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ABSTRACT

LP relaxation based message passing and flow-based algorithms are two of the popular techniques for per-
forming MAP inference in graphical models. Generic Cuts (GC) (Arora et al., 2015) combines the two ap-
proaches to generalize the traditional max-flow min-cut based algorithms for binary models with higher
order clique potentials. The algorithm has been shown to be significantly faster than the state of the art al-
gorithms. The time and memory complexities of Generic Cuts are linear in the number of constraints, which
in turn is exponential in the clique size. This limits the applicability of the approach to small cliques only. In
this paper, we propose a lazy version of Generic Cuts exploiting the property that in most of such inference
problems a large fraction of the constraints are never used during the course of minimization. We start with
a small set of constraints (called the active constraints) which are expected to play a role during the mini-
mization process. GC is then run with this reduced set allowing it to be efficient in time and memory. The
set of active constraints is adaptively learnt over multiple iterations while guaranteeing convergence to the
optimum for submodular clique potentials. Our experiments show that the number of constraints required
by the algorithm is typically less than 3% of the total number of constraints. Experiments on computer vision
datasets show that our approach can significantly outperform the state of the art both in terms of time and

memory and is scalable to clique sizes that could not be handled by existing approaches.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

MAP inference in graphical models corresponds to finding the
most likely joint assignment to the underlying variables. It is an im-
portant problem for a wide variety of applications including natural
language processing, computer vision and biology. The problem is
known to be NP-hard (in the number of variables) except for some
special cases, such as when the clique potentials are submodular
[1-4].Irrespective of submodularity, the complexity of the algorithms
suggested in computer vision has been exponential in the size of the
clique. This makes inference intractable even for mid-sized cliques.

Two of the popular approaches for solving the MAP problem in-
clude: LP relaxation based message passing algorithms [5-8] and
flow based algorithms [1,9-12]. A recent comprehensive survey about
the algorithms for MAP inference can be found in [13].

In message passing based approaches, convergence to the optimal
solution is defined only in the limit when the algorithm is allowed to
run indefinitely. Even if the algorithm converges, it may not always
lead to an integral solution. A popular approach is to first define an
LP relaxation of the problem followed by message passing on the re-
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laxed version [5,6,14]. Komodakis and Paragios [15] have proposed a
dual decomposition framework which solves the dual relaxation of
the general MRF-MAP problem. The original problem is first decom-
posed into a series of subproblems that are easy to optimize. The so-
lution of the original hard problem is obtained by cleverly combining
solutions from the subproblems. Getting the combined solution in a
dual decomposition framework is a non-trivial task even when the
optimal solutions to subproblems are given.

Flow based algorithms solve a combinatorial optimization prob-
lem such as max-flow/min-cut and have been shown to give better
performance in practice [16]. Ishikawa [17] has proposed to reduce
the higher order potentials into binary ones and combine the reduc-
tion with existing flow based algorithms. However, this reduction
itself is exponential in the clique size in most cases. The reduction
method suggested by Fix et al. [18] has been shown to give better
performance theoretically and experimentally. Their technique is to
reduce a group of higher order terms at the same time instead of each
term individually. A big shortcoming of reduction based approaches
is that the reduced pairwise problem is often non-submodular hence
hard to solve optimally. This is true even when the original higher
order version was submodular. A different approach to reduction is
by Kahl and Strandmark [ 19] using the generalized roof duality. Their
method can find a submodular approximation to the original higher
order function of clique size at most 4. Their approach produces
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better solutions in practice but is computationally expensive. Re-
duction based approaches do not guarantee optimal inference even
when the potential function is submodular, for which theoretical
algorithms for finding optimal solutions are known [20].

Recently, Arora et al. [1] has proposed a max-flow/min-cut based
approach to deal with higher order potentials directly. Their algo-
rithm, called Generic Cuts (GC), can be seen as a combination of the LP
relaxation based and the flow based approaches. They define a gad-
get based flow graph corresponding to Lagrangian dual of LP relax-
ation, over which running a modified max-flow algorithm results in
the optimal solution when the potentials are submodular. Fix et al.
[10] have replaced the augmenting path style flow algorithm used in
GC with their improved IBFS, showing improvement in running time
for clique size of 4. The worst case time complexity of the Generic
Cuts is O(n|C|2k32%) where n, |C| and k are the number of variables,
number of cliques and the size of max-clique, respectively. There are
(2% labelings on a clique and the higher order potential cost of each
labeling contributes a constraint in the dual formulation. So the term
(|CI2%) in time complexity captures the total number of constraints.
Though the algorithm has been shown to significantly outperform ex-
isting state of the art approaches, it is still exponential in the clique
size making it intractable for larger clique sizes.

The hardness in MRF-MAP optimization problem is due to the
number of possible labelings on a clique which increase exponen-
tially with clique size. We observe that for many such inference prob-
lems in computer vision, many of these possible labelings are forbid-
den since they attract a high cost in the energy function. In the corre-
sponding optimization problem as defined in Generic Cuts, where the
labeling cost maps to the cost of cutting a few edges in a flow graph,
the solution obtained depends only on a very small set of constraints
defining the cut. To illustrate the point, consider creating a GC flow
graph where all but a subset of the constraints are ignored. We call
such a problem the relaxed problem. The corresponding flowgraph is
referred to as the relaxed graph. The constraints which are ignored are
called the inactive constraints and the remaining ones are referred to
as the active constraints. As we show later in this paper, the flow in
the relaxed graph is an upper bound for the flow in the original graph.
We also show that a maximum flow in the relaxed graph which does
not violate any flow constraint of the original graph is a maximum
flow for the original graph as well.

Motivated by the observation mentioned above, we propose Lazy
Generic Cuts (LGC), which brings in the constraints lazily to the active
set, and gradually learns the relaxation in which a maximum flow
is consistent with the original graph. For finding a maximum flow
in the relaxed graph, we use standard GC with the modification to
calculate residual capacities using active constraints only. Since the
number of active constraints are usually significantly smaller than the
total number of constraints in a typical computer vision problem, this
allows each iteration to run much faster as well and requiring only a
fraction of the memory compared to that of original GC.

We show that the LGC algorithm is guaranteed to terminate in
a finite number of steps at the optimum when the clique potentials
are submodular. Though there is no optimality guarantee for non-
submodular clique potentials, our experiments show that the solu-
tions inferred by our algorithm have good visual quality and their en-
ergy value is close to that obtained by GC. Note that the number of
active constraints can be significantly less than the total number of
constraints. This property is key to scalability of the LGC algorithm to
larger clique sizes.

LGC can also be seen in the light of cutting plane inference algo-
rithms proposed earlier for graphical models [21,22]. One of the key
characteristics of these algorithms is their ability to deal with large
number of constraints by working with a relaxed problem which has
only a small subset of constraints (i.e. the active set in our terminol-
ogy). If at optimality all constraints in the original problem are satis-
fied, then the current solution is also optimal for the original problem.

Otherwise the algorithm refines the active set by including the vio-
lated constraints which is then used to cut down the feasible space.
In our approach, we use the simple but effective strategy of scanning
through all the constraints and including all the violated constraints
for the next iteration. After including violated constraints we solve
the new relaxed problem. This process is repeated until there are no
violated constraints. Exploring more efficient ways for refining the set
of active constraints is part of the future work. It should be noted that
despite the linear scan to refine the active set, LGC algorithm can still
give substantial gains as such scans are only done at the beginning of
each iteration. However this allows each flow augmentation of GC to
run on a significantly smaller set of active constraints only.

