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In this paper we study algorithms for computing market equilibrium in markets with linear utility functions.
The buyers in the market have an initial endowment given by a portfolio of goods. The market equilibrium
problem is to compute a price vector which ensures market clearing, i.e. the demand of a positively priced good
equals its supply, and given the prices, each buyer maximizes its utility. The problem is of considerable interest
in Economics. This paper presents a formulation of the market equilibrium problem as a parameterized linear
program. We construct a family of duals corrresponding to these parameterized linear programs and show that
finding the market equilibrium is the same as finding a linear-program from this family of linear programs. The
market clearing conditions arise naturally from complementary slackness conditions. We then define an auction
mechanism which computes prices such that approximate market clearing is achieved. The algorithm we obtain
outperforms previously known methods.
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1. Introduction In this paper we study algorithms for computing market equilibrium in markets
with linear utility functions. Consider a market comprising n traders and m goods. Each trader has an
endowment given by a portfolio of goods. A finite quantity of each good is available and is assumed to be
divisible. Further, each (trader, good) pair has an associated utility function. This function is assumed
to be non-negative and linear. The market equilibrium problem is to compute a price vector and a feasible
assignment of goods to buyers such that no buyer is induced to change his assignments with respect to
the given set of prices and market clearing is achieved, i.e. there is no surplus or deficit of the goods.

The problem is of considerable interest in Economics and was first proposed in 1891 by Fisher [4].
Independently, Walras (1894) proposed the notion of general equilibrium. Walras proposed that a general
equilibrium could be achieved by a price-adjustment process called tatonnement [21]. Establishing that an
equilibrium can be achieved is a problem of considerable interest in descriptive and normative economics.
The existence of equilibrium prices in a general setting was established by Arrow and Debreu [2] in
1959. The proof is non-constructive and the natural question is the existence of an efficient computation
process which establishes equilibrium. The model proposed by Fisher is more amenable to computational
methods. In Fisher’s model, buyers (traders) initially have endowment of money while the sellers initially
have goods. Moreover, the buyers do not have any value for money and the sellers do not have any value
for the goods. The more general model considered by us was proposed by Walras. In this model the
traders have an initial endowment of goods (instead of money). The amount of money available for use
by the trader is dependent on the final price of the goods.

Efficient computation of the market equilibrium is an important problem highlighted recently by Pa-
padimitriou [18]. Computation of market equilibrium has been of considerable interest in the history of
micro-economics. In 1891 Fisher presented a design of a hydraulic apparatus for calculating equilibrium
prices when utilities are separable, additive, monotone and concave. Around the same time, Walras



suggested that market equilibrium prices may be discovered by a price adjustment process called taton-
nement. In 1959 Arrow et al. [1], showed the stability of the price adjustment process for a large class of
utility functions which satisfied the property of gross substitutability. They showed that

P*Z(P) >0, VP

where P* > 0 is the vector of equilibrium prices, P is a price vector and Z(P) is a homogeneous
(invariant under scaling) excess demand function. Using this property, algorithms utilizing circumscribed
and inscribed ellipsoids have been discussed in [17, 19]. The above characterization leads to an ellipsoid
method for computation of market equilibrium in polynomial time. This approach has been surveyed in
a recent note by Codenotti et al. [6].

Eaves [11] formulated the market equilibrium problem with linear utilities as a linear complementarity
problem and used Lemke’s algorithm to solve it. Eisenberg and Gale [12] have reduced the market
equilibrium problem for the Fisher model with linear utilities, to an optimization problem. These results
were derived for the Fisher model. In 1983, Nenakov and Primak showed how to solve the equilibrium
problem in the general Walrasian model via a convex program [16]. Recently Jain [13] has also devised
a similar convex inequality system for the general Walrasian model when the utilities are linear. The
inequalities that characterize the solution are similar to the complementary slackness conditions that
arise in the program of Eisenberg and Gale [12]. Using a similar approach and the model of Eisenberg
and Gale [12], Ye [22] claims interior point methods for both the Fischer and the Walrasian models in the
case of linear utility functions, resulting in finding the exact solution to the problem in O(n*L) arithmetic
operations. A bound on the precision required for executing these operations has not been provided (but
should be better than the ellipsoid method).

Combinatorial methods to solve this problem are of importance as they avoid the numerical issues
involved with the ellipsoid method and interior point algorithms. A polynomial time combinatorial
algorithm for the Fischer model has been proposed in Devanur et al. [9] in 2002. In this paper we
continue the combinatorial study and devise efficient approximation algorithms to solve the equilibrium
problem in the general Walrasian model. The algorithms are based on an auction mechanism resulting in
a tatonnement process. To model the problem, we formulate a family of linear programs parameterized by
the price vector. We construct the dual of these programs. The dual program corresponding to a market
clearing price has an optimal solution where dual variables corresponding to a family of inequalities in
the primal program, are all equal to zero. We show that whenever these dual variables are zero, the
corresponding price vector achieves market clearing. The market clearing conditions arise naturally from
the complementary slackness conditions of the parameterized linear program.

We use the primal-dual formulation to define an auction mechanism which computes a (1 + €)-
approximate market equilibrium. In such an equilibrium, no buyer gains more than a factor of € utility
by switching from the currently assigned goods, the uncleared surplus of any buyer is less than e times
its total final endowment and at least a factor 1/(1+¢€) of all the goods are sold. The proposed algorithm
resembles a primal-dual mechanism similar to Kuhn’s methodology for bipartite matching [15]. This can
also be viewed as an auction mechanism similar to [7, 3] or an efficient tatonnement type process [20, 5]
for computing approximate market clearing.

After the development of this algorithm we have become aware of two approximation algorithms
developed around the same time for this problem. The first algorithm [14] provides an approximation
using the framework described in [9]. This algorithm achieves complete market clearing and approximate
the optimality of the solution. The second algorithm [10] removes the dependence on the sizes of the
numbers to achieve a strongly polynomial algorithm. The notion of the approximation achieved in the
paper [10] is that of bounding the deficiency or surplus of the goods in terms of their monetary value.

The time complexity of our first algorithm is O(%nm log(22222) log prnqz), where a = Z] L a; the
sum of all available goods, pmq. is the largest price (assumlng that the smallest price is unity), amin =
min; ; a;; > 0 is the smallest quantity of a good endowed to a trader, n is the number of traders and
m is the number of goods in the market. The algorithm achieves approximate market clearing in terms
of the quantity of each available good and in disposing the endowment of each trader while achieving
approximate optimality. We also give another approximation algorithm, which achieves exact market
clearing and approximate optimality and is of complexity O( (nm? + mn?)10g Prmaz ), replacing a factor
of 1/e by m, which would be an improvement whenever 1/e > m.  The algorithm is polynomial in all
the parameters of the problem, except in the specification length of the error tolerance e.



