
COL 7004 September 8, 10, 11

TUTORIAL SHEET 7

1. In class, we showed that if we toss a coin with probability of Heads equal to p, and X
is the number of coin tosses before we see a Heads, then E[X] = p. Show this fact by
the following alternate method:

• Let E denote E[X]. Show that E satisfies the equation: E = p + (1 − p)(1 + E).

• You this method to compute the expected number of coin tosses till we see two
consecuted Heads (you may want to define another random variable Y which is
the number of coin tosses till you see HH provided the previous coin toss was H).

2. There are n balls in a bag, each with a different colour. You repeat the following
experiment till you have drawn a ball of each colour: randomly select a ball from the
bag, see its colour and put it back in the bag. Let X denote the number of trials in this
experiment. What is E[X] (Hint: define random variables Xi denoting the number of
trials to see the ith new colour).

3. There are n students studying two different courses: course A and course B. At the
end, the professor in each course ranks the students as follows: the professor takes a
random ordering of the students and uses this ordering to declare the rank of each
student. What is the expected number of students that have a higher rank in course
A than in course B?

4. A box initially contains n balls, all colored black. A ball is drawn from the box at
random. If the drawn ball is black, then a biased coin with probability, p > 0, of
coming up heads is flipped. If the coin comes up heads, a white ball is put into the
box; otherwise the black ball is returned to the box. This process is repeated until the
box contains n white balls. Let D be the number of balls drawn until the process ends
with the box full of white balls. What is E[D]?

5. A man has a set of n keys, only one of which will fit the lock on the door to his
apartment. He tries the keys until he finds the right one. Give the expectation and
variance of the number of keys he has to try, when (i) he tries the keys at random
(possibly repeating a key tried earlier), (ii) he chooses keys randomly among the ones
that he has not yet tried.

6. In the n letter and envelope problem, we showed that the expected number of let-
ters which are in the correct envelope is 1. Use Chebychev inequality to bound the
probability that more than 10 letters are in the correct envelope.

7. You have two coins: one has probability p of turning Heads, and the other has p + ε,
for some small constant ε > 0. You are given one of these two coins and allowed to
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toss it n times. What should be the value of n such that with probability 0.9 you can
correctly tell which coin was given?
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