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Abstract

Proximity problems refer to a class of geometric problems that involve the notion of a distance be-

tween points in a d-dimensional space. These include, amongst others, nearest neighbor searching

and clustering problems. In nearest neighbor searching, given a set of data points in d-dimensional

Euclidean space, we are interested in suitably pre-processing these points and constructing a data

structure such that given a query point we can efficiently find its closest point in this point set. In

clustering problems, the goal is to group points, based on some measure of similarity between the

points. These problems are of wide interest in both Euclidean spaces as well as metric spaces.

Our results are as follows:

• For the nearest neighbor searching problem, we present an algorithm that constructs an ap-

proximate Voronoi diagram of size O( n
εd log n/ε) that can be used to answer nearest neigh-

bor queries in time O(log n/ε). The pre-processing time required to create the approximate

Voronoi diagram is O( n
εd log2 n/ε). This improves on previously known results based on con-

struction of approximate Voronoi diagrams, in terms of space requirement and pre-processing

time, by a factor of log n.

• We present a general framework for developing linear time (1+ ε) approximation algorithms

for a class of clustering problems. We show that the k-means, k-median and discrete k-

means problems belong to this class of clustering problems. We therefore obtain (1 + ε)-

approximation algorithms for these problems using our framework. These are the first algo-

rithms for these problems that run in time linear in the size of the input (nd for n points in d

dimensions) for fixed values of k. All these algorithms succeed with constant probability. We

also present an algorithm for approximating the 1-median of a set of points in constant time.

The previous best known algorithm took time linear in the number of points.

• Finally, we consider a generalized version of the k-median problem in metric spaces, called

the priority k-median problem and show that there exists a polynomial time constant factor

approximation algorithm for this problem when there are two priorities. We also show that

the natural integer program for the problem has an arbitrarily large integrality gap when there

are four or more priorities.
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Chapter 1

Introduction

Proximity problems form an important class of problems in computational geometry. Loosely speak-

ing, proximity problems refer to a class of geometric problems which involve the notion of a distance

between points in a d-dimensional space. These include, amongst others, nearest neighbor search-

ing and clustering problems. Clustering of a group of data items into similar groups is a widely

studied class of problems. These problems have been widely studied in both geometric settings as

well as metric spaces.

One of the most fundamental proximity problems is to build a data structure on a set of points P ,

that supports nearest neighbor searching efficiently. This problem has satisfactory solutions when

P is planar but becomes non-trivial in higher dimensional Euclidean space – even in three dimen-

sions [7, 29]. This problem has diverse applications in many fields including pattern recognition,

management of multimedia data and vector compression [31, 21, 58, 56, 57, 32]. The most general

approach to nearest neighbor searching is to build a Voronoi diagram of P (denoted as V or(P ))

which is a partition of the space into cells such that a cell consists of all points that are closer to a

specific point of P than any other point of P . Voronoi diagrams are fundamental computing tools in

computational geometry that have many other applications, including clustering, motion planning,

learning, surface reconstructions etc. Generalization of Voronoi diagrams to objects beyond point

sets are also equally useful (refer to Aurenhammer [8] for a detailed survey). Despite its numerous

applications, Voronoi diagrams suffer from the drawback of high structural complexity (and conse-

quent computational bottleneck). It is known that the worst case complexity in R
d is θ(ndd/2e) with

constants exponential in d. Therefore building and storing these diagrams becomes computationally

infeasible with growing dimensions. As a result, alternate solutions for nearest neighbor searching

1



2 CHAPTER 1. INTRODUCTION

in higher dimensions have been a hot topic of research in recent years ([4, 20, 5, 40, 47, 38]). Since

the exact problem seems intimately related to the complexity of Voronoi diagrams, the related re-

laxed problem of approximate nearest neighbor searching has gained a lot of importance and has

also shown promise of practical solutions.

Another widely studied proximity problem in computer science is that of clustering a group of

data items into similar groups. Clustering has applications in a variety of areas, for example, data

mining, information retrieval, image processing, and web search ([12, 24, 60, 30, 22, 61, 48, 25, 11,

64, 63]). Given the wide range of applications, many different definitions of clustering exist in the

literature ([27, 10]). Most of these definitions begin by defining a notion of distance (dissimilarity)

between two data items and then try to form clusters so that data items with small distance between

them get clustered together. Often, clustering problems arise in a geometric setting, i.e., the data

items are points in a high dimensional Euclidean space. In such settings, it is natural to define the

distance between two points as the Euclidean distance between them. Two of the most popular

versions of clustering are the k-means clustering problem and the k-median clustering problem.

Given a set of points P , the k-means clustering problems seeks to find a set K of k centers, such

that the sum of the squares of the distances of the points to their closest centers is minimized,

whereas the k-median clustering problems seeks to find a set K of k centers, such that the sum

of the distances of the points to their closest centers is minimized. Note that the points in K can

be arbitrary points in the Euclidean space. Clearly, in an optimal solution, each point in P gets

assigned to the closest center. We can think of the points that get assigned to the same center,

form a cluster. These problems are NP-hard for even k = 2 (when dimension is not fixed) [26].