In comparison, the algorithm presented in [9] computes exact market clearing prices in the Fisher
model, which is a special case of the model we consider in this paper, using O(n*(logn+mnlog U +log M))
maz-flow computations, where M is the total amount of money available in the market and U = max;; v;;,
is the maximum valuation of an good by a trader. The algorithm in [14] solves the problem in the general
Walrasian model with complexity O(mT4(logm +mlogU + log M)) maz-flow computations where U and
M depend on the utilities and endowments, respectively. And finally the algorithm in [10] solves the
problem in O(’“T4 log ) maz-flow computations. While the time-complexity of these methods involves

4
large polynomials (O(w log ) assuming max-flow computations are O(e(m +n)), where e < mn
is the number of edges in the graph), these solutions provide very interesting insights into this problem.

Apart from the improved complexity provided in this paper, the technique proposed is of particular
interest due to its decentralized nature and a natural auction interpretation. Moreover, if we aim to
satisfy approximation conditions similar to that of [10] then the complexity of our method becomes
O(X(nm? + mn?)log 2).

We begin with the market model in Section 2 and present a parameterized linear programming for-
mulation in Section 3. We present our basic auction algorithm for approximating market equilibrium in
Section 4 and the faster auction algorithm in Section 5. In Section 6 we show how the strong conditions
of approximate market equilibrium (defined in Section 2) can be satisfied by adding another phase to the
algorithms. In Section 7 we discuss how the largest price p,q. can be bounded for different definitions
of approximate market equilibrium. We conclude in Section 8.

2. Market Model We consider the generalized market model with linear utilities. The market
consists of a set of m goods (S) and a set of n traders (T'). Trader ¢ has an initial endowment a;; of
good j. The total amount of good j available in the market is given by a; = > | a;;. Assume w.l.o.g
that a; > 0 else the good can be removed from the market. The utilities of the traders on these goods
are assumed to be linear. Let v;; be the per-unit utility of trader ¢ on good j. We make the standard
assumption that v;; > 0. The traders exchange their goods so as to maximize their individual utilities.

Let the prices of the goods be represented in terms of an abstract currency. Given the prices

P1,D2,---,Pm of the m goods, the amount of money which trader ¢ can get (by selling these goods)
. . m . . . . . .1
is given by > j=1@ijp;. Using this money, the trader buys goods that maximize its utility. Let z;;
represent the amount of good j obtained by trader i. Define X; = (241, Zi2,...,%im). Trader i gets an
allocation X, that solves the following programs (LP;):
m
mavaijw,-j
j=1
m m
Subject to: Z:cijpj < Zaijpj 1)
j=1 j=1
zy > 0

Let P represent the m x 1 vector of prices and X represent the n x m matrix of allocations, where
the (i,7)'" entry is x;;. The pair (X, P) forms a market equilibrium iff (a) there is neither a surplus nor
a deficiency of any positively priced good; (b) all the traders buy goods that maximize their utility. The
prices P are called market clearing prices and X is called an equilibrium allocation.

We assume that there exists a market equilibrium where all the prices are strictly positive. This
assumption can be removed by a variety of methods. In Section 7 we outline some methods that resolve
this issue.

The condition (a) for market equilibrium can now be mathematically written as:
n
V_] : ZSL‘,']' = ay (2)
i=1

Since v;; > 0 and p; > 0, condition (b) can be equivalently written as follows:

Vi : Z.’L'z'jpj = Zaijpj (3)
j=1 j=1



Vi, j:xi; >0 :>Uz'j/pj

Tij

Vik [Pk, Yk (4)

>
> 0

Equations (3) and (4) can be derived from the dual program and complementary slackness conditions of
the program (LP;). Equations (4) imply that every trader i is allocated only those goods j that maximize
the corresponding v;; /p;.

It may be noted that the Fisher’s model used in [9] is a special case of the above model, where money
is also assumed to be a “good”. The traders are partitioned into buyers and sellers. Initially the buyers
are endowed with money and the sellers are endowed with goods. The utility of the traders on money
is zero, and the utility of the sellers on all the goods is zero. The sellers have unit utilities for money.
With these assumptions it can be observed that the conditions (2), (3) and (4) translate into the market
clearing conditions for the model considered in [9].

A solution may be defined as an approximate market equilibrium if conditions (a) and (b) are satisfied
approximately (see e.g. [8]). To achieve this, we work with the following definition of approximate market
equilibrium.

We call a pair (X, P) as (1 + €)-approzimate market equilibrium if each of the conditions (2), (3) and
(4) are satisfied to within a factor of (1 +¢€) i.e.,

.. Gy =
: < ij < a;
Y T+e = ;.’L‘ i < aj (5)
Vi:(1l—¢) Zajjpj < Ziﬂijpj < (149 Zaijpj (6)
7j=1 j=1 Jj=1
Vi, j: zi; > 0= ’Uz'j/pj > 'Uz'k/((]- +€)pr), Yk (7)

Note that the above conditions ensure that the allocations X;/(1+¢) solve (LP;) to within (1+¢€)2/(1—¢) of
optimal. Also, the above conditions of approximate market equilibrium are stronger than those mentioned
in [8]. In general, a solution satisfying (a) and (b) approximately may not satisfy (7).

We first use the following weaker version of (6) to develop our algorithm:
m m
Vi : Z.’E,’jpj < (1+€)Zaijpj (8)
7j=1 j=1
We subsequently modify our algorithm to obtain a solution that satisfies (6).

3. A Parameterized Linear Programming Formulation The market equilibrium conditions
can be written as a solution to a specific primal-dual program. Consider the following program LP(P):

n m
Maximize E E Vij Tij

i=1 j=1
subject to:
Vi:y mi = a 9)
=1
Vi : Z TijP; = Z ai;Pj (10)
j=1 j=1
Tij Z 0

If the price p; is assumed to be fixed for all j, then the above program (LP(P)) becomes linear. We
consider the dual of this linear program (using Lagrangian multipliers §; for (9) and «; for (10)) DP(P):



n m m
Minimize E E ai]-pjai+é ajﬂj
Jj=1

i=1 j=1
Subject to:
Vi, j:aip; + Bj > vy (11)

This gives a family of primal-dual linear programs LP(P) and DP(P), one for each value of the price
vector P. From the theory of duality, the value of a feasible primal solution is always less than or equal
to that of a feasible dual solution. Moreover, these values are equal when the feasible primal and dual
solutions satisfy the following complementary slackness conditions:

Vi,j:zi; >0 = aipj + B35 = vy (12)
The following result relates the optimal solution of the above programs to the market clearing prices.