We evaluate our algorithm on binary denoising problem. Our al-
gorithm is able to scale to clique sizes which none of the existing al-
gorithms can handle. Even on problem sizes which earlier techniques
could handle, we are significantly more efficient both in terms of run-
ning time and memory.

The outline of this paper is as follows. We first present the re-
quired background on Generic Cuts [1] in Section 2. We then describe
the LGC algorithm in detail in Section 3. We also give a proof of cor-
rectness and convergence for the proposed algorithm in this section.
We describe our experimental evaluation in Section 4 and conclude
the paper with directions for future work in Section 5.

2. Background

The generalized version of MRF-MAP minimization problem with
higher order cliques is given as:

. o
E(Iy; D, W) = min I;Dp(lpngwc(lc) , M
where P denotes the set of pixels/sites and C denotes the set of
cliques. I, denotes label on a pixel p and I denotes labeling on clique
c. Ip is the labeling configuration on set of pixels P. Dy, is generally
referred to as the Data/Singleton Term, while W, is referred to as the
Clique Potential. We follow the notation of Arora et al. [ 1] and give the
LP relaxation of the MRF-MAP minimization problem as follows:

min SIS DXL+ 3 S Wello)vk (2)

!
Xb.yle

DEP leL ceC 1eeck
subject to > X, =1, peP, (3)
leL
> Yi=X, peP.leLl ceC (4)
ze{le}p
XL>0, ve>o. (5)

Here {Ic}, ; denotes the set of all labeling configurations with the la-
bel of pixel p as I. We refer to the problem as the primal problem.
There are two primal variables introduced in the relaxation. X;’, has
been introduced for each pixel p and for each label x0142; that can be
assigned to pixel p. It takes value 1 whenever pixel p is assigned label
I and 0 otherwise. Similarly variable Yclc, introduced for each clique
c and each labeling configuration I¢ on clique c, takes value 1 when-
ever clique c is assigned labeling configuration lc. Eq. (3) ensures that
each pixel is assigned exactly one label and Eq. (4) enforces consis-
tency between pixel and clique labeling configurations.
The Lagrangian dual of the relaxed LP can be written as:

max > U (6)
peP
subjectto U, < h;, peP, leL, (7)
where  hl, =Dp(l) + > Ve, (8)
c:pec
D Vepp =Wello), cec, leecrk, (9)
pec

where 12 denote the label of pixel p in labeling I.
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2.1. Reparameterization

Vectors D, W can be seen as parameters for the primal problem.
Similarly vectors U, V together with D, W defines the parameters for
the dual problem. Kolmogorov and Rother [23] define reparameteri-
zation as follows:

Definition 2.1. If two parameter vectors (D, W) and (D', W) define
the same energy function, i.e., E(lp; D, W) = E(lp: D', W) + F for all
configurations 1, and for a constant 7, then (D', W') is called a repa-
rameterization of (D, W).

Intuitively, the above definition says that two parameter vectors
correspond to a reparameterization if the respective energy functions
differ at most by a constant (positive or negative). Reparameteriza-
tion is an important concept and has been used extensively in the
existing literature [23,24]. Based on the prior work, we explain be-
low some special reparameterizations that will be important for our
exposition.

Lemma 2.2 (Primal reparameterization). The two parameter vectors
(D, W) and (D', W") for the primal problem (2) are reparameterizations
of each other if for a pixel p, a label | on p, an arbitrary clique ¢: p € c,
and any &

Dy(1) = Dp(l) — 8.
and W.(l) = We(l)) +8 Vi : 12 =1 (10)

It is easy to see that the reparameterization suggested in the
lemma simply moves the contribution from the singletons to the
clique potential terms for a pixel p which is assigned label [, leaving
the sum unchanged. It may be noted that the reparameterization is
correct irrespective of the sign of 8.

Lemma 2.3 (Dual reparameterization). The two parameter vectors (D,
W, U, V)and (D', W',U", V') for primal and dual pair (2), (6) are repa-
rameterizations of each other if for a pixel p, a label | on p, an arbitrary
clique c: p € ¢, and any §

/

Vepi =Vepr —4. (11)
D,(I) = Dp(l) + 8 (12)
and W,(Ie) = We(le) =8 Vlc: 12 =1 (13)

Note that all the dual constraint equations (8) have equal and op-
posite changes in values of hﬁ, and V, ol Similarly dual constraints (9)
have equal changes on both sides of inequality. This ensures that all
the dual constraints remain equivalent. From the primal perspective
also, equal and opposite changes have been made in singleton and
clique potential terms leaving the sum unchanged (similar to primal
reparameterization).

2.2. Generic Cuts

Generic Cuts (GC) proposed by Arora et al. [1] is a flow based al-
gorithm for solving 2-label MRF-MAP problems. For the purpose of
the discussion in this paper we will denote the two labels as a and
b. GC creates a gadget based flow graph for cliques of arbitrary size.
The flow graph contains a gadget corresponding to every clique in the
MREF. A gadget corresponding to a clique of size k contains k + 2 ver-
tices. A sample flow graph corresponding to a single clique of size 5
is shown in Fig. 1. There are three types of nodes in the flow graph.
There is a pixel node corresponding to each pixel in the original prob-
lem, two auxiliary nodes (m and n) for every gadget and two terminal
nodes source and sink for the overall graph. The pair of edges from a
pixel node, p, to the auxiliary nodes, m and n, is called a conjugate edge
pair corresponding to pixel p. A pixel node corresponding to pixel p
is connected to terminal nodes source and sink by edges called termi-
nal edges. The capacity of the edge from p to the sink is set as Dp(a)

Auxiliary Node

O Pixel Node

™2 terminal Node
- -

= = =» Terminal Edge

=—>  Conjugate Edge

Fig. 1. A gadget for 5-clique.

and that of the edge from the source to p is set as Dp(b). Every gadget
corresponding to a clique stores a potential table of size 2 (the num-
ber of possible labelings). Finding a maximum flow in the GC flow
graph is equivalent to performing the optimal inference for the origi-
nal problem when the clique potentials are submodular.

The gadget in GC models the dual problem as given by Eq. (6) such
that there exists a one to one relationship between the dual variables
and the flow in the conjugate edge pairs in the gadget as follows:

VC»P,U = fr‘1:~>p - gem! (14)

where fg_ , represents the flow in edge n — p corresponding to
clique c. GC restricts flow to be non-zero in only one edge of a con-
jugate edge pair and maintains all dual variables of type Vepp at
zero throughout the execution of the algorithm. Replacing variables
of type V¢, p,q in Eq. (9) with flow in the conjugate edge pair from
Eq. (14), gives a constraint on how much flow can be sent in each
edge of the gadget as follows:

> iy fram) =We(le). cec. lee k. (15)

pec:lP=a

Definition 2.4. Using the notation given by Arora et al., each con-
straint described by Eq. (15) on the flow in the conjugate edge pairs
is called a dual feasibility constraint (DFC) corresponding to labeling
Ic on clique c and is denoted by DFC(I¢).