Interestingly, the center in the optimal solution to the 1-mean clustering problem is the same as

the center of mass of the points. However, in the case of the 1-median clustering problem, also

known as the Fermat-Weber problem, no such closed form is known. There exist variations to these

clustering problems, for example, the discrete versions of these problems, where the centers that

we seek are constrained to lie on the input set of points. Applications of clustering problems often

involve mapping subjective features to points in the Euclidean space. Since there is an error inherent

in this mapping, finding an approximate solution does not lead to a deterioration in the solution for

the actual application.

Often, in the k-median problem, there are limited locations where a center may be opened and

these may be different from the points that are to be assigned to the centers. The points that are

to be assigned to the centers are referred to as demands and the candidate locations for centers are

called facilities. The definition of k-median clustering makes a crucial underlying assumption : all



3

facilities and demands are of the same kind. An interesting generalization, that has not been studied

before, is to allow the demands and facilities to be of different priorities. Let us see a few motivating

examples :

• There is a retail chain store and it wants to open several stores in a city. But because of

various restrictions (space, regulations, etc.) there are some locations where it can open small

stores, and there are locations where it can open bigger stores and hence sell more products.

Now customers can be different kinds. Those having lower income may be happy with small

stores, but those with more lavish lifestyle may prefer to go to bigger stores only.

• In planning emergency evacuation plan for a city, the authorities want to build locations from

which people can be evacuated. But they want to build better facilities for evacuating impor-

tant people, like the mayor of the city. But only some places in the city will be well equipped

to provide such facilities, e.g., a low population zone, or a port. For evacuating other people,

they may have more options where to build the facilities.

There is a common theme in both the examples. The facilities that can be built are of different

grades. A grade 1 facility is better than a grade 2 facility and so on. The demands are of different

kinds as well. Some demands may be happy with any facility, but others may require facilities

of a certain grade or better only. Motivated by the discussion above, we formulate the k-median

problem with priorities, in which demands and facilities have different priorities and a demand can

then only be assigned to a facility of its priority or better. A closely related problem is the facility

location problem where we wish to locate facilities to service a set of demands. This problem

has been widely studied in computer science and operations research communities [52, 51]. The

tradeoff involved in such problems is the following – we would like to spend as little in opening

new facilities as possible, but the clients should not be located too far from the nearest facility. The

facility location problem balances the two costs by minimizing (weighted) average of the cost of

opening facilities and the distances demands have to travel to the nearest open facility. The variant

of the facility location problem where the facilities and demands have priorities has been studied

before. Shmoys et al. [59] presented a constant factor approximation algorithm for this problem.

We now discuss in detail the problems considered in this thesis and highlight our contributions.
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1.1 Nearest Neighbor Searching and Voronoi Diagrams

Let P be a set of n points in d-dimensional Euclidean space <d. In the nearest neighbor searching

(NNS) problem, given a query point q ∈ <d, the goal is to find a point of P that is closest to q, i.e.

determine argminp∈P{d(p, q)}. We also refer to this point as the NN of q. In the approximation

version of the problem, the goal is to return a point of P that is at a distance of no more than a

factor of (1 + ε) of the distance to the closest point of P , i.e. determine a point p ∈ P such that

d(p, q) ≤ (1 + ε) · d(p′, q) for all p′ ∈ P . The point p is said to be an ε-nearest neighbor (ε-NN) of

q. We also refer to the approximate version of the problem as the ε-NNS problem.

Nearest neighbor searching queries are often answered by building a Voronoi diagram of P . A

Voronoi diagram is the partitioning of <d into regions, R, where each region is associated with a

point in P , such that if R is a region and p ∈ P is the associated point, then for any point q in

the region R, p is the closest point of P , i.e., d(p, q) ≤ d(p′, q) for all p′ ∈ P . In an approximate

Voronoi diagram, the region R associated with a point p is such that for any point q in the region R,

d(p, q) ≤ (1 + ε) · d(p′, q) for all p′ ∈ P .

1.1.1 Previous Results

Some important results for approximate nearest neighbor searching (query time and space bounds)

are listed in Table 1.1.

For the approximate nearest neighbor searching problem, Arya and Mount [4] proposed a ran-

domized data structure which achieves logarithmic query time in the expected case, and nearly linear

space with both bounds containing factors that grow as (1/ε)O(d) . This was later improved by Arya

et al. [5] who provided a data structure that achieves O((1/ε)d log n) query time and use O(nd)

space. Duncan [28] observed that their query time can be improved to O( 1
εd log (1/ε) + log n) by

observing that this heap has only very few del-min, and many insertions. These structures are opti-

mal in space, but the dependence on ε factor in the query time is very large. Har-Peled and Mendel

[35] have also presented a data structure with similar bounds for the problem.