LEMMA 3.1 A price vector P such that p; > 0,Vj, forms market clearing prices if the program DP(P)
has an optimal solution with B; = 0,Vj.

Proor. Consider an optimal primal and an optimal dual with 8; = 0,Vj. The optimal primal solution
satisfies conditions (9) and (10) which are same as (2) and (3). Complementary slackness conditions (12)
with 3; = 0,Vj together with the dual feasibility conditions (11) give:

Vi,j:xij>0 = oz,-pj+ﬂj:vz-j
= o = vi;/p;
= Vk: (vij /)P + Br > vik
= Vk:vi/pj > vik/pr

We now show the converse of this lemma.

LEMMA 3.2 If a price vector P such that p; > 0,Vj, forms market clearing prices then the corresponding
dual program DP(P) has an optimal solution with 3; = 0,Vj.

PROOF. Since the vector P forms market clearing prices, there is an allocation X that satisfies (2),
(3) and (4). Therefore, the vector X is a primal feasible solution for LP(P). Define o; = v;;/p; for some
j such that z;; > 0. Let 8; = 0, Vj. From (4) it follows that a;,1 < i < n, and §;,1 < j < m, is a
dual feasible solution. Also note that these primal and dual feasible solutions satisfy the complementary
slackness conditions (12). Therefore, they must be the optimal solutions for LP(P) and DP(P) and thus
there is a dual optimal solution with 8; = 0, Vj. a

4. An Auction Algorithm for Approximate Market Clearing Prices We now present an
algorithm for discovering approximate market clearing prices. The algorithm is based on the primal-dual
formulation for market clearing as described in the previous section. The variables 3; are set to zero
throughout the algorithm. The variables x;; are initialized to zero and are modified as the algorithm
progresses. The prices p; are initialized to 1 and are slowly and monotonically increased as the algorithm
makes progress. Note that if P forms market clearing prices then aP also forms market clearing prices
for any scalar a@ > 0. Since we assume that there exist clearing prices such that p; > 0 for all j, there
also exist market clearing prices such that p; > 1 for all j.

At every step in the algorithm, an “over-demanded” good is picked and reassigned to another buyer
after raising its price by a fixed multiplicative factor (1 + €), where € > 0 is a small quantity suitably
chosen at the beginning of the algorithm. This algorithm has an auction interpretation, where traders
outbid each other to acquire goods of their choice by submitting a bid that is a factor (1+¢) of the current
winning bid. When the algorithm terminates, approximate market clearing conditions are satisfied. The
algorithm is very similar to the auction approach of Bertsekas [3] and Demange et al. [7] for solving the



assignment problem. The key difference however, is that, in the assignment problem, price corresponds
to the dual variables (8’s), while in our algorithm f’s are fixed at zero and price corresponds to variables
that appear in primal as well as dual program.

The dual variables a; are chosen such that the dual feasibility condition (11) (with §; = 0 for all j)
is satisfied. During the course of the algorithm, the variables z;; are successively modified by a bidding
process such that the approximate market equilibrium conditions (8) and the following relaxed primal
and relaxed complementary slackness conditions are always satisfied:

n
VJ : Z.’L‘i]‘ S a; (13)

i=1
Vi,j:2i5 >0=0v < oip; < 1+ 6)'111']' (14)

The bidding process raises the prices. As these prices increase, the inequalities (13) become tighter
and closer to (5). Eventually, when the algorithm terminates (5) is satisfied. This leads to approximate
market clearing. We now present the algorithm in detail.

Let the price of good j be p;. At any stage in the auction algorithm, each good j is sold at two prices:
p;j/(1 +€) and p;. Let y;; be the amount of good j sold to trader ¢ at price p;/(1 + €) and h;; be the
amount sold to trader ¢ at price p;. Now, z;; = ys; + hij.

Define the demand set D; of trader ¢ as:

D,‘ = argm]a,xv,-j/pj (15)

Define the surplus (r;) left with trader ¢ as:

m m m
_ bj
ri = Z aijpj — Z Vil e~ Z hijp; (16)
Jj=1 Jj=1 Jj=1
and the total surplus as r = Ei”:l ri. Let amin = ming;{a;; : ai; > 0}, amee = max; a; and a = Zznzl a;.

Note that amin > 0 by definition. ~ Further, a good j is defined to be unassigned if " | z;; < a; and
assigned otherwise. Define a good j to be available at price p if its current price p; is equal to p and
iy hij < aj.

A formal description of the algorithm is given in Figure 1. At the beginning of the algorithm main,
the prices (p;) are initialized to 1 and the variables y;; and h;; are initialized to zero. Inside the repeat
loop a trader (say i) with positive surplus acquires goods in its demand set. If a good (say j) in the
demand set of trader i is still unassigned, it is acquired at unit price using procedure assign(i,j). If
the good j has already been completely assigned and is available at its current price p;, it is acquired
by the procedure outbid(i, j, k) from another trader k, who has been assigned the good at a lower price
(pj/(14¢€)). If good j is not available at its current price p;, its price is increased by a factor (1+¢€) using
procedure raise price(j) and hence the good is made available at its new price. This process continues
until either the surplus of the traders becomes sufficiently small or until all the goods are assigned.

Note that the algorithm described above is highly distributed and asynchronous. The algorithm does
not specify the order in which the procedures outbid(i, j, k), assign(i, j) and raise_price(y) are called.
These may be called for any value of 4, j, k that satisfy the corresponding entry conditions.

LEMMA 4.1 During the progress of the auction algorithm, conditions (8), (11) (with B; = 0 for all j),
(13) and (14) are always satisfied.

Proor. Condition (13) is satisfied after the initialization step. Note that procedure outbid does not
change the values . | x;; for all j. So, if condition (13) is satisfied before the entry to the procedure,
it is also satisfied after its exit. In the procedure assign the variable ¢ is chosen such that (13) remains
satisfied. Procedure raise price does not change the value of z;;. Therefore (13) remains satisfied
throughout the algorithm.