All the pixels p such that I? = a are referred to as the pixels par-
ticipating in DFC(l¢). The corresponding conjugate edges are called
the participating edges. A DFC limits the sum of the flows in the set
of its participating edges. The quantity W¢(l¢) is called the cost of the
DFC(I¢). There are 2% DFCs on a clique of size k corresponding to each
possible labeling.

Definition 2.5. The quantity

Sc(lc) = Wc(lc) - Z (ffgﬁp - Eﬁm) (16)
pec:P=a

is referred to as the slack of the DFC(l¢).

The slack of a DFC is the difference between the sum of flows in
the participating edges and the cost of the DFC.

Definition 2.6. A DFC with slack equal to zero is referred to as tight.

Definition 2.7. The residual capacity, Rc(p), of a conjugate edge pair
corresponding to a pixel p in clique c is defined as the minimum slack
of all the DFCs in which it participates. For the residual capacity cal-
culation, we exclude the DFCs corresponding to uniform labeling, i.e.,
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when either all the pixels have been assigned label a (denoted as
Ic = a) or all the pixels have been assigned label b (denoted as Ic = b).
Formally:

Re(p) = II'Il}’i:rL Se(e) (17)

Ic#a,b

It is instructive at this point to compare the notion of capacity of
an edge in GC with that in a standard max-flow problem. In a stan-
dard max-flow problem, the flow in an edge is constrained by a single
scalar called capacity of the edge. In contrast, the constraints on the
flow in an edge in a GC flow graph are due to multiple DFCs in which
that edge participates. Each such DFC limits the sum of flows in the
participating edges. The capacity of an edge in GC can be seen as the
flow of maximum value that can be sent in the conjugate edge pair
without violating any DFC. Any flow augmentation through a gadget
increases flow in one pair of conjugate edge, and decreases the same
amount in another pair of conjugate edge, so that slacks in DFCs cor-
responding to uniform labeling never changes and can never be vi-
olated. That is why the residual capacity calculation excludes DFCs
corresponding to uniform labeling.

It has been known that a MRF-MAP problem with pairwise sub-
modular potentials can be solved by finding a minimum cut in an
appropriately constructed graph. It is known that finding maximum
flow is the dual problem of minimum cut. Arora et al. showed that
with the generalized notion of capacity proposed by them, the dual
is essentially finding a maximum flow in the gadget based flow-
graph. They showed that almost all the results from the standard
max-flow problem such as augmenting path, non-decreasing short-
est path length extend to the GC framework as well. This allows them
to use any regular max-flow algorithm within the framework for op-
timizing the dual. Arora et al. give a generalized definition for the cut
in the gadget based graph which maps to the primal (integral) prob-
lem. They show the optimality of the inference as stated in the below
theorem.

Theorem 2.8. (Arora et al. [1]) In a flow graph when the clique po-
tentials on all the cliques are submodular, the maximum flow value
is equal to the cost of a minimum cut and is the optimal inference for
the MRF-MAP problem (2).

The output labeling is recovered from a minimum cut by labeling
all pixels in the S side of the cut as b and the remaining pixels as a.

Aresidual graph G with respect to flow f of a gadget graph G con-
sists of the same vertex set as G and the edge capacities defined as
residual capacities in G. The implementation presented in [1] uses
an augmenting path algorithm to find a maximum flow. In each it-
eration of flow augmentation, a shortest path is found between the
source and the sink and the flow equal to the minimum capacity of
the edge along the path is augmented through the path. After flow
augmentation, a residual graph is constructed by updating the slacks
of DFCs along the path. The steps are repeated until no more flow can
be augmented after which the pixel nodes reachable from sink are
given the label a and remaining nodes the label b. Note that flow can
be augmented using any heuristic used in traditional max flow algo-
rithms. In practice the algorithm by Boykov and Kolmogorov [9] for
augmenting flow works faster compared to other strategies.

3. Lazy Generic Cuts (LGC)

We explain our proposed algorithm in this section. We start with
the preliminaries to motivate our approach followed by the details of
our algorithm. For the sake of conciseness and readability, the proofs
of the lemmas and theorems have been moved to the appendix.

3.1. Preliminaries

Lemma 3.1 relates the residual graph after flow augmentation in
the gadget graph and the reparameterization:

Lemma 3.1. The residual graph created after each flow augmentation in
GC corresponds to a reparameterization of the original problem.

The lemma allows us to visualize the residual graph created after
each flow augmentation, in the original graph, as a reparameteriza-
tion of the original problem. The two problems differ by a constant
factor equal to the augmented flow. The GC algorithm can thus be
equivalently seen as carrying out a series of reparameterizations. It is
interesting to note that the set of reparameterizations carried out by
GC keeps all DFCs non-negative at all stages.

Consider a set W, containing all DFCs present in the dual problem
(6). Denote an active set of DFCs by .A < W. The relaxed dual problem
is defined by considering only DFCs which are present in the set A:

max > U (18)
peP
subjectto U, < hﬁ,, peP, leL, (19)
where h; =Dp() + Z Vepis (20)
c:pec

D Veprr <Welle), ceC leelk DFC(I) e A (21)

pec

Definition 3.2. A flow graph G4 corresponding to the relaxed dual
problem (18), considering DFCs in the set A only, is called the relaxed
graph.

Lemma 3.3. Let 4 be a valid flow' in a relaxed graph G 4. The residual
graph created after augmenting flow F 4 in G corresponds to a reparam-
eterization of the original problem.

The proof follows simply from the observation that the number of
vertices and the edges are same in G and G4 and therefore the flow
in G4 can be mapped to a flow in G as well. The fact that a flow in G
corresponds to a reparameterization (Lemma 3.1) is not affected by
the choice of ignoring some DFCs while calculating the flow.

We can now relate a maximum flow in G 4 and G as follows:

Lemma 3.4. Consider a relaxed graph G4 and a maximum flow F 4 in
it. If F 4 is a valid flow for G, then it is a maximum flow for G also.

Lemma 3.4 gives us an immediate strategy to find a maximum
flow in G. We can search for a relaxed graph G4, such that a maxi-
mum flow in G4 is a valid flow in G. Searching for a G 4 essentially im-
plies searching for a suitable A € W. A simple search strategy could
be to start with an arbitrary .4 and find a maximum flow ¥4 in corre-
sponding G 4. If 74 is not valid for G, then there must exist some DFCs
which are violated in G. We can add these DFCs to the set .4 and rerun
the max-flow algorithm in G 4. The process continues until we reach
a set A such that a maximum flow in G4 is a valid flow in G.