There have also been a number of results showing that with significantly more storage, it is

possible to improve the dimensional dependence in query time. Clarkson [20] showed that the

query time could be reduced to O((1/ε)d/2 log n) with O((1/ε)d/2(log ρ)n) space, where ρ is the

ratio between the furthest-pair and closest-pair interpoint distances. This was improved by Chan

[14] who removed the factor of ρ from the space complexity. Indyk and Motwani solve the problem

using point location in equal balls. Kleinberg also gave an algorithm with logarithmic query time



1.1. NEAREST NEIGHBOR SEARCHING AND VORONOI DIAGRAMS 5

Reference Query Time Space

Arya and Mount [4] O( 1
εd log n) O( 1

εd n)

Arya et al. [5] O( 1
εd log n) O(dn)

Clarkson [20] O((1/ε)d/2 log n) O((1/ε)d/2(log ρ)n)

Chan [14] O((1/ε)d/2 log n) O((1/ε)d/2n)

Indyk and Motwani [40] O(d polylog(dn)) O( 1
εd n polylog(dn))

Kleinberg [42] O(d2 log2 d + d log2 d log n) O((n log d)2d)

Har-Peled [33] O(d log (n/ε)) O( n
εd log n log n

ε )

Arya et al. [3] O(d log (n/ε)) O( n
ε(d−1) )

Our Result O(d log (n/ε)) O( n
εd log n

ε )

Table 1.1: Some important results for approximate nearest neighbor searching

using substantially more space. They obtain polylogarithmic query time using near linear space.

For the problem of constructing approximate Voronoi diagrams, Har-Peled [33] showed that it

is possible to construct such a space decomposition consisting of O( n
εd log n log n

ε ) cells. A cell

is either an axis-parallel hyper-rectangle or the difference of two such cells. After pre-processing

this data structure can be used to answer approximate nearest neighbor searching queries in time

O(log n/ε) where the constant factor is only quadratic in dimension. Arya et al. [3], in work

independent of ours, provided an alternate construction with linear space bounds.

Recently, there have been some related results by Har-Peled and Mendel [35] and Indyk and

Andoni [39] (c.f. Section 2.4).

1.1.2 Our Contributions

We present an algorithm that constructs an approximate Voronoi diagram which can then be used

to answer approximate nearest neighbor searching queries efficiently. We improve the space bound

and pre-processing time of Har-Peled [33] by a factor of log n.

Our Result: Given a set P on n points in <d and a parameter ε > 0, one can compute a set R
of O( n

εd log n/ε) regions, where each region is a cube or an annulus of cubes. The regions of R



6 CHAPTER 1. INTRODUCTION

are disjoint and cover the space. Moreover, each region, R, has an associated point p ∈ P such

that for any query point q contained in R, the point p is an ε-nearest neighbor of q in P . Moreover,

this point, p can be determined in O(d2 log n/ε) steps. The time required for constructing the data

structure is O( n
εd log2 n/ε).

One of the main contributions of this result is the elimination of the recursive process in forming

the data structure. This eventually led to an algorithm for construction of approximate Voronoi

diagram of size linear in the number of input points [55].

1.2 A Framework for Clustering Problems

We give a general definition of clustering problems. We shall define a clustering problem by two

parameters – an integer k and a real-valued cost function f(Q,x), where Q is a set of points, and x

is a point in an Euclidean space. We shall denote this clustering problem as C(f, k). The input to

C(f, k) is a set of points in a Euclidean space.

Given an instance P of n points, C(f, k) seeks to partition them into k sets, which we shall

denote as clusters. Let these clusters be C1, . . . , Ck. A solution also finds k points, which we call

centers, c1, . . . , ck . We shall say that ci is the center of cluster Ci (or the points in Ci are assigned

to ci). The objective of the problem is to minimize the quantity
∑k

i=1 f(Ci, ci).

This is a fairly general definition. Some important special cases are:

• k-median : f1(Q,x) =
∑

q∈Q d(q, x).

• k-means : f2(Q,x) =
∑

q∈Q d(q, x)2.

We also address the discrete versions of these problems, i.e., cases where the centers have to be

one of the points in P . In such problems, we can make f(Q,x) unbounded if x /∈ Q.

We give here some more definitions. Although we should parameterize all our definitions by f ,

we avoid this because the clustering problem will be clear from the context.

Definition Given a point set P , let OPTk(P ) be the cost of the optimal solution to the clustering

problem C(f, k) on input P .

Definition Given a set of points P and a set of k points C , let OPTk(P,C) be the cost of the

optimal solution to C(f, k) on P when the set of centers is C .
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1.2.1 Previous Results

Some important results for geometric clustering are summarized in Table 1.2.

A lot of research has been devoted to solving these problems exactly (see [37] and the references

therein). Even the best known algorithms for the k-median and the k-means problem take at least

Ω(nd) time for k ≥ 2. A lot of work has been devoted to finding (1 + ε)-approximation algorithms

for these problems, where ε can be an arbitrarily small constant. This has led to algorithms with

much improved running times for these problems.

The fastest exact algorithm for the k-means clustering problem was proposed by Inaba et al.

[37]. They observed that the number of Voronoi partitions of k points in <d is O(nkd) and so the

optimal k-means clustering could be determined exactly in time O(nkd+1). Matousek [50] proposed

a deterministic (1 + ε)-approximation algorithm for the k-means problem with a running time of

O(nε−2k2dlogkn).

Based on the work of Arora [1], which proposed a new technique for geometric approximation

algorithms, Arora et al. [2] presented a O(nO(1/ε)+1) time (1 + ε)-approximation algorithm for

points in the plane. This was significantly improved by Kolliopoulos et al. [43] who proposed an

algorithm with a running time of O(%nlognlogk) for the discrete version of the problem, where the

medians must belong to the input set and % = exp[O((1 + log1/ε)/ε)d−1 ].