For condition (8) it is sufficient to show that 7; > 0 throughout the auction. This is true after the
initialization step. In procedures outbid and assign, the variable ¢ is chosen in such a way that r; > 0.



algorithm main
define x;; = yi; + h,’j
define D; = argmax; vi;/p;
Vi,j:yij =hij =0; pj=1;
Vi,ri =300, aijpj;
Vi, O = MaX; ’l)ij/pj ;
repeat
pick ¢ s.t. r; >0
Q; = max; 'U,'j/pj
pick je€ D;
if Y7, @k < a; then assign(i, j)
else if 3k s.t. yi; >0 then outbid(i, j, k)
else raise price(y)
until Y07 < ﬁamm or Vj: Y i xij =aj
end algorithm main

procedure outbid (i, j, k)

hij = hz'j +t
Yk = Yrj — ¢
Ty =Ti —tp;
i =Tyt

end procedure

procedure assign(i, j)
t= min(aj — ZZ:l Tkj, ;—;)
hij = hsy; + 1t
Ty =T1; —tp;

end procedure

procedure raise price(j)
Vk : Yk; = hkj
Vk : hyj =0
Vi : i =71+ €a;;Pj
by = (1+ e,

end procedure

Figure 1: An auction algorithm for discovering market clearing prices



Procedure raise_price does not change the value of -7, aijp; —r; = Y00, yijp;/(1+€) + 270, hijp;
for any 4. As a result 7; can only increase in this procedure. Therefore (8) remains satisfied throughout
the algorithm.

The variables a;’s are set during initialization step and the update step in such a way that (11) is
satisfied. Procedure raise_price(j) only increases p;. Therefore (11) remains satisfied throughout the
algorithm.

Condition (14) is satisfied after the initialization step. Since (11) is satisfied throughout the algorithm
vij < ayp;j. We just need to show that:

Vi, j: zi; > 0= a;p; < (1 + e)vij. (17)

For all j, p; can only increase as the algorithm progresses. Thus, for all ¢, a; can only decrease. Therefore,

if (17) is satisfied before update of o, it will remain satisfied after the update as well. When z;; is

increased in procedure outbid or assign, j € D; i.e. a; = v;;/p;, which satisfies (17). It remains to be
seen that (17) continues to be satisfied after raise_price is called.

Note that when assign or outbid is called, j € D; i.e. v;; = a;p;. A call to raise_price(j) increases
p; by afactor (14€). So, if raise_price(j) is called after a call to assign(é, j) or outbid(y, j, k), condition
(17) remains satisfied. So, it is sufficient to show that between two successive calls to raise_price(yj),
outbid(x, j, k) is called for all k such that zx; > 0. To see this, observe that raise_price(j) sets
Ykj = Trj,Vk. But, raise price(j) is called only when Vk,y; = 0. outbid(x, j, k) is the only place
where the value of y;; is reduced. Therefore, outbid(i, j, k) must be called for every k s.t. yr; > 0. This

completes the proof. O
This algorithm also satisfies the following invariant:
n
Vj:pj>1¢2xij:aj (18)
i=1

To see this, note that p; = 1,Vj, at initialization. So (18) is satisfied after the initialization. Procedure
outbid(i, j, k) does not change the value of >_" | z;; and hence does not affect (18). Procedure assign(i,
j) is called only when p; = 1 and raise_price(j) is called only if 3" | #;; = a;. Hence (18) remains
satisfied throughout the execution of the algorithm.

LeEMMA 4.2 When algorithm main terminates, condition (5) is satisfied.

Proor. The second inequality of (5) follows from invariant (13). We now show that the first
inequality of (5) is satisfied when the algorithm terminates.

There are two conditions for the algorithm to terminate. When all the goods get assigned (Vj :
>, x;; = a;) then condition (5) is trivially satisfied. In the other case we have, > i, r; < ey Gmin-
From (16) we have:

m m
€
ri = Y (ayp; —zipj) + it 0 > yiips (19)
j=1 j=1
n m n € m n
=Y i = > (e —i)p; + ito > D viip;
i=1 j=1i=1 j=1 i=1
m n € m n
= Z (aJ - Z.’EU> p; + =) Zzyijpj
j=1 i=1 Jj=11i=1
(20)
Since 31 ri < T @min, we have
; a; — ;wzg pjt+ A+e j;izzlyijpj < mamin

Since y;; > 0 and p; > 0 for all 4, j, the above inequality can be reduced to the following

m ( n ¢
2 a; — ﬂUz‘j) Pi < 4 0min
=1 =1 (I1+e)



From (18) it follows that if """ | 2;; < a; then p; = 1. Therefore,

S (0-Fm) < g

=1

From (13) it follows that, each term of the summation in the above inequality is non-negative. Therefore
each term of the summation must be bounded by the right hand side i.e.

n € ]
—Zﬂfij < mamina vy

aj

e ° 2w Vi
=1

A

O

Lemma 4.1 and 4.2 imply than the algorithm main achieves approximate market clearing on termina-
tion. To see this, observe that (11) with §; = 0 for all j and (14) imply (7).

4.1 Analysis We now analyze the time complexity of the algorithm. Let p,,., be an upper bound
on the prices discovered by this algorithm. Every time raise_price(j) is called, p; is increased by a
factor (1+¢). Therefore, the number of times raise price can be called is bounded by m10g; 1) Pmaz =
O(%¢ 108 Pmaa)-

We partition the execution of the algorithm into rounds. The first round corresponds to the first k;
sequence of iterations of the repeat loop in algorithm main, such that each trader ¢ with r; > 0 has
r; reduced to zero at least once (after calling outbid(4, j, k) or assign(i,5)). Round ! corresponds to
sequence of iterations from k;_; + 1 to k;, where k; is the minimum integer greater than k; ; ensuring
that each trader ¢ with r; > 0 has r; reduced to zero at least once in round /. Note that r; may possibly
become positive again in subsequent iteration of the same round.

LEMMA 4.3 In every round, either there is a price rise, or the total surplus (r) reduces by a factor
1/(1+¢).

PROOF. Assume that raise_price is never called in the round. It is sufficient to show that the total
surplus reduces by a factor 1/(1 + €). Let r; represent the surplus of trader i at the beginning of the
round and let » = " | r; represent the the total surplus at the beginning of the round. We now put a
lower bound on the surplus reduction in a round.