A more efficient version of algorithm can reuse the flow computa-
tion in the previous iteration. For the case of pairwise problem(clique
size 2) Kohli and Torr [24] have suggested to reuse the flow computed
in an iteration of alpha expansion [25] as initialization for the next it-
eration. Since the initialized flow can be invalid for the next iteration,
they suggest a reparameterization of the problem such that the flow
becomes valid for the reparameterized problem. In our case, the flow
in the relaxed graph corresponds to a reparameterization of the orig-
inal problem (as suggested by Lemma 3.3). A flow F4 which is not

1 A flow Fis called valid if it does not violate any DFC in corresponding dual formu-
lation.
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<  Start >

Create Relaxed Graph G, with
Initial set of active DFCs

%| Call Generic Cuts on Relaxed Graph G4

Augment flow

No Flow
Augmentation

Check for violated DFCs and
reparameterize them to zero

| Return min-cut on G4 |

| | Update Relaxed Graph G ;, with
DFCs whose cost is less than 8, @

Fig. 2. Flow chart of LGC.

valid for G essentially implies that slacks of some of the DFCs have
become negative in the reparameterized problem. This is not an issue
since we can always do another reparameterization to make slacks of
these DFCs non-negative (we give the details in the next section). The
reparameterized problem can now be solved using GC or any other
flow algorithm. Note that working with the reparameterized prob-
lem allows us to reuse the computation for the DFCs which were not
violated in the previous iteration. This forms the broad strategy of our
proposed algorithm, Lazy Generic Cuts (LGC), explained in the section
below.

3.2. LGC algorithm

We show the broad steps in our algorithm as a flowchart in Fig. 2.
Algorithm 1 provides the pseudocode which we describe next. We
initialize the algorithm with a subset of DFCs called the active DFCs
(Line 2). As explained earlier, this is a subset of DFCs which are ex-
pected to become tight during the standard GC flow augmentations.
In general, the challenge is how to find a good starting set. In our im-
plementation, we choose the DFCs having the minimum and second
minimum cost as our initial active set. We note that more sophisti-
cated strategies could be employed leading to a decrease in the num-
ber of iterations and better efficiency of the proposed algorithm. The
relaxed graph is then constructed using the initial active set (Line 3).

We then augment flow in G 4 using the technique prescribed in GC
(Line 6). We have made a modification in GC for our purpose which
maintains and computes residual capacity based upon DFCs in A only.
This ability to ignore the inactive constraints during GC flow augmen-
tation is key to time and memory savings obtained by the LGC algo-
rithm.

It may be noted that we do not necessarily find a maximum flow
in G4 and instead stop after sublter flow augmentations (or when no
flow can be augmented, whichever is earlier). This is because the pur-
pose of the iteration is essentially to find a next suitable set of DFCs
A only. Our observation which is inline with other similar works in
traditional max-flow [26] is that augmenting the last few flows in
the graph takes most of the time. By stopping the flow augmenta-
tion earlier we save on compute time without any significant drop in
identification of the new active set.

Algorithm 1 Lazy Generic Cuts Algorithm.

Input: G /[ Input Graph
Input: subltr [/ Number of flow augmentations per iteration
Input: 0, [/ Threshold to include a DFCin A

1: W = GetAlIDFCs(G);

2: A= GetlnitialActiveDFCs(G); [/Include the DFCs with mini-
mum and second minimum
costs per clique.

3: G4 = GetRelaxedGraph(G,A);

4: F=0;

5: repeat

F 4 = GenericCuts(G 4, subltr);

F=F+Fu

/| Reparameterize G according to the flow

augmented in G 4

9: G = Reparameterize(G, Fy);

10: (G, A) = ReparamViolated(G, W \ A);

11: F=F+A;

12:  [/Bring all DFCs with cost less than 6, after

reparameterization in A.

13: Ay, = GetLessThanThetaCostDFCs(G, W \ A, Oy,);

14: A= AU 'A(’th N

15: G 4 = UpdateRelaxedGraph(G,A);

16: until (F4 == 0)

17: return (GC-min-cut(G4));

[/ Initialize total flow to zero.

® N

/| Return a min-cut in G4

Algorithm 2 Reparameterization for violated DFCs.

function ReparamViolated(G, W \ A)
A =0;
for all (DFC(I¢) e W\ A) do
if ((6=GetSlack(DFC(l¢), G)) < 0) then
|| returns a pixel participating in DFC(l.)
such that I[? == a.
p = GetPixelToReparameterize(DFC(I),G);
Dp(a) = Dp(a) + 6;
for all (I € £lcl)do
if (I? == a) then
We(le) = We(le) - 6;
end if
end for
8" = Dp(a);
[/1f unary cost has become negative, make
it zero as well
if (8’ < 0) then
forall(l € L)do
Dy(1) = Dp(l) — &;

end for
end if
A=A-¥¢,
end if
end for

return (G, A)
end function

Algorithm 3 Get the slack of DFC(I¢).

function GetSlack(DFC(l;), G)
slack = We(Ie);
forall(pec:1? ==a)do
slack = slack — (f5_.p — fym);
end for
return(slack);
end function
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Since the numbers of vertices and edges in G and G 4 are same we
can map the flow in G 4 to G. As suggested in Lemma 3.3, the flow aug-
mentation in the graph G can be seen as a reparameterization of the
original problem (Line 9). The reparameterization maintains all active
DFCs to be non-negative but other (inactive) DFCs may become neg-
ative after reparameterization. We refer to such negative cost DFCs as
violated constraints. Once we have identified the violated constraints,
we reparameterize the problem to bring the cost of such constraints
to zero (Line 10).

Our strategy of maintaining an active set is on the basis of the
costs of the DFCs. Since the flow augmentation and reparameteriza-
tion may change these costs, we update the active set at the end of
each iteration and compute the new relaxed graph based on the mod-
ified active set (Line 15). We fix a threshold 6,;, and bring all the DFCs,
whose cost is less than or equal to this threshold, in the active set
(Line 13). GC is now run on the new active set of constraints. The al-
gorithm terminates when the flow augmentation returned by the GC
is equal to zero. The min-cut (or max-flow) in the relaxed graph at the
termination is output as a solution to the original problem. We give
the proof of correctness and convergence of the algorithm in the next
section.

3.3. Convergence and correctness

In every iteration of LGC we add at least one constraint to the ac-
tive set. Since there are finitely many constraints in the problem, the
LGC must converge in a finite number of iterations.

Intuitively, the algorithmic steps in LGC can be seen as a special-
ization of the cutting plane strategy [27]. Initially, we can think of
our optimization problem to be the one with the original dual ob-
jective function but with only a small subset of the dual feasibility
constraints (DFCs). At each iteration of LGC, we check if the solution
to the current problem satisfies the required constraints (i.e. satis-
fies all the original DFCs). If it does, we terminate. If it does not, we
impose additional cutting constraints by adding new DFCs to the cur-
rent problem. Addition of the new constraints does not exclude any
feasible solutions of the original problem but reduces the feasible so-
lution region with respect to the current problem. This similarity be-
tween LGC and the cutting plane strategy can be used to visualize
many of the theoretical guarantees, including convergence and cor-
rectness, for the LGC as described below.

We now state the formal results for the convergence and correct-
ness of LGC. The proofs of these claims have been given in the ap-
pendix.

Theorem 3.5. Let G be a flow graph. Lazy Generic Cuts algorithm, as
described in Algorithm 1, terminates in a finite number of iterations.

Theorem 3.6. Consider a problem containing submodular clique poten-
tials and let A be the set of active constraints. Let G 4 be the relaxed graph
at the termination of the LGC algorithm (Algorithm 1). Let F be the ac-
cumulated flow and € 4 be a minimum cut in G 4. Then, F is a maximum
flow in G. Further, the set £ 4 is a minimum cut in G and has the value F.