Badoiu et al. [9] proposed a (1 + ε)-approximation algorithm for k-median clustering with a

running time of O(2(k/ε)O(1)
dO(1)nlogO(k)n). Their algorithm can also be extended to k-means

with some modifications. de la Vega et al. [23] proposed a (1 + ε)-approximation algorithm for

the k-means problem which works well for points in high dimensions. The running time of this

algorithm is O(g(k, ε)nlogkn) where g(k, ε) = exp[(k3/ε8)(ln(k/ε)lnk].

Subsequently, Har-Peled et al. [34] proposed (1 + ε)-approximation algorithms for the k-

medians and the k-means clustering problems in low dimensions (discrete and non-discrete ver-

sions). They had a running time of O(n+%kO(1)logO(1)n), where % = exp[O((1+ log1/ε)/ε)d−1 ]

for the k-median problem and its discrete version and O(n + kk+2ε−(2d+1)k logk+1nlogk 1
ε ) for the

k-means problem and its discrete version.

For approximating the 1-median of a set of points, Indyk [38] proposed an algorithm that finds

a (1 + ε) approximate 1-median in time O(n/ε2) with constant probability.

Recently, there have been some related results by Ke Chen [19] (c.f. Section 5.7).
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Problem Result Reference

1-median O(n/ε2) Indyk [38]

O(2(1/ε)O(1)
d) Our Result

k-medians O(nO(1/ε)+1) for d = 2 Arora [1]

O(%nlognlogk) (discrete only) Kolliopoulos & Rao [43]

O(2(k/ε)O(1)
dO(1)n logk n) Badoiu et al. [9]

O(n + %kO(1)logO(1)n) (discrete also) Har-Peled & Mazumdar [34]
where % = exp[O((1 + log1/ε)/ε)d−1 ]

O(2(k/ε)O(1)
nd) Our Result

k-means O(nε−2k2dlogkn) Matousek [50]

O(g(k, ε)nlogkn) de la Vega et al. [23]

where g(k, ε) = exp[(k3/ε8)(ln(k/ε)lnk]

O(n + kk+2ε−(2d+1)k logk+1nlogk 1
ε ) Har-Peled & Mazumdar [34]

(discrete also)

O(2(k/ε)O(1)
nd) Our Result

Table 1.2: Some important results for geometric clustering

1.2.2 Our Contributions

We present a general framework that solves a wide range of clustering problems in linear time.

Using this framework we obtain (1 + ε)-approximation algorithms for the k-means clustering, k-

medians clustering and discrete k-means clustering problems.

All these algorithms are randomized algorithms that succeed with constant probability (which

can be made as close to 1 as we wish by a constant number of repetitions). The running time of all

these algorithms is O(2(k/ε)O(1)
nd). These are the first algorithms for these problems that are linear

in the size of the input (nd, for n points in d dimensions), for fixed values of k.

Our Results: Let P be a set of n points in <d. Given an approximation factor ε > 0, there exist
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algorithms which in time O(2(k/ε)O(1)
nd) produce a (1 + ε)-approximation to the

• k-means clustering of P :

i.e., finds a partitioning C1, C2, ..., Ck of P and centers c1, c2, ..., ck , such that

k
∑

i=1

f2(Ci, ci) ≤ (1 + ε)

k
∑

i=1

f2(Oi, oi)

where O1, O2, ..., Ok denote the clusters in the optimal k-means clustering of P and o1, o2,

..., ok denote the corresponding centers.

• k-median clustering of P :

i.e., finds a partitioning C1, C2, ..., Ck of P and centers c1, c2, ..., ck , such that

k
∑

i=1

f1(Ci, ci) ≤ (1 + ε)

k
∑

i=1

f1(Oi, oi)

where O1, O2, ..., Ok denote the clusters in the optimal k-median clustering of P and o1, o2,

..., ok denote the corresponding centers.

• discrete k-means clustering of P :

i.e., finds a partitioning C1, C2, ..., Ck of P and centers c1, c2, ..., ck ∈ P , such that

k
∑

i=1

f2(Ci, ci) ≤ (1 + ε)
k

∑

i=1

f2(Oi, oi)

where O1, O2, ..., Ok denote the clusters in the optimal discrete k-means clustering of P and

o1, o2, ..., ok ∈ P denote the corresponding centers.

All these algorithm succeed with constant probability.

A key ingredient of the k-median result is a randomized algorithm that for a given set P in <d,

generates a candidate center set of size O(21/εO(1)
), such that at least one of the points in this set

is a (1 + ε)-approximate 1-median of P with constant probability in time O(21/εO(1)
d). Using this

candidate center set we present an improved approximation algorithm for the 1-median problem.

Here, it is assumed that the input is provided as an array where it is possible to randomly sample
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a point in constant time. The algorithm does not have to read the entire input but only inspects a

subset of the input elements thereby making sublinear running time possible [18].