Note that a call to assign decreases the value of the total surplus by tp; (as calculated in procedure
assign). Also note that, a call to outbid(s, j, k) decreases the surplus of trader ¢ by ¢p,; and increases
the surplus of trader k by tp;/(1+€). Therefore, it decreases the value of the total surplus by tp;je/(1+¢).
In every round, for each trader ¢, outbid is repeatedly called (possibly interleaved with calls to outbid
and assign for other traders) until the surplus of trader 7 goes to zero. Biddings done earlier by other
traders can only increase the surplus of trader i. Therefore, in calls made to outbid and assign by
trader 4 the total surplus is guaranteed to reduce by at least r;e/(1 + €). Adding this for every trader, we
get that the total surplus reduces by at least re/(1 + €) in every round where raise_price is not called.
In other words the surplus r' after the round is bounded as: 7' < r/(1 + ¢). O

LEMMA 4.4 Algorithm main terminates in O 2mlog(p’”‘””“) log Pmaz) TOunds, where a = Z;”Zl a;.

PRrROOF. Note that r can be written as:
m n € m n
r= Z Z(au‘ — T45)p; + Tte Z Zyijpj
j=1 i=1 j=1i=1

It is easy to see that, raise_price can increase the value of r. The maximum possible value of surplus r is
Pmaz Where a = Z;"Zl a;. The algorithm is guaranteed to terminate if the total surplus becomes less than
ﬁamm. Therefore, the maximum number of rounds between two successive calls to raise_price is



bounded by O(% log(¢E=22)). The number of times raise_price is called is bounded by O(tmlogpmas)-
This gives the required bound. d

To efficiently implement this algorithm, each trader is considered once in every round. When trader 4
is chosen for processing, it makes r; = 0 by repeatedly calling procedure outbid. When outbid(i, j, k) is
called, either y;; becomes zero or r; becomes zero. The first event is charged to a call to raise_price(j)
while the second event is charged to the trader i. For every call to raise_price(j), there can be at most
n events of the first type. In every round, there can be at most n events of the second type. This gives
the following time complexity of the algorithm.

THEOREM 4.1 Algorithm main computes a solution satisfying (5), (7) and (8) in
O(Enmlog(Eze22) log(pmas)) time.

€Amin

We next present a modification to the above basic algorithm that gives better convergence (for % >
(n 4+ m)) and a stronger market clearing condition.

5. An Improved Auction Algorithm With two minor variations on the bidding order, the upper
bound on the running time can be significantly improved. These variations are: (a) A trader ¢ with
positive surplus raises its assignment of good j to the higher price (p;) before outbidding another trader
on the good; (b) A trader who is being outbid on a good which is still in its demand set, bids back
immediately on the good and raises its assignment to the higher price. These changes, along with
bidding in rounds as discussed earlier, are incorporated in the algorithm main2 as shown in Figure 2.

Algorithm main2 carries out bidding until all the goods have been assigned. One iteration of the
repeat loop completes a round. It consists of a sequence of iterations of the inner while loop such that
every trader ¢ exhausts its surplus (r; becomes 0) exactly once. In the description presented in Figure 2,
traders are picked one by one and exhaust their surplus. Once a trader is picked (say %), it selects a good
in its demand set (say j). If the good j is not completely assigned then the available amounts of good j
is assigned to trader i. If good j is completely assigned and if good j is assigned to some trader at the
lower price p;/(1+ €), then there are two cases. If trader 7 already has good j assigned at the lower price
, i.e. y;; > 0 then the surplus is spent in acquiring the same good at a higher price using outbid2(s, j,
i). Otherwise, trader i acquires the good from another trader k, who was allocated the good at price
p;/(1+¢€). If all of good j has been assigned at the higher price, then raise price is called. In this
case, the demand sets are recomputed and the iteration resumes. This continues until the surplus of the
trader has been exhausted (r; = 0). After this, the next trader is picked and the iterations of the while
loop continue with the next trader.

For simplicity of exposition, main2 in Figure 2 imposes round-robin ordering for the traders to carry
out bidding. It may be noted that such an ordering is not required. In a round, an iteration of the inner
while loop may be carried out for any (7, ), as long as j € D; and r; has not become zero earlier in the
current, round.

Before moving further into the analysis on the algorithm, we introduce some notations. Consider a
directed bipartite graph G = (T, S, E) where T is the set of traders, S is the set of goods and FE is a set
of directed edges between S and 7. Define D to be the set of demand edges, X the set of assignment
edges, Y a subset of the set of assignment edges and B a subset of Y as follows.

(i,j)e D iff jeD;
(j,))e X iff x; >0
(J,0)eY if y; >0
(j,i)e B iff y;; >0and j¢&D;

Note that when procedure outbid2(s, j, k) is called either r; goes to zero or an edge from Y is removed
(either y;; goes to zero or yi; goes to zero). Define a call to outbid2 as complete when an edge in Y is
removed and incomplete if r; goes to zero.

LEMMA 5.1 The number of complete calls to outbid2 is bounded by O(:nmlogpmas)-

€



algorithm main2

define z;; = hy; + i

define D; = argmax; v;; /pj

Vi,j:yi; = hij =0; pj =1;

ri =35l QP

;= max; vij/pj ;

Vi : compute demand sets D;, «; = max; vij/pj

repeat

for i=1ton
while r; > 0 do
pick j € D;
if Y., @k < a; then assign(i, j)
else if y;; > 0 then outbid2(i, j, %)
else if 3k s.t.yg; > 0 then outbid2(¢, j, k)
else raiseprice(j); Vi, recompute D; and oy
if Vj: Y p_, zk; = a; then goto done
end while
end for

until Vj: Y7, ok = a;

done:

end algorithm main2

procedure outbid2(¢, j, k)
if j & Dy, and i # k then
t = min(y;, ;—])
hz’j = hz'j +1
Yrj = Ykj —t
r, =r; — tpj
rr =1 +tp;/(1+¢€)
else
t= min(ﬁykj, ;—;)
hij = hgj + t/e
Yrj = Ykj — t(l + 6)/6

hij = hiy +1t
ri=r; —tpj
endif

end procedure

Figure 2: An improved auction algorithm



ProOOF. Initially, there is no edge in Y. Edges in Y are added (yp; become non-zero) only through
a call to raise price. Each call to raise_price can add at most n edges in Y. Since the total number
of price raises are bounded by O(%mlog DPmaz), the total number of edges added to Y is bounded by
O(%nm log Pmaz)- Each complete call to outbid2 removes one edge in Y. Hence the result. O

To bound the total running time of the algorithm, we need to bound the number of incomplete calls
to outbid2. Consider an incomplete call to procedure outbid?2 by trader i. If r; was zero before a call to
procedure outbid2(i, j, k), it may become positive after the call. This may lead to another incomplete
call to the procedure outbid2(k, j', l) by trader k transferring the surplus to another trader ! with zero
surplus. This surplus could eventually cycle back to the trader ¢, thus repeating the whole process again.
We show that this is not the case.