4. Experiments and results

We have extensively evaluated the performance of our proposed
approach Lazy Generic Cuts (LGC) on the problem of binary image
denoising. We have compared LGC with the current state of the art
methods using a variety of clique potentials. Next, we present the de-
tails of the methods compared, our dataset, clique potentials and the
setup used in our experiments. This is followed by the presentation
of our experimental results.

4.1. Experiment setup

All the experiments have been conducted on a computer with 3.1
GHz Core i7 processor with 16 GB of RAM, running the Ubuntu 15.04
operating system. We compare the following four algorithms in our
experiments.

e LGC: Lazy Generic Cuts (LGC) is the algorithm proposed in this
paper. It is built upon publicly available implementation of GC [1]
(details below).

e GC: Generic Cuts (GC) is the flow based algorithm proposed by
Arora et al. [1] for inference with higher order clique potentials.
We used the publicly available code? for GC.
SoS-IBFS: This is the algorithm proposed by Fix et al. [10] where
they have modified the incremental breadth first search (IBFS) al-
gorithm for minimizing submodular functions to work with the
sum of submodular (SoS) case. We used the publicly available
code for SoS-IBFS.3 We refer to the algorithm as IBFS in our dis-
cussion.

o ELC-Approx: This is the reduction based method proposed by
Ishikawa [28]. Their method tries to reduce higher order terms
into pairwise without introducing any auxiliary variables. We
used the publicly available code for ELC-Approx.* We refer the
work as ELC in this section.

4.1.1. LGC settings

We work with a modified implementation of GC which takes as in-
put the current set of active DFCs and the stopping criteria i.e. num-
ber of augmenting flow iterations after which algorithm should be
stopped. This is the subltr parameter as described in Section 3. We
use a value of 30, 000 for the subltr parameter in all our experiments.
We initialize the active DFC set by choosing the minimum and sec-
ond minimum cost DFCs, in each clique. We have experimented with
two different values of the 6,, parameter i.e. 6, = 20, and 6;;, = 40.
Recall that 6y, controls which DFCs should be added to the active set
after the current reparameterization. All the DFCs whose reparame-
terized cost becomes less than or equal to 6, are made active. We
also analyze sensitivity of LGC with varying values of subltr and 6,,.

All the above mentioned codes are available in C++. We plan to
release our code also in C++ under open source license.

4.1.2. Dataset and clique potentials

All our experiments have been performed on the two label image
denoising task with higher order cliques. The images used in the ex-
periments have been taken from [29]. In the description below, when
we say we use a clique size of k x k, we include potentials over all
the overlapping windows of size k x k with a stride of 1 in the image.
We have used different clique potential types in order to show the
resilience of our approach with respect to the underlying potential.
Specifically, the following clique potentials have been used:

o Edge based potentials: The cost of a clique configuration is given
by vE. Here, E denotes the set edges produced by a labeling con-
figuration. An edge is defined over a pair of neighboring pixels
(we consider 4-neighborhood, i.e., up, down, left and right) with
opposite labels (a/b) assigned to them. Fig. 3 shows an example.
The total number of edges in the figure is 9 and hence, the cost
of the configuration is given by +/9. Edge based potentials have
been used previously in the literature [1] and have been shown to
perform particularly well for the binary image denoising task. The
potential is submodular for the cliques of sizes less than equal to
4 but not in general.

2 http://www.iiitd.edu.in/~chetan/abstracts/gc.html.
3 http://www.cs.cornell.edu/~afix/Software/sum-of-submodular.tar.gz.
4 http://www.f.waseda.jp/hfs/ELC1.04.zip.
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Table 1

Comparison of time and memory of different inference algorithms on count based potential
with increasing clique size. The potential is submodular for all clique sizes. Image size is 80 x

80. For LGC 6y, = 40.

Clique size ~ Time (s) Memory (MB)
GC LGC IBFS ELC GC LGC IBFS  ELC
2x2 0.01 0.06 0.12 0.03 25 37 30 43
3x2 0.03 0.21 034 006 28 64 54 44
3x3 0.82 2.53 329 210 40 233 106 44
4x3 9208 209  131.00 80.82 11 344 319 45
4x4 448985 54790 701.67 - 1750 580 3104 -
/‘\ pares the time and memory required by the various algorithms when
@ \\b/ @ the image size is fixed at 80 x 80. The clique potential used is count
1 2 3 based. For clique size up to 3 x 3, GC performs best both in terms
: of time and memory. But its performance degrades significantly as
: clique size increases. ELC performs reasonably well till clique size of
An edge 4 x 3 but is unable 'to run for larger clique sizes. A ‘-’ in the table
(b a} _____ e \ . means that the a.lgorlthm ran ogt of memory. . .
A 5 s - ~~ otan edge At smaller clique sizes LGC is comparable to other algorithms in

Fig. 3. The figure displays an image patch corresponding to a 3 x 3 sized clique. The
nodes are numbered from 1 to 9. Each node in the figure has the label a or b denoting
a specific labeling configuration. We consider the 4-neighborhood i.e. up, down, left
and right. For example, the neigbhors of node 5 are given as 2, 4, 6 and 8. A pair of
neigboring pixels defines an edge if one of them has the label a and the other has label
b. The edges for the above figure are shown using solid lines. The total number of edges
is |[E| = 9. Using the edge based potential, the cost of labeling is given by \/m =v9=
3.1f |V4| and V,| denote the number of pixels labeled a and b, respectively, the cost of
count based potential for the above example is given by |V, | x |V, ] i.e. 5 x4 = 20.

» Count based potentials: The cost of a clique configuration is given
as |Vq| * |V,| where V, and V}, denote the sets of pixels labeled a
and b, respectively, in the given configuration. For the example
shown in Fig. 3, the values of |V,| and |V})| are 5 and 4, respectively.
The cost of the clique configuration is given by 20. The potential
is submodular for all clique sizes and has been used previously in
the literature for tasks such as binary object segmentation [30].

o Learned potentials: We have also experimented with submod-
ular potentials learnt using the technique proposed by Fix et al.
[10]. We have used the publicly available code [31] (with minor
modifications to make it work on our system) to generate these
potentials. The method uses a set of noisy images and their corre-
sponding ground truth for the learning. Since the original dataset
used in [10] is not available, we have generated our own dataset
using the method described in [10]. Specifically, we selected 10
butterfly images from the binary image dataset [29] each of size
120 x 120 for the learning. To get noisy images we have added
independent Gaussian noise at each pixel and used Hamming dis-
tance as a loss function between the ground truth and the pre-
dicted image.

In all of our experiments, the unary potentials are chosen as the
difference of the pixel intensity value from the respective ideal value
(i.e. O for label a and 255 for label b) for the given configuration.

4.2. Scalability with clique size

In this section, we present the comparison of LGC with GC, IBFS
and ELC using various clique sizes and a fixed image size. Table 1 com-

time and slightly worse in its memory performance. This is because
of the extra overhead required to maintain the active set. At larger
clique sizes, it takes over other algorithms both in terms of time and
memory. At clique size 4 x 4, LGC is the fastest followed by IBFS which
is about 1.3 times slower. GC is 8 times slower than LGC. At clique size
of 4 x 4, LGC has a third of the memory required by GC and a fifth of
the memory required by IBFS. All the algorithms other than LGC failed
to scale beyond clique size 4 x 4. We present the scaling behavior of
LGC at larger clique sizes later in Section 4.4.