Our Result (1-median clustering) : Let P be a set of n points in <d. Let o be an optimal 1-median

of P . Given an approximation factor ε > 0, there exists an algorithm which in time O(2(1/ε)O(1)
d)

produces a (1 + ε)-approximation to the optimal 1-median clustering of P , i.e., it finds a point

c ∈ <d such that

f1(P, c) ≤ (1 + ε)f1(P, o).

The algorithm succeeds with constant probability.

1.3 K-Median Problem with priorities

In the priority k-median problem, we are given a set of demands, D and a set of facilities F in a

metric space. Each demand has a weight dj associated with it, denoting the quantity of demand to

be assigned to an open facility.

There are m types of demands, with the type indicating the priority of the demand. Thus D is

the disjoint union of D1, . . . ,Dm, where we say that Dk are demands of type k. Similarly, there are

m types of facilities, i.e., F is a disjoint union of F1, . . . ,Fm, where we say that Fk are facilities of

type k. The type of a facility specifies its capability in serving the demands – a facility of type k can

serve demands of type ≥ k, i.e., a demand of type k can be served by a facility of type ≤ k.

Let cij denote distance between i and j where i, j can be demands or facilities. A feasible

solution opens a set of facilities F , and assigns each demand to an open facility. We are given

bounds kr on the number of facilities that can be opened from Fr. As mentioned above, a demand

j can only be assigned to an open facility of type type(j) or lower. Let i(j) denote the facility that

a demand j is assigned to. Then the cost of the solution is defined as
∑

j∈D dj · cji(j). The goal of

the priority k-median problem is to obtain a solution of minimum cost.

1.3.1 Previous Results

The Priority k-median problem has not been studied before.

The k-median problem in metric spaces has been extensively studied in the past and several

constant factor approximation algorithms are known for this problem. Lin and Vitter [49] gave
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a bicriteria constant factor approximation algorithm for this problem, even when distances do not

obey triangle inequality. Assuming that distances obey triangle inequality, the first constant factor

approximation algorithm was given by Charikar et. al. [16]. Jain et. al. [41] gave a primal-dual

constant factor approximation algorithm for this problem. Several constant factor approximation

algorithms based on local search techniques are known [6, 15, 44].

A slightly related problem is the so called priority Steiner tree problem. In this problem we seek

to build a Steiner tree over some demand vertices. However, different demands can be of different

priorities and edges can be of different kinds. A high priority demand can be connected using types

of higher kinds only. Charikar et. al. [17] gave approximation algorithms for this problem.

1.3.2 Our Contributions

Our main result is stated below.

Our Result: There exists an algorithm that solves the priority k-median problem with two priori-

ties within a constant factor of approximation in polynomial time.

The solution is based on formulation of a natural integer program formulation for this problem

and rounding its relaxed linear program to obtain a simpler problem for which another integer

program is formulated. We show that the optimal solution to the new linear program is half integral,

which can then be rounded off to obtain an integral solution.

We also show that the linear program relaxation to the integer program described above admits

an arbitrarily large integrality gap for four or more priorities.

1.4 Thesis Organization

The remaining thesis is organized as follows. In Chapter 2, we present the improved algorithm for

constructing approximate Voronoi diagrams. The next three chapters describe the general frame-

work for clustering problems. In Chapter 3, we present a linear time algorithm for the 2-means

clustering problem. We also present here some key ideas that are extended in the general algorithm.

In Chapter 4, we present a simplified version of the general algorithm for the case of 2-means clus-

tering for exposition. This makes it easier to understand the more general algorithm. The general

algorithm is presented in Chapter 5 along with the proofs of the properties for various clustering
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problems and their weighted version. Finally, in Chapter 6, we discuss the prioritized k-median

problem. We present a constant factor approximation algorithm for the case of 2 priorities.



Chapter 2

Approximate Voronoi Diagram

In the nearest neighbor searching (NNS) problem, given a set P , of n points in d-dimensional

Euclidean space <d, we are interested in finding for a query point q, a point of P that is closest

to q. In the approximation version of the problem, the goal is to return a point p of P such that

d(p, q) ≤ (1 + ε) · d(p′, q) for all p′ ∈ P . The point p is said to be an ε-nearest neighbor (ε-NN) of

q. We also refer to the approximate version of the problem as the ε-NNS problem.

Nearest neighbor searching queries are often answered by building a Voronoi diagram of P . A

Voronoi diagram is the partitioning of <d into regions, R, where each region is associated with a

point in P , such that if R is a region and p ∈ P is the associated point, then for any point q in

the region R, p is the closest point of P , i.e., d(p, q) ≤ d(p′, q) for all p′ ∈ P . In an approximate

Voronoi diagram, the point p associated with a region R is such that for any point q in the region R,

d(p, q) ≤ (1 + ε) · d(p′, q) for all p′ ∈ P .

In this chapter we present an improved construction of approximate Voronoi diagrams for ap-

proximate nearest neighbor searching. The data structure we present is of near-linear size

(O( n
εd log n/ε)) and can answer nearest neighbor queries in time O(d2 log n/ε). Moreover, the

time required for constructing the data structure is O( n
εd log2 n/ε).

This improves the space bound and pre-processing time over previously known results by a

factor of log n. Parts of these results have appeared in [54] and [55].