It can be seen from the definition of procedure outbid2 that, surplus may be transferred from trader i to
atrader j using a sequence of calls to outbid2 only through a directed path in the graph G = (T, .S, DUB).
We now prove an important result which establishes that the surplus from a trader ¢ cannot cycle back
to itself without a price rise.

LemMMA 5.2 The graph G = (T, S, D U B) is acyclic.

Proor. Consider the graph G at time ¢. Assume for contradiction that G has a cycle of the form
(u1,v1,u2,v2 ..., Uk, Vg, u1) where u; € T,v; € S. Let t; be the time instant when the price of good v;
was raised to its current level.

The fact that (v1,u2) € B implies that y,,,, > 0 and v1 & D,,,. Since v; is currently not in the demand
set of us, it must have been assigned to us at time t' < t;. When v was being assigned to us, the price
of vy must have been at its current level otherwise v» would have been in the demand set of us instead of
v1. Therefore, the price raise of v, must have happened prior to that of v; i.e. t2 < t;. Continuing this
argument we get t; < tg < tp—1 < ... < t < t; which is a contradiction to our assumption that there
was a cycle in G. Therefore there is no cycle in G. O

LEMMA 5.3 After d rounds of bidding either there is a price rise, or the surplus of at least d traders
becomes zero. Moreover, the surplus of these traders cannot rise later until there is a price Tise.

This lemma, is immediate from the following stronger statement. Assign a unique rank between 1 and
n to each trader using a topological sort of the directed acyclic graph G, such that for each i,j € T if
there is a path from i to j in G, i is assigned a rank less than j. Note that, in G no trader has a path to
the trader of rank 1.

LEMMA 5.4 If there is no price rise in any consecutive d rounds of bidding, then all the traders with rank
less than or equal to d have zero surplus. Moreover, the surplus of these traders cannot increase later
until there is a price rise.

PRrROOF. Assume that there is no price rise in d consecutive rounds. We prove this result by induction
on the number of rounds d. We first establish the base case.

Let k be the trader of rank 1. There is no path in G from any other trader to k. r; becomes zero in
the first round after a call to assign or an incomplete call to outbid2. rj can become positive again
only through a call to outbid2(i, j, k), such that yx; > 0 and j & Dy, i.e. (j,k) € B. Such a call will be
made only if j € D; i.e. (i,5) € D. This is not possible since there is no path in G from any other trader
to trader k.

Note that as the bidding progresses without a price rise, D remains unchanged. Moreover, the sets Y
and B shrink in size. Therefore, the ranks defined at the beginning of the first round remain consistent
with the modified G until there is a price rise.

Now consider round d. In every round every trader exhausts its surplus once. Therefore, in the dth
round the trader of rank d will also exhaust its surplus. This traders can acquire surplus again only
through the traders with rank less than d (from construction of G). However, by induction hypothesis,
all the traders of rank less than d will have zero surplus after round d — 1. Therefore, the trader of rank



d cannot acquire a surplus in round d or later and thus will have zero surplus at the end of round d and
thereafter. d

LEMMA 5.5 The algorithm main2 terminates in O(%nm log Prmaz) Tounds.

Proor. From Lemma 5.3 it follows in that, after n rounds of bidding, either there is a price rise, or
the total surplus r goes down to zero. Consider the case when the total surplus goes to zero (r; = 0, V7).
Summing (16) (or equivalently (19)) over i and using the fact that Y ., z;; < >, a;; for all j, and
yi; > 0 for all ¢ and j, we get y;; = 0 for all ¢,j and Y"1, z;; = a; for all j. In this case, the algorithm
terminates. There can be at most O(%mlog Pmaz) Price rises. Hence the result. O

LEMMA 5.6 The time complezity of algorithm main2 is O((nm® + mn?)10g(Pmaz))-

PRrOOF. A call to assign either raises the price or sets r; = 0. Therefore it may be called at most n
times in every round. So, total number of calls to assign is bounded by O(%mn2 log Prmaz)-

From Lemma, 5.1, there can be at most O(%mn log Pmaz) complete calls to outbid2. There can be at
most O(n) incomplete calls (one for each trader) to outbid2 in every round. Therefore, the total number
of calls to outbid2 is bounded by O(%(mn + mn?)10g pmas)-

Demand set computation take O(nm) time and there can be at most O(2m1og ppas) such computa-
tions. Therefore the total time in demand set computations is bounded by O(%nm2 10g Prmaz)- This gives

the required bound. O

LEMMA 5.7 When the algorithm terminates conditions (2), (5), (7) and (8) are satisfied.

Proor. Condition (8) is satisfied because r; > 0. Algorithm main2, like the predecessor main
satisfies a;p; > wv;j,Vi,j throughout its execution. It also satisfies the approximate complementary
slackness conditions (14). This gives (7). Algorithm main2 terminates when all the goods are assigned
Therefore (2) is satisfied which also implies (5). O

Using the above two lemmas, Lemma 5.6 and Lemma 5.7, we get the following result:

LEMMA 5.8 Algorithm main2 computes a solution satisfying (2), (5), (7) and (8) in O(X(nm?® +
mn?)10g(Pmaz)) time.

Note that the algorithms main and main2 do not ensure that all the traders spend most of their money
(6). However, inequality (5) ensures that all the money (ETZl >, aijpj) in the system is spent to
within (1 + €) of its value. To ensure (6) we add a second phase of the algorithm.

