns
of W are subset of columns of X . Let K(j) be the column of X
which is identical to the jth column ofW . Let K represent the set

of all column indices of X corresponding to the columns of W
(K = ∪rj=1{K(j)}).

Construct the matrix C∗ with entries

c∗jl =
{
hj′l if j ∈ K where j ′ ∈ [1 . . . r ] such that K(j ′) = j
0 if j < K

Now, X = XC∗, by construction and by the fact X = WH . By
Assumption 1,

∑r
i=1 hi j = 1 and since hi j ≥ 0, this implies 0 ≤

hi j ≤ 1 for all i, j. Thus we have, c∗il ≤ 1 if j ∈ K and c∗il = 0 if
j < K .

Set ai = 1 for all i ∈ K and ai = 0 for all i < K . Thus, (a,C∗)
gives a feasible solution to LP (4) and since X = XC∗, the objective
function value is zero.

Let C ′ be an optimal solution of LP (4). Let K = {i : c ′ii = 1}.
Claim 3: There is a mapping κ from [1 . . . r ] to K such that wi j =

xiκ(j) for all i.
Proof: Assume for contradiction that there is a column j of W

such that there is no column of X in K is identical to it. Since
X is r -separable, all columns of W must be in X as well. Let j ′

be the corresponding column in X such that wi j = xi j′∀i. Since
j ′ < K , c ′j′j′ < 1. Also since the objective function value is zero,
xi j′ =

∑n
l=1 xilc

′
l j′ =

∑n
l=1,l,j′ xilc

′
l j′ + xi j′c

′
j′j′ for all i. Thus,

xi j′(1−c ′j′j′) =
∑n
l=1,l,j′ xilc

′
l j′ . Substitutingwi j in place of xi j′ and

using the fact that 1−c j′j′ , 0, we getwi j =
1

1−c ′j′ j′
∑n
l=1,l,j′ xilc

′
l j′

for all i. Thus, the jth column ofW lies in the convex cone of other
columns of X leading to a contradiction. Hence every column j ofW ,
must have a corresponding column κ(j) ∈ K such that wi j = xiκ(j)
for all i and c ′κ(j)κ(j) = 1.

From an optimal solution C ′ of the LP (4), the matrixW can be
constructed by picking columns j of X that correspond to c ′j j = 1.
The corresponding row-restricted matrix of C ′ gives the matrix H .

4 NUMERICAL EXPERIMENTS
In this section we present numerical experiments on synthetic data to
compare our proposed approach with the following existing methods
and their variations: (a) Hottopixx LP model [6] solved using CPLEX
(b) Hottopixx LP model [6] solved using Augmented Lagrangian
Coordinate Descent (ALCD) (c) Near-Separable NMF using Linear
optimization (LPSepNMF) [14] (d) Successive Projection Algorithm
(SPA) [15] (e) XRAY or Fast Conical Hull Algorithm [19] and (f)
Successive Non-negative Projection Algorithm (SNPA) [13].

The source codes for the above mentioned algorithms were taken
from their respective authors’ websites. Since Hottopixx has been
reported to perform better than AGKM algorithm [2], AGKM was
not compared. While solving the LP model using ALCD [28], three
different tolerance values 1e−3, 5e−3 and 1e−2 were used. Experi-
ments were designed to find out how well these algorithms perform
in finding the correct solution (i) under different noise levels (ii)
with broader class of non-negative matrices such as ill-conditioned
matrices, matrices with duplicate or near duplicate columns (iii) the
size of the matrix X and its low dimensional representation k. All
the tests were performed using Matlab on a Linux machine with
Intel Core i7-7905 CPU @ 3.2GHz 8GB RAM.
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4.1 Experimental Design
The experiments were divided into three stages. In the first stage, pro-
posed algorithm is compared with other LP based algorithms (a,b,c).
In the second stage, performance is compared with the geometric
algorithms mentioned above (d,e,f). In the final stage, performance
of the proposed algorithm is compared by varying tolerance value
used for convergence in ALCD [28].

The recovery and running time of the above mentioned algorithms
was compared by varying following parameters of the data matrix:
(i) basis (number of columns r ofW ) (ii) number of rowsm of the
data matrix (iii) number of columns n of the data matrix (iv) sparsity
of the coefficient matrix H (v) level of noise δ added to data matrix
X .