13
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2.1 Related Work

In the context of our results, the the work of Indyk and Motwani [40] holds special significance

where they reduced the problem of ε-NNS to Approximate Point Location in Equal Balls (ε-PLEB).

Definition 2.1.1 Given P and a parameter r, an ε-PLEB(P, r) is a data structure which when given

a query point q returns a point p ∈ P such that d(p, q) ≤ r(1 + ε), if q ∈ b(p′, r) for some p′ ∈ P .

It returns nil if q /∈ b(p′, r(1 + ε)) for all p′ ∈ P . Otherwise if q ∈ b(p′, r(1 + ε)) for some p′ ∈ P ,

it returns either a point p ∈ P such that d(p, q) ≤ r(1 + ε) or it returns nil. When ε = 0, then it is

called PLEB(P, r).

Indyk and Motwani [40] used a novel ring-cover tree to reduce ε-NNS to ε-PLEB. The ε-PLEB

is solved by using a simple hash-based technique. However, their reduction was quite complex

which was improved in all respects in the work of Har-Peled [33] who presented an alternate de-

composition of space called an Approximate Voronoi Diagram (to be referred as AV D) that supports

approximate nearest neighbor searching and has a significantly lower space complexity. His result

can be summarized as follows.

Theorem 2.1.1 (Har-Peled) Given a set P of n points in R
d and a parameter ε > 0 one can

compute a set C(P ) of O(n log n
εd log n/ε) regions where each region is a cube or an annulus of

cubes. The regions of C(P ) are disjoint and cover the space and each region has an associated

point p ∈ P , such that for any point q ∈ c, the point p is an ε-NN of q in P and it can be computed

in O(log(n/ε)) steps.

The time for constructing the data-structure is O(n log n
εd log2 n/ε).

This data structure is computed in two phases. In the first phase the approximate nearest neigh-

bor searching (ε-NN) problem is reduced to locating the smallest ball containing a query point. We

call this the point location in smallest ball (PLSB) problem.

Definition 2.1.2 Let B = {b1, b2, . . . , bm} be a set of m balls, where each ball bi is a pair b(pi, ri)

representing a ball centered at pi of radius ri. An ε-PLSB(B) is a data structure which when

given a query point q returns a ball bi = b(pi, ri) ∈ B such that d(pi, q) ≤ (1 + ε)ri and for

every bj = b(pj , rj) containing q, ri ≤ rj , if q ∈ b(p′i, r
′
i) for some p′i ∈ P . It returns nil if

q /∈ b(p′i, r
′
i(1 + ε)) for all p′i ∈ P . Otherwise if q ∈ b(p′i, r

′
i(1 + ε)) for some p′i ∈ P , it returns

either a point pi ∈ P such that d(pi, q) ≤ ri(1 + ε) or it returns nil. When ε = 0, then it is called

PLSB(B).
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Note that PLEB is a special case of PLSB, with all balls of equal radius.

In the second phase, Har-Peled [33] used a more sophisticated data structure for solving the

PLSB problem approximately based on the BBD data-structure of Arya et al[33].

We summarize below the approach of Har-Peled [33] .

Phase 1: One of the main observation Har-Peled [33] exploited is that if the query point q is at a

distance of more than d(x, y)/γ from two points x and y, then both x and y are γ-nearest neighbors

of q and therefore either of them can be reported as a γ-nearest neighbor of q. Therefore only one

of these points needs to be retained after a certain distance.

Har-Peled [33] generalized this observation to groups (cluster of points) as well, using which he

built a hierarchical tree data structure on the input point set. This is explained in more detail later

(c.f. Section 2.2.1).

He then used this tree to carefully construct a set of balls around the input points such that solv-

ing the PLSB problem on the constructed set of balls results in determination of an approximate

nearest neighbor. In total O(n log2 n) balls are constructed which define the PLSB problem.

Phase 2: Har-Peled [33] showed that a PLSB problem can be solved approximately using a data

structure linear in the number of balls. His result can be summarized as follows:

Lemma 2.1.2 An ε-PLSB problem on m balls in d-dimensional Euclidean space can be solved by

constructing a data structure of space complexity O(m/εd) that can answer queries in O(log m)

time. Further the time required to create the data structure is O(m log m/εd).

Each ball of radius r is replaced by the set of cubes from the hierarchical grid, of edge length
rε
3d , which intersect that ball. By choosing the lengths of cubes as 2i truncated to the nearest power

of two, these cubes are of geometrically decreasing sizes and nested within each other. Then a

compressed quadtree is constructed over the cubes generated. The final search structure defines a

partition of the space where each cell is a cube or a difference of cubes and each cell is associated

with a point of P that is an ε-NN of the region inside the cell. To answer a query, among all cubes

containing the query point, the cube corresponding to the smallest ball is found. Then the ball of

the input data set, to which it corresponds is returned.
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2.2 Reduction to Point Location in Smallest Ball

In our algorithm, we eliminate the recursive structure of Har-Peled’s algorithm by constructing a

set of balls directly from the clustering. This also reduces the number of balls by a factor of log n.

The search time remains logarithmic and the preprocessing time is also improved by a factor of

O(log n). We will only bound the number of balls in the reduction to PLSB. This is linearly related

to the space complexity and can be solved using Lemma 2.1.2.