Table 2 (left half) compares the time performance of LGC with the
other algorithms using the non-submodular edge based potentials
(Section 4.1.2). We observe similar behavior for LGC and GC as ob-
served using count based potentials. ELC's performance degrades sig-
nificantly with increasing clique size. Interestingly, IBFS has a some-
what better timing behavior compared to LGC (as well as other algo-
rithms). A careful analysis reveals this is because IBFS uses a quick but
crude submodular approximation to the original function. The faster
inference in IBFS comes at the cost of significantly worse energy val-
ues compared to both GC and LGC. In contrast, despite the potential
being non-submodular, both GC and LGC are able to obtain a reason-
able solution. Fig. 4 compares output of the three algorithms on an
image of size 80 x 80 using a 4 x 4 potential validating our thesis
above. We give detailed energy comparison for such potentials in the
appendix.

Table 2 (right half) compares the memory requirements of the four
algorithms for edge based potentials. For lower clique sizes, LGC is
slightly worse than GC for the reasons explained earlier. For clique
size of 4 x 4, LGC has the best memory performance followed by GC
and IBFS, respectively. ELC performs the worst. LGC requires about
half the memory required by GC and about a third required by IBFS.
There is an interesting observation to make. For GC and IBFS the
memory requirements are almost identical to the case of count based
potentials for the same clique size. On the other hand, LGC’s require-
ment varies based on the kind of potential chosen (compare results in
Tables 1 and 2). This is because of the fact that LGC's memory needs
depend on the actual constraints brought in memory unlike GC and
IBFS which consume a fixed memory for a given image/clique size
combination. Further exploring the connection between LGC's mem-
ory requirements and the specific kind of potential used is a direction
for future work.

In order to examine the generalizability of LGC’s performance, we
have also experimented with learned potentials using the approach
of Fix et al. [10] (see Section 4.1.2). Because of the limitation of the
learning algorithm, we were able to learn the potentials only up to
size of 3 x 3. The relative performance of various algorithms is sim-
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Table 2
Comparison of time and memory for different inference algorithms on edge based potential with in-
creasing clique size. It may be noted that the potential is submodular for clique size 2 x 2 only. Image

size is 80 x 80. For LGC 6, = 40.

Clique size  Time (s) Memory (MB)
GC LGC IBFS ELC GC LGC IBFS ELC
2x2 0.01 0.08 0.14 0.06 26 37 31 46
3x2 0.06 0.74 0.36 1.45 28 47 60 58
3x3 4.04 11.23 2.96 195 40 93 107 198
4x3 77.73 76.86 2938  18,533.43 134 238 320 2128
4 x4 4082.36  1347.42  700.50 - 1786 1049 3110 -
GC IBFS
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Fig. 5. Time and memory variation for LGC with 6y, for image of size 80 x 80 and clique size 4 x 4.

ilar to the case of submodular count based potentials. We give the
detailed comparison in the appendix.

Table 3
Comparison of time and memory of different inference algorithms on count based
potential with increasing image size. Clique size is 4 x 4. For LGC 0y, = 40.

Image size  Time (s) Memory (MB)

) o ) GC LGC IBFS GC LGC  IBFS
4.3. Scaling with image size

40 x 40 2298.02 92.93 163.52 494 170 730
) o : 60 x 60 3923.84 27126 39030 1059 371 1700
NexF we a.nalyze LGC’s performance on varying image sizes for a 30 x 80 1489.85 547.90 20167 1750 580 3104
fixed c!lque size of 4 x 4. Since we could not learn the potentials pe— 100 x 100 829757 90132 139500 2727 810 4914
yond size 3 x 3, we used only count based and edge based potentials 120 x 120 12,961.81  1505.05 170510 3802 1178 7018

for these experiments. ELC fails to scale beyond clique size of 4 x
3 and is not included in these experiments. The experiments in this
section have been performed using count based potentials.

Table 3 presents the time as well as memory required by GC, IBFS
and LGC as we vary the image size. LGC has the best running time
performance followed by IBFS. GC is significantly slower than both
the algorithms. LGC is up to 1.5 times faster than IBFS and close to
an order of magnitude faster than GC at all image sizes. In terms of
memory, LGC is the best performer with its memory requirement be-
ing about a third of GC and about a sixth of IBFS. IBFS is the worst
performer in terms of memory.

For non-submodular problems, the behavior is similar to the one
observed while analyzing clique size scalability. IBFS runs faster but
at the cost of significantly degraded image output quality. We give the
detailed analysis in the appendix.

4.4. Effect of algorithm parameters

Having established the superior performance of LGC over exist-
ing state of the art algorithms, we next examine additional proper-
ties of LGC such as its scaling behavior beyond clique size of 4 x 4
where all other algorithms fail to run, the relative amount of time
taken by initialization, reparameterization and actual flow compu-
tation and the total number of DFCs actually activated by LGC for
a given problem. We are also interested in analyzing the effect of
the threshold parameter (6;;,) and the number of flow augmentations
(sublter) parameter on time, memory and the energy values obtained
(for non-submodular potentials). We analyze these aspects in this
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Table 4

Inference time in seconds and memory in MB
with increasing clique size. Image size is 40 x
40. O, = 20 for LGC.

Clique size  LGC

Time (s) Memory (MB)
3x3 141 35
3x4 15.16 50
4 x4 238.63 104
4x5 5013.35 272
5x5 246,484.23 1402

Table 5
Inference time required by different components of LGC algorithm on 4 x 4 clique
problem with 6y, = 40.

Image size Time (s)
Initialization ~ Flow Reparameterization  Total time

20 x 20 0.05 19.84 27.07 46.96
40 x 40 0.25 91.42 113.19 204.86
60 x 60 0.59 256.51 326.32 583.42
80 x 80 1.08 609.32 737.02 1347.42
100 x 100 1.72 896.87 1610.13 2510.72
120 x 120 2.52 156435  2897.55 4464.42

section. All the experiments in this section have been performed us-
ing edge based potentials.

Scaling beyond 4 x 4: Table 4 shows the performance of LGC as we
vary the clique size for a fixed image size of 40 x 40. LGC can eas-
ily scale to clique sizes of 5 x 5 which is an important milestone for
computer vision applications given that the earlier best reported in
the literature is clique sizes of 4 x 4.> The memory required for clique
size 5 x 5 is close to 1.5 GB which is easily accessible on a standard
laptop. Time required does shoot up at this clique size and optimizing
this further is a part of the future work.

Runtime profiling: We would like to understand where LGC spends
most of its time. The key steps in the algorithm are: initialization,
reparameterization and the flow computation. Recall that LGC needs
to initialize the graph once in the beginning and then the reparame-
terization and flow computation need to be performed at every LGC
iteration (see Algorithm 1). Table 5 compares the total time spent by
LGC during the initialization, reparameterization and flow computa-
tion steps for varying image sizes and clique size fixed to 4 x 4. Total
time taken by LGC is also shown for reference. Initialization cost is
negligible in all cases. Interestingly, LGC spends a significant amount
of time (more than 50%) during the reparameterization step. Coming
up with better strategies to reduce the time spent in reparameteriza-
tion is a direction for future work.