6. Phase 2. Achieving (14 €)-approximate Market Equilibrium The solution found by main
and main2 can be modified to satisfy (6) by adding a second phase (called phase2) to the algorithm.
In this phase the same algorithms may be continued with two minor variations: (a) only traders ¢ with
T > € Z;”:1 a;jpj carry out bidding, and (b) during the bidding traders do not exhaust the surplus all the
way to zero. Trader ¢ stops bidding (and acquiring goods) as soon as r; reaches € E;nzl a;;pj- The phase
ends when r; < GZ;"ZI ai;p; for all i, thereby satisfying (6). Note that in this phase, if the following
inequality (21) is satisfied at any stage, then it remains satisfied for the rest of the phase.

m
ri2 €y aip; (21)
j=1

Since phase? is very similar to the corresponding algorithms main and main2, we omit its formal descrip-
tion and leave the details to the reader. Note the key difference in phase?2 is that the residual surplus is
not reduced to zero but to within a factor of (1+ €) of the endowment which is allowed to remain unspent
at the end. This affects the error condition when phase2 follows main such that the error bound in (6) now
becomes (1 + 2e) since the residual r; is not reduced to zero but to within (1 + ¢) factor of € 37" | as;p;.
Executing main followed by phase2 with an error bound €' = €/2 gives the desired error bound without
affecting the complexity. The error bound when phase?2 follows main2 remains unchanged.

We now prove some properties of phase2.



LEMMA 6.1 In phase2, there is a good whose price doesn’t rise.

PROOF. Assume, for contradiction that the price of all the goods has risen in phase2. Consider any
stage in phase2 after prices of all the goods has risen. At this stage, (2) is satisfied (since p; > 1 implies
S xij = aj). If the prices of all the goods rise by a factor (1 + €) or more, r; (for all i) must also
increase by at least € >-7" | a;jp; at some stage. Therefore, (21) is satisfied for all i.

From the definition of r; we have,

Z'Fz 1te Zzyup] +Zzhup] ZZG’UPJ

i=1 j=1 i=1 j=1 i=1 j=1

Since x;; = hij + y;; we have

Z” +ZZ%PJ 1;22%-19]- =2 aip

i=1 j=1 i=1 j=1 i=1 j=1

Using (2), the above equation reduces to

n
€
;ri: 1+e€

Since (21) is satisfied for all ¢ we have

n m
S yips
i=1 j=1

Zrz > ezzaz]p]

i=1 j=1
The above two inequalities imply
n m n m
DD i 2 (L+e) YD aip
i=1 j=1 i=1 j=1

However, > " | yi; < > i, aij for all j, which implies

n m
)I)IIIED ) SRIETIE) 9p S
i=1 j=1 i=1 j=1 i=1 j=1
which is a contradiction. Therefore, there is a good whose price doesn’t rise in phase2. d

7. Bounding P4, In this section we bound the value of p,,,, that arises in the complexity of each
of the above algorithms. We define p,,4,(A) be the maximum price of any good during the execution of
algorithm A (which can be main, main2 or phase2). We first bound py,q.(4) for the (1 + €)-approximate
market equilibrium model presented in Section 2. We subsequently show that better bounds can be
achieved by relaxing the definition of approximate market equilibrium.

7.1 Case 1: v;; > 0 for all 4,5 Let vpop = max; ;v;; and Umip, = min; ; v;;. Let pmin(A) and
Pmaz(A) respectively be the minimum and maximum price of goods at the end of the algorithm A. Now
we have the following bound:

LEMMA 7.1 Any solution satisfying (7) also satisfies p; < (1 + €)(Vmaz/Vmin)Pmin(8) for all j.

Proor. If good j is not allocated to any trader (z;; = 0 for all 4) then p; is equal to 1 thereby
satisfying the above. Otherwise, let good j be possessed by trader k (i.e. zx; > 0). Let I be the good
with the minimum price. From (7) it follows that vk, /p; > vk /((1+€)p). The proof follows immediately

from this. .

Note that pmin(main) = pmin(main2) = 1. Lemma 6.1 implies that pmi,(phase2) < ppaz(main2) (or
Pmaz(main)). Thus ppa.(Phase2) < ((1 + €)Vmaz/Umin)?. This leads to the following theorem.

THEOREM 7.1 Algorithm main2 followed by phase2 computes a (1 + €)-approzimate market equilibrium
m O( (nm? + mn?)10g(Vmaz /Vmin)) time when vi; > 0 for all i and j.



7.2 Case 2: v;; = 0 for some 2,j. In this case some of the equilibrium prices could be zero. Since
prices are invariant to scaling and ppi,(A) > 1 for all auction algorithms A, py,..(8) could potentially
go to infinity. To handle this, we first discover zero priced goods using a technique similar to [13] and
remove them from the market. Now all the prices will be positive in the modified market. The auction
algorithms are then executed on the modified market. The running time of the algorithms is bounded by
the ratio pmaz(8)/Pmin(A) in the modified market.

Define an endowment-valuation (E-V) graph as follows: The graph is a directed bipartite graph
G(T,S,E), with E specified as follows: E = {(t;,s;)|vi; > 0} U {(sj,ti)|a;; > 0}. The following re-
sult characterizes equilibrium prices:

LEMMA 7.2 There ezist a market equilibrium such that all goods with positive prices belong to one strongly
connected component, C, of the E-V graph.

Proor. Consider the strongly connected components of the E-V graph. When considered indepen-
dently in isolation, each of these strongly connected components will have a market equilibrium with all
goods at non-zero prices (see [13]). Note that there is a partial ordering induced by the edges of the
E-V graph on these components. Set the price of all components except one (maximal) component (say
C) that has no outgoing edge, to zero. The market equilibrium problem can be solved independently
on C because (a) the other components with zero prices do not provide any money to traders in C; (b)
all traders in C have zero value on goods outside C' and therefore will not benefit by getting any good
outside C and (c) all traders outside C will have zero money to spend and will therefore not get any good
form C. a

Now the algorithm is run on the component C' while ignoring all the goods and traders not in C. We
now bound the ratio of maximum to minimum. Let p;?(A) represent the price of good j at the end of

round k of algorithm A. Let p¥, . (A) = max; p;? (8) and p ; (A) = min; p;? (h).

n
LEMMA 7.3 pk . (A )/pk"'"( A) < [ﬂim”m”“m” for all j.

l1—€ YminQmin

PRrROOF. Let good j; be priced at pk,,,(A) at the end of round k. Since the E-V graph is strongly con-
nected, there is a path from j; to j. Let the goods and traders in this path respectively be j1, j2, 73, -- -, ji, ]
and t1,ts,...%. At the end of round k the money with trader ¢; is at least aminpfnaz (). At some stage
in round % + 1 this money will be spent within a factor of (1 — €) by the trader. So there exists a good
j5 on which at least L (1 — €)pk ., (A)amin money was spent by trader ¢; in round k + 1. Therefore the
price of this good will be at least = (1— e)p'ﬁnaz(A)Z:ﬁ at the time when #; acquired it. Since the auction
algorithms satisfy (14) we will also have