2.2.1 Building a Hierarchical Clustering

Har-Peled, in his paper [33], proposes a solution based on the following observation:

Observation 2.1 : If the distance between two points A and B is |AB|, and a query point Q lies

outside d-balls of radius k · |AB|, where k is set to 1/ε, then A and B are ε- neighbors of Q, i.e.,
|QA|
|QB| < 1 + ε

Har-Peled [33] further proposes a method for clustering the points into a hierarchical tree. Con-

sider the connected components obtained by growing balls around all the points. We also construct

a forest (called cluster tree) from the connected component.

Initially we start out with just the set of points themselves. Thus we start with n connected

components consisting of the individual points. The corresponding forest consists of n trees with

each tree consisting of a single leaf, corresponding to a point.

We then grow the balls around all the points uniformly. When two components meet, we get

a new component that replaces the two components corresponding to the points whose balls meet

and is a result of merging the two components. In the corresponding forest, we merge the two

trees corresponding to the components being merged by hanging one of the trees on the other one

arbitrarily (see Figure 2.1).

At this point, we also associate a value of rloss(p) with the root, p of the tree that we hang on

the other one. This value corresponds to the radius of the balls when these components meet. It is

actually half the distance between the closest points of the two components.

Thus rloss(p) = radius of the ball at p, when p ceases to be root.

Properties of the cluster tree

• Values of rloss increase along a path towards the root.
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Figure 2.1: Construction of the cluster tree

• If Lmax is the longest edge of the MST, the tree edge corresponding to this is the last edge to

be added.

• If any query point q that is outside of the union of balls of radii Lmax.|P |.1/ε centered at p ∈
P , i.e., q is too far from P , then any point p ∈ P is an ε-nearest neighbor of q. Note that the

diameter of P is bounded by Lmax.|P |.

The above properties also hold for any subtree (cluster) formed during the construction.

Har-Peled [33], instead of working with an exact MST in d-dimensions which takes O(n2) time

to compute for large d, settles for an nd factor approximation that can be computed in O(nlog2n)

time.

Using the nd-MST, he constructs an nd-stretch Hierarchical Clustering and then gives an algo-

rithm for the construction of a family of PLEBs (Point Location in Equal Balls) for answering the

approximate nearest neighbor queries in time O(log( n
ε )) using space O( n

εd lognlog(n
ε )). The bound

on the space depends on the number of balls generated by the family of PLEBs.

We present a different perspective, whereby we decrease the number of balls required for an-

swering approximate nearest neighbor queries by pruning overlapping and unwanted balls from the

set of balls centered around a point p ∈ P . We give an independent algorithm for the construction

of balls around the points of P , such that reporting the center of the smallest ball that contains a

query point answers the approximate nearest neighbor query.
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The following definitions are similar to Har-Peled [33] that have been restated for the conve-

nience of the reader.

Definition 2.2.1 λ-MST : A tree T having the points of P in its nodes, is a λ − MST of P , if it

is a spanning tree of P , having a value len(.) associated with each edge of T , such that for any

edge e = uv of T , len(e)≤d(P1, P2)≤λlen(e), where P1,P2 is the partition of P into two sets as

induced by the two connected components of T -{e}, and d(P1, P2) = minx∈P1,y∈P2 ||xy|| is the

distance between P1 and P2.

One can compute a nd-MST of P in O(nd log2 n) time. Har-Peled [33] shows how such an nd-

MST can be constructed, and is similar to the fair-split tree construction of Callahan and Kosaraju

[13].

Definition 2.2.2 λ-stretch Hierarchical Clustering : A Directed tree T storing the points of P in its

nodes, so that for any point p, there is a value rloss(p) associated with the out-edge emanating from

p to its parent, satisfying the following property : If C1 denotes connected components obtained

on constructing balls of radius r around all points, C2 denotes connected components obtained on

constructing balls of radius λr around all points, F is the forest obtained by removing from T , all

edges larger than r and X is the partition of P into subsets induced by the connected components

of the forest F , then C1 ≤ X ≤ C2, where X ≤ Y ⇒ if A and B are in the same component in X ,

then they are in the same component in Y .

The nd-stretch Hierarchical Clustering is built from the nd-MST as follows. We sort the edges

of the nd-MST in order of the len(.) values of the edges. We then traverse the list. In each iteration,

we take the next edge, say e = xy, from the sorted list and connect the two subtrees to which x and

y belong by hanging the smaller tree onto the larger one by introducing an edge between the roots

of the two subtrees. We associate with this edge e, the value rloss(e) = len(xy)/2.

For the root, t, of the tree, we assign rloss(t) = max ( rloss(pi), where pi is a child of t ).

It is easy to see that the nd-Hierarchical clustering can be constructed in time O(nd log2 n)

based on the construction of the nd-MST.

Observation 2.2 : The height of the tree formed in the λ-stretch hierarchical clustering of P is at

most log n (Hanging the smaller tree below the larger one ensures this property).

