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1. Let vy, ..., v, be r orthonormal vectors. Show that they are linearly independent.

2. Let vy, vo be two independent vectors in R". Show that there are two orthonormal vec-
tors wy, wy such that span(wy, ws) = span(vy,vy) and span(w;) = span(v;). Generalize
this result to n independent vectors vy, ..., v,.

3. Let vy, ..., v, be orthonormal vectors in R". Let V' be the subspace spanned by these
vectors. Let x be an arbitrary vector in R". Show that the vector v € V which
minimizes ||v — z|| is given by

You may want to use the following steps:

(i) Show that if (a,b) = 0, then ||a — b||* = [|a]|* + ||b]|?.

(ii) Show that if  is defined as above and w is any other vector in V, then (v —w, z —
w) = 0.

4. Let V be a subspace of R". Let W be the set of vectors {z : (z,v) =0, for all v € V}.
Show that W is a subspace and W NV = {0}. Show that every vector z € " can be
uniquely written as x1 + xo where z; € V, x5 € W.

5. Let U, VW be three vectors spaces with basis By, By, By, respectively. Let T' be a
linear transformation from U to V such that its matrix with respect to these bases is
given by M, and similarly let 7" be a linear transformation from V' to W whose matrix
is M’'. Define a linear transformation 7" from U to W as follows: T"(u) = T"(T'(u)).
Show that the matrix of 7" with respect to bases By and By is given by M - M'.