6, no. of iterations and active DFCs: Table 6 shows the number of iter-
ations taken by LGC to converge and also the percentage of the DFCs
which have become active at the time when the algorithm converges.
We show these numbers for two different values of the 6, parameter:
O, = 20 and 6, = 40. At a smaller value of 6y, (20 vs 40), LGC is more
conservative in making DFCs active. This results in a larger number of
iterations required for the algorithm to converge (41 vs 24) before all
the required DFCs are actually made active. At the same time, this re-
sults in lesser percentage of DFCs being made active (0.92 vs 2.50).
The behavior is similar to typical precision vs recall characteristics of
a prediction technique.

5 There are techniques such as the one proposed by Kohli et al. [32] which scale
to larger clique sizes but they use only a very small subset of potential values during
inference.

Table 6
Number of LGC iterations and fraction of DFCs in active set at conver-
gence. Clique size is 4 x 4.

Image size  # of GC iterations % of DFCs active
(O =20) (O =40) (O =20) (6 = 40)
20 x 20 13 8 0.98 2.90
40 x 40 12 10 0.86 2.60
60 x 60 17 1 0.92 2.50
80 x 80 23 13 1.00 2.70
100 x 100 31 19 091 2.70
120 x 120 41 24 0.92 2.50
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Fig. 6. Time taken by LGC for various values of flow augmentations allowed in each
LGC iteration. Image size is 60 x 60, clique size is 4 x 3 and 6y, = 20.

We have performed a detailed analysis of the performance of
LGC as we vary the threshold parameter in a larger range for a given
image and clique size. As the value of 6, increases, the chance of a
DFC being included in the active set increases. Some of these DFCs
belong to the minimum cut we are trying to find and the chances
of such DFCs being included in the active DFCs set quickly increase
with increase in 6y,. This reduces the number of LGC iterations and
therefore improves the time efficiency. Increasing the threshold to
a very high value is not useful since this essentially turns LGC to
GC, having only one iteration but spending wasteful time in finding
residual capacity with constraints which will not be included in min-
imum cut. We, therefore, expect to see a sweet spot for the threshold
giving us maximum benefit in efficiency. Fig. 5(a) confirms the same.
On the other hand, the memory requirement is expected to mono-
tonically increase with increasing 6,;,. Fig. 5(b) confirms the expected
behavior.

Effect of parameter sublter: Fig. 6 shows the variations of time
required for LGC as we change the number of flow augmenta-
tions in each iteration of LGC. The image size for the experiment
is 60 x 60 and clique size is 4 x 3 with 6, = 20. The experi-
ment spells the reason for the choice of sublter = 30,000 in all our
experiments.

4.5. Visual quality

The purpose of the experiments here is to validate the algorith-
mic improvement suggested in the paper. So far in the paper we have
focused on the computational efficiency of our algorithm and the en-
ergy of the inferred solution. In this section we show the improve-
ment in visual quality with increase in the clique size. Fig. 7 shows
the visual results obtained for denoising different images of size 80 x
80 as the clique size is increased from 2 x 2 to 4 x 4.
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Fig. 7. Improvement in visual quality for denoising problem using cliques of different sizes. Image size is 80 x 80.

5. Conclusion and future work

In this paper, we have proposed a lazy version of the state of
the art algorithm, Generic Cuts (GC), to solve the MRF-MAP prob-
lem. Our algorithm, called the Lazy Generic Cuts (LGC), exploits the
fact that for many vision problems there is only a small number of
constraints which are tight in the final solution and therefore, most
of the constraints do not matter for deciding the min-cut/max-flow.
We express the flow based moves in GC as a set of reparameteriza-
tions. Our algorithm works by running GC iteratively using the cur-
rent set of active constraints. This set is gradually increased at ev-
ery iteration by including those constraints which become tight (or
near tight) based on the last GC run. LGC is guaranteed to give the
same results as GC when the potentials are submodular. Our experi-
ments clearly demonstrate that LGC can significantly outperform GC
as well as other state of the art algorithms both in terms of time and
memory on binary denoising problem. Further, LGC can scale to prob-
lems with clique size 5 x 5 which none of the existing algorithms are
able to.

One of the directions for future work includes working in a mem-
ory bound scenario where we are given an upper bound on the avail-
able amount of memory. Can we then selectively decide which con-
straints to include in active set and which ones to take out such that
we are always within the memory bound (note that the current ver-
sion of LGC never removes a constraint from the active set)? What
kind of convergence guarantees can be given in such a scenario?
Another direction for further work includes establishing a deeper
connection with cutting plane style algorithms. Most of these algo-
rithms do not need to look at the entire constraint set to find a con-
straint which is violated by the current solution. Can we do some-
thing similar enabling us not to scan the entire set to check for vi-
olated constraints? It is an interesting problem to pursue in future
work. Other directions of research include solving other classes of
problems with techniques similar to our, e.g. multi-label problems
[4,11]. It would be interesting to see if we can use LGC for learning the
higher-order potential function inside structured learning approach
of Fix et al. instead of their incremental breadth first search (IBFS)
algorithm.

Appendix A. Proof of lemmas
A.1. Proof of Lemma 3.1

First consider a simple case of flow of type source — p — sink. The
residual graph after flow of this type does not affect any DFC. How-
ever, the residual capacity of the terminal edges is decreased by §.
The maximum flow value in original and residual graphs differs by 8.
Now consider the reparameterization where both the data costs Dy(a)
and Dy(b) have been reduced. The flow graph for the reparameterized
problem is identical to the residual graph. Similarly, the reparameter-
ized and the original problems differ by the value § for all labeling
configurations.

Now consider flow through paths of length 1. We use the defini-
tion of path length in terms of number of path fragments, as defined
by Arora et al. [1], where a path fragment is a portion of augmenting
path containing a pair of pixel nodes and the auxiliary nodes from a
clique/gadget containing the pair. Consider a path of type source —
p — q — sink. Any flow augmentation of § through such a path de-
creases the residual capacities of terminal edges and changes slack
of DFCs in the following way. For node q, the slacks of all DFCs, in
which the edge corresponding to q participates, decrease by §. For
node p, the slacks of all DFCs, in which the edge corresponding to p
participates, increase by §.° The reparameterized problem can be un-
derstood from Lemma 11 where two reparameterizations have been
done, one with respect to p of —§ and another with respect to q of +6.

The paths of length more than 1 can be assumed to be of type
source — p — q — r — sink, containing one or more nodes of type
g. The reparameterized graph to residual graph equivalence can be
understood by splitting the path into path fragments and establishing
the equivalence for each path fragment. In this case the equivalence
can be established for path fragments source - p — qgand q —» r —
sink using the similar arguments as for paths of length 1.

Therefore residual graph after any flow augmentation in GC can be
seen as a flow graph corresponding to the reparameterized version of
the original problem where augmented flow can be seen as the differ-
ence in cost for a labeling between the original and reparameterized
problems.

6 As a corollary, for the DFCs which contain edges corresponding to both p and g, the
slack does not change. However, this has no consequence on our current discussion.
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Note that the argument presented above does not depend upon
the value of the flow or if the flow violates any DFC. The same argu-
ment can therefore be used to prove the reparameterization view for
the relaxed graph as well, when the flow is computed ignoring (and
possibly violating) some of the DFCs (Lemma 3.3).