Vt134 > Uty jo
pj, (1+ €)pjs
1 V¢
= . > 1j2
p]2 - 1 + € Ut1]2
1 1—-¢€\ Vminamin k
> — A
_7ng+gvmwmfmﬁ)

Since the price never decreases, we get

1 (1—€\ VminGmi
kl k
P2 o () tmmtmny

1+€/) Ymazmaz

By a similar argument

k42 (A) > l 1—€\ YminGmin k+1
1+e€ J2

UmazAmaz

Continuing in this way along the path to j

1
1 /1- ; ;
p;c-i-l(A) > [E ( 6) 'Ummamm:| pfnaw(A)

1 + € vmaw amaz

This gives the required result (as | < n). O



In order to bound the running time of the algorithms in this case we will modify each of the algorithms
A € {main, main2, phase2} so that traders stop bidding when the price of any good in their demand

n+1
set exceeds a certain critical value P.(A). We set P.(main) = P.(main2) = [m (%) M]

P.(phase2) = [P.(main2)]’. Note that with these changes Lemma 7.3 still remains valid.

and

UminQmin

Observe that if algorithm A terminates before P.(4) is reached, ppq (8) is bounded by P.(4) and hence
the running time of the algorithms maybe bounded. However, after P.(A) is reached Lemma 4.3 and 5.3
are not satisifed and earlier proofs of convergence do not remain valid. We now show that the algorithm
A terminates soon after P.(A) is reached.

LEMMA 7.4 Algorithm A € {main, main2, phase2} terminates in less than n+ 1 rounds after the price
of a good reaches P,(A).

PROOF. Assume for contradiction that the algorithm doesn’t terminate till the specified round. Let
Pk »(8) = P.(A) for some k. In main and main2 there is a good at price 1 (else all the goods are fully
assigned and the algorithm terminates). Let j be such a good. Using Lemma 7.3 we have

p§+n(A) > [ 1 (1 - 5) UminQmin amin]"pfnaz(A)

m 1 + € vmawamazc amaz

1 /1=€\ VminGmin 1"
Z = mm¥min Pc (A)
m \1+€/) Vmaztmaz

> 1

which is a contradiction.

In phase?2, there is a good whose price doesn’t change (see Lemma 6.1). Let this good be j. We must
have p}(phase2) = p}(phase?2)... pf+"(phase2) < P.(main). Again, using Lemma, 7.3 we have

(1 [1—€\ YminGmin |
k+n mintmin k
: h 2) > — h 2
Prmase) > |1 (150) et | gk (pase)
(1 (1—€\ UminGmin |
> _( ) min mm:| Pc(phaseQ)
lm \1+¢€/ Umaz@maz
- n+1
(1 + 6) Umawamaw]
> m
L 1—-€/ vminamin
= P.(main)

which is a contradiction. Thus, the algorithm A € {main, main2, phase2} must terminate in less than
n + 1 rounds after the price of a good reaches P,.(A). O

THEOREM 7.2 The algorithm main2 followed by phase2 on a strongly connected component of the E-V
graph finds a (1+€)-approzimate market equilibrium in O(%(nm?+mn?®)nlog((Mvmazamaz)/ (VminGmin)))
time.

The time complexity of the auction algorithms can be significantly improved by relaxing the definition
of approximate market equilibrium. We now show two such relaxations. In the first relaxation (which we
call additive error model), we permit an € additive error along with a factor (1+¢€) error on maximization
problem for each trader LP;. In this case pp,q.,; may be bounded by O(nav.,q,/€). The second relaxation
(called aggregate clearing model), is same as in [10], does not require conditions (5) and (6). It only
requires that a factor (1 — €) of the total money be spent on goods. In this case pp4, may be bounded
by m/e.

7.3 Additive Error Model We first scale the endowments such that a; > 1 for all j. We also scale
the utility functions such that the smallest positive utility is at least unity. We perturb v;; by a small
amount to ensure that v;; > 0 for all 4, j.

Now, a new market equilibrium problem is constructed by replacing v;; by ¢ for all 4,j such that
vij = 0. J is chosen to be €/(namaz). The auction algorithms are executed on the perturbed market.



Using the results of Section 7.1, p,q. can be bounded by ueﬂnavmm. Let OPT; be the optimal value

of LP; for the prices discovered by the algorithm. Since the final solution obtained satisfies (5), (6) and

(7)

1—€ =
j=1
for all 4, where v}; are the perturbed valuations. Substituting v;; and § in the above gives the following
bound
1—€

1+e€

m
OPT,' — € S Z’Uijxi]‘ S OPTi
=1

7.3.1 Aggregate Clearing Model Another model for e-approximate market clearing has been
defined in [10]. According to this model, an allocation (and prices) is e-approximate market clearing if it
satisfies the conditions of budget constraint, optimality and approximate market clearing listed below.

m m
Vi: Z Tijp; < Z ai;pj
j=1 j=1

Vi,jraip; > vij
Vi, j: Tij > 0=> a;p; = Ui
m n m
DO i —a)lpi < €Y ajp; (22)
j=1 i=1 j=1

Note that with this model, the approximate clearing conditions on goods (5) may not be satisfied. It
can be shown that in some markets, goods at low prices will remain fully unsold. Our proposed algorithms
main and main2 achieve approximate clearing of goods (5) and traders (8). If we relax our approximate
market clearing conditions (5) and (8) to (22), we get an algorithm polynomial in log(1/€).

Without loss of generality, scale the amount of goods available (and the valuations on them) such that
a; =1 for all j. We show that when p; > m/e for any j then our algorithm could be stopped satisfying
the condition (22).

If p; > 1 in our algorithm then the good numbered j is cleared, i.e. Y | z;; = a;. If p; =1 then

n n
|(Z$z] —aj)lp; = |(Z$u - aj)|
i1 i=1
S aj =1

This gives

If there exists k such that py > m/e then

m n
DA mij—alp; < epr = epray
j=1 i=1

m
< Gijaj
=1

Thus the algorithm main2 finds a solution satisfying (7), (8) and (22) in O(%(nm?* + mn?)108 prmaz))
time, where ppq, = m/e.

8. Conclusions In this paper we described a parameterized linear-programming formulation for the
market clearing problem. The formulation naturally leads to an auction algorithm which approximates
market clearing efficiently. The formulation is of independent interest as it could lead to an efficient exact
algorithm for the market clearing problem.
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