4.1.1 Synthetic Dataset Generation. The first step in generat-
ing a synthetic dataset is to generate the basis W . To analyze the
robustness of algorithms in different cases of near-separable matri-
ces, we follow the strategy used in [15] to generate the data matrix.
Basis matrixW ∈ Rm×r

+ is generated in two ways: (i) by choosing
randomly from the uniform distribution U (0, 1) and (ii) by chang-
ing its condition number to 1000 as mentioned in [15]. Rest of the
columns of the data matrix are generated : (i) from Dirichlet distri-
bution and (ii) in a way such that each column is a middle point of
the two vertices corresponding to the two columns of W . In total,
we have 4 cases: (a) uniform Dirichlet (b) uniform middle points (c)
ill-conditioned Dirichlet and (d) ill-conditioned middle points.

After generatingW , H and N , matrices X̃ was computed as X̃ =
WH + δN for different noise levels δ . These matrices were used
as inputs for all algorithms and the output matrices Ŵ and Ĥ were
compared with the ground-truth solutions.

4.1.2 Performance parameters: The following metrics to eval-
uate the performance of the algorithms were used:

(1) Fraction of Columns extracted defined as:
Number of correctly extracted columns of W

Total number of columns of W (r)
(2) Normalized Residual defined as:

∥X̃ − X̃C ∥1,1
∥X̃ ∥1,1

=
∥X̃ − Ŵ Ĥ ∥1,1

∥X̃ ∥1,1
The experiments were repeated 50 times starting with different initial
seeds for the random number generator. The average values as well
as the standard error of the performance parameters were computed.

4.2 Results
Figures 1(a)-(d) show the fraction of columns extracted correctly by
these algorithms as a function of noise levels for the four different
ways of generating the input matrix X . In figure 1a and 1b, proposed
LP CPLEX and ALCD outperforms all other algorithms. Note that
the x-axis in these plot is in logscale. The proposed algorithms
correctly identifies all the columns of basis matrix W for noise
values (δ ) which are nearly double than that of next best algorithms
(SPA and SNPA).
In the first two cases, the data points lie outside the face of convex
hull generated by the basis. So, geometric algorithms, which try to
find the extreme points/rays of the convex hull/cone, performs rela-
tively worse. From Figure 1(c) and 1(d), one can see that proposed
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algorithms perform rather poorly than geometric algorithms. The
only case where SNPA outperforms the LP-ALCD is the case of
near duplicate columns (cases (c) and (d)) showing that LP-ALCD
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Figure 1: Comparison of near-separable NMF algorithms on
different datasets (a)-(d) and for different conditions (e)-(h)

is not robust in this case. However, the near-duplicate columns can
be identified and eliminated in a pre-processing step.
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ditioned middle points (b) Uniform middle points (c) Ill condi-
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Figures 1(e)-(h) show that the proposed algorithms LP-CPLEX
and ALCD always outperform SPA, SNPA and Fast Conical Hull
algorithms by large margin under different sparsity, number of
columns, number of rows and basis size.

Table 1 contains the maximum noise level for which 90% recovery
is possible for these algorithms. Proposed ALCD(1e−3) is more
robust in case of 100% basis recovery but recovery performance less
than 90% is similar for all the tolerance values (5e−3 and 1e−2), refer
table 2 and figure 2.
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Figure 2: Robustness analysis: varying tolerance value of Pro-
posed ALCD on Ill conditioned middle points dataset
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Table 2: Robustness analysis: varying tolerance value of Pro-
posed ALCD on Ill conditioned middle points dataset
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Table 3: Normalised Residual Analysis for δ=0.1: (a) Ill condi-
tioned middle points (b) Uniform middle points (c) Ill condi-
tioned Dirichlet (d) Uniform Dirichlet
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Table 4: Running Time (in seconds): (a) Ill conditioned middle
points (b) Uniform middle points (c) Ill conditioned Dirichlet
(d) Uniform Dirichlet

Table 3 shows that the normalized residuals for all the algorithms
are comparable even though their recovery performances are differ-
ent. Table 4 compares the running times of these algorithms. Though
the proposed algorithm, when solved using CPLEX is very slow, its
running time becomes comparable to that of SNPA when solved us-
ing ALCD using a tolerance of 1e−2, without significantly impacting
the quality of its solutions (see Tables 1 and 3). However, in the case
of Dirichlet, LP-ALCD is 7-10 times slower than SNPA.

5 CONCLUSIONS AND FUTURE WORK
Our evaluation on synthetic dataset showed that the proposed tech-
nique has higher column recovery rate than other algorithms. One
issue with our technique is that it takes large amount of time as com-
pared other geometric algorithms. This is mainly due to large number
of constraints and variable in the proposed formulation. Also, the
sparsity in the constraint matrix of the proposed LP formulation is
O(m/n2 ). Therefore, the current approach may be further improved
by exploiting the sparsity.
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