A.2. Proof of Theorem 3.5

Consider an LGC iteration where the set of active constraints is
given by A. Let the corresponding relaxed graph be denoted by G 4.
Let 7 be the flow when GC is called with A as the active set of con-
straints. The LGC algorithm (Algorithm 1) terminates if the value F4
of the flow is equal to zero. We first consider the simpler case, when
sublter = oo and for each iteration we can augment as much flow as
possible. This will mean that F is a max-flow for the relaxed graph.
It suffices to prove that for every LGC iteration, we add at least one
constraint to the active set. This is because the active set is bounded
above by the total number of constraints and proving above will mean
that the active set becomes the entire set of constraints in a finite
number of iterations. Running GC with this set will give a max-flow
in the original graph (since all the constraints are active). Hence, the
net flow in the residual graph will be zero in the next iteration and
the algorithm will terminate.

Let Wy, € W\ A be the subset of inactive constraints which are
violated by the flow F obtained in G 4. Clearly, W, is non-empty, since
otherwise LGC will terminate in the next iteration (the flow in the
residual graph from the last step would be zero). At the end of each
iteration, we reparameterize to an equivalent problem where all such
violated DFCs are reparameterized to zero. Hence, in the next step
when all the constraints whose costs are less than equal to 6y, (6, >
0) are made active (Line 10, Algorithm 1), we can safely assume that
at least one constraint is added to the active set. Hence, the active set
increases monotonically at every iteration.

The above arguments suffice to prove the convergence when we
augment a maximum flow in the relaxed graph. In practice we allow
only a certain number of flow augmentations in each iteration. How-
ever, such a change does not effect the convergence guarantees. In any
flow graph including gadget based flow graph, the number of flow
augmentations is bounded by n? (n is the number of nodes/pixels).
With the bound on number of flow augmentations, in each iteration
of LGC either the set of active constraints becomes bigger or non-zero
number of flow augmentations have happened. Since both the quan-
tities are finite, the total number of LGC iterations is also finite.

By the arguments presented above, LGC always terminates in fi-
nite iterations.

A.3. Proof of Lemma 3.4

The data terms Dp(!) are identical in G4 and G and the DFC costs
We(l¢) in G 4 are greater than or equal to those in G (by construction).
Hence, any flow F in G, which does not violate any DFCs in G, also
does not violate any DFCs in G 4. Hence, F is a valid flow for G 4 also.
Since, any flow Fin G is also a valid flow in G 4, the value of maximum
flow in G must be less than or equal to the maximum flow value in
Ga.

AA4. Proof of Theorem 3.6

Lemma 3.3 shows that the residual graph obtained after flow aug-
mentation in a relaxed graph corresponds to a reparameterization of
the original problem. At the end of each iteration we perform a repa-
rameterization to bring the cost of the violated constraints to zero.
Therefore, the graph obtained at the end of each iteration as well as
at the termination of LGC corresponds to a reparameterization of the
original problem. Such a reparameterized problem differs from the
original problem by the constant F. By construction, there is no flow

augmentation possible in the reparameterized problem at the termi-
nation. Therefore, the value of maximum flow is equal to the cost of a
minimum cut, which is equal to zero. Note that a reparameterization
of the problem preserves the set of edges on a minimum cut in the
corresponding graph. Therefore, the minimum cut in the graph at the
termination of LGC is the same as the minimum cut in the original
graph. Furthermore, such a cut will take the value F in the original
graph. The theorem states the same.

Appendix B. Detailed experimental results
B.1. Comparison on non-submodular clique potential

We have compared LGC for non-submodular problem using edge
based potentials as described before. We observe similar behavior for
LGC and GC as in count based potentials. Interestingly, IBFS seems
to use quick but crude submodular approximation resulting in faster
inference compared to other algorithms but also substantially worse
energy values compared to GC and LGC. On the other hand, despite
the potential being non-submodular, both GC and LGC are able to ob-
tain a reasonable solution. Table B.7 compares the energy values ob-
tained by all the four algorithms for varying clique sizes.

Table B.8 presents the results as we vary the image size (for a
fixed clique size). Table B.9 presents the energy values obtained by
the three algorithms validating our claim about poor quality of results
obtained by IBFS. Fig. 4 already compared the image quality obtained
by the three algorithms on an image of size 80 x 80 using clique size
4 x 4. Table B.8 also depicts the memory requirements of the three
algorithms with varying image size. LGC is the best performing algo-

Table B.7

Comparison of minimum energy value reached by different infer-
ence algorithms on edge based potential with increasing clique
size. Image size is 80 x 80 and 0y, = 40 for LGC.

Clique size Energy value
GC LGC IBFS ELC
2x2 584,511 584,511 584,511 636,423
3x2 610,638 610,638 610,641 754,210
3x3 631,995 631,995 632,053 755,161
4x3 643,248 643,248 642,985 755,412
4 x4 659,652 659,652 871,406 -
Table B.8

Comparison of time and memory for different inference algorithms on edge based
potential with increasing image size. Clique size is 4 x 4. For LGC 0y, = 40.

Image size  Time (s) Memory (MB)

GC LGC IBFS GC LGC IBFS
40 x 40 2169.13 204.86 161.40 512 240 1428
60 x 60 3684.62 583.42 379.43 1035 513 3371
80 x 80 4082.36 1347.42 700.50 1786 1049 3110
100 x 100 6049.85 2510.72 115022 2693 1553 4916
120 x 120 11,301.17 446442  1604.04 3849 2213 7158

Table B.9

Comparison of minimum energy value reached by differ-
ent inference algorithms on edge based potential with in-
creasing image size. Clique size is 4 x 4. For LGC 6y, = 40.

Image size  Energy value

GC LGC IBFS
40 x 40 173,530 173,530 213,649
60 x 60 380,373 380,372 491,084
80 x 80 659,652 659,652 871,406
100 x 100 1,009,635 1,009,627 1,320,299
120 x 120 1,431,658 1,431,663 1,877,654
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Table B.10

Comparison of inference time and memory for different inference algorithms on
learned potential in seconds with increasing clique size. Image size is 80 x 80 and
6, = 40 for LGC.

Clique size ~ Time (s) Memory (MB)

GC LGC IBFS  ELC GC LGC IBFS ELC
2x2 0.01 009 013 0.06 26 38 28 43
3x2 004 019 0.29 0.13 27 58 40 44
2x3 0.13 025 027 0.13 27 57 40 44
3x3 096 428 410 217.67 40 279 103 200

rithm with its memory requirement being up to half that of GC and
between a third and a fifth of IBFS (for different image sizes). IBFS
performs the worst of the three algorithms in terms of memory re-
quirements.

B.2. Comparison using learnt potentials

Table B.10 compares the time and memory required by all the four
approaches using learned potentials on an image size of 80 x 80 with
varying clique sizes. We were unable to learn the potentials of size
greater than 3 x 3.7 The relative performance of various algorithms
are similar to those obtained for submodular count based potentials.
The real advantage of LGC comes at higher order potentials which we
are not able to demonstrate here due to the limitation of the learning
algorithm. Memory required by all the four algorithms with varying
clique sizes is also similar to the case of count based potentials. As
before, we present only up to clique size of 3 x 3 as the learning code
did not scale to larger clique sizes.
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