We will use b(p, r) to denote the ball of radius r centered at p.
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Definition 2.2.3 rlow, rhigh : For an approximation factor γ, let rlow(p) = (1/(1 + γ/3))rloss(p)

and rhigh(p) = (36λrloss(p)nlogn/γ). Note that rlow(p) gives us a value just smaller than rloss(p).

Definition 2.2.4 parent(p), parenti(p) : Define parent(p) to be the parent of node p in the tree

obtained by the λ-stretch hierarchical clustering of P . Define parenti(p) to be the ith parent of

node p in the tree obtained by the λ-stretch hierarchical clustering of P , i.e., parent0(p) = p and

parenti(p) = parent(parent(i−1)(p)). Note that parenti(p) is defined till it is the root of the tree

obtained by the λ-stretch hierarchical clustering of P , and is not defined beyond the root.

We will use Subtree(p) to denote the subtree of the λ-stretch hierarchical clustering of P rooted

at p.

2.2.2 Construction of Balls (Algorithm ConstructBalls(P, γ))

In this section λ = nd. Given a λ-stretch hierarchical clustering of P , for each point p in P , let

r0 be the rloss value for p and let p1, p2, ...,pm be the children of p in sorted order of their rloss

values, i.e., rloss(p1)≤rloss(p2)≤...≤rloss(pm). Also, let x be the parent of p in the tree formed by

the λ-stretch hierarchical clustering of P .

We construct the following ball sets around p:

1. Balls with radius ri = rloss(p)(1 + γ/3)(j−1) for j = 0, ..,M + 1,

where M = dlog(1+γ/3)(rhigh(p)/rloss(p))e.

This defines a ball set in the range [rlow(p), rhigh(p)] around p.

2. Corresponding to each child pi of p,

balls with radius ri = rloss(pi)(1 + γ/3)(j−1) for j = 0, ..,M + 1,

where M = dlog(1+γ/3)(rhigh(pi)/rloss(pi))e.

This defines a ball set in the range [rlow(pi), rhigh(pi)] ∀ 1≤i≤m around p.

We also construct a universal ball (of infinite radius) centered at the point that is the root of the

tree formed by the λ -stretch hierarchical clustering of P , so that any point that is not in any of the

balls constructed by the above rules lies in this ball.
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2.2.3 Correctly answering (1 + ε)-approximate NN queries

In this section we prove that reporting the center of the smallest ball that contains a query point

from the set of balls constructed by the algorithm ConstructBalls answers the approximate nearest

neighbor query correctly.

Observation 2.3 || ab || ≥ 2rloss(p) ∀ a ∈ Subtree(p) & b /∈ Subtree(p) as 2rloss(p) is the mini-

mum separation between any point in the cluster from any point outside it by definition of r loss.

In order to limit the number of balls that we construct around a given point, we wish to determine

the largest ball such that for any query point beyond that we can claim the existence of another point

which is a near neighbor of the query point with a limited accumulated approximation error.

The following lemma establishes that rhigh(x) is a limit on the radius of the largest ball to be

constructed around the point x, so that if the query point does not lie in this ball, then parent(x)

is a near neighbor of the query point with some accumulated approximation error. Thus, we can

ignore the point x at the expense of some accumulated approximation error.

By the definition of rhigh(x), the accumulated error is a factor of 1 + γ/(3logn). This value is

so chosen that repeated accumulation of approximation errors is bounded by a suitable value as we

will see later.

Lemma 2.2.1 For any query point q, if x is a (1 + α)-NN of q in P , and if ||qx|| > rhigh(x), then

parent(x) is a ((1 + γ/(3logn))(1 + α))-NN of q in P .

Proof. The proof of this lemma is similar to the proof of Lemma 2.13 in [33].

Let z be parent of x in the λ-stretch hierarchical clustering of the set of points P . Note that

||qx|| > rhigh(x) . By the same argument as in Lemma 2.10 of [33], ||zx|| ≤ 2nλrloss(x) =

(γ/(18logn))rhigh(x) < (γ/(18logn))||qx|| < (γ/(3logn))||qx||. Therefore, ||zq|| ≤ ||qx|| +
||zx|| ≤ (1 + γ/(3logn))||qx|| ≤ (1 + γ/(3logn))(1 + α)dP (q).

It follows that parent(x) is a ((1 + γ/(3logn))(1 + α))-NN of q in P .

In the following lemma, we show that it is possible to recursively consider the parent of the

current candidate as the next nearest neighbor candidate if the query point does not lie in the largest

ball around the current candidate. Of course, at every step that we shift the candidate to the parent,

we accumulate an extra error in our approximation.
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Lemma 2.2.2 Let p be the NN of a query point q in P . Let r be the radius of the smallest ball

containing q and let it be centered at x. If r > rhigh(parenti(p)) ∀ 0 ≤i≤j − 1, then parentj(p)

is a ((1 + γ/(3logn))j-approximate NN of q in P .

Proof. The proof is by induction on j using Lemma 2.2.1.

In the following lemma, we show that we may incur an additional error (multiplicative factor)

of 1 + γ/3 in our approximation while reporting the nearest neighbor, since we are constructing a

discrete set of balls for every ballset, with each ball being larger than the previous one by a factor

of 1 + γ/3. Consider the scenario where a point p is an approximate nearest-neighbor of a query

point q such that q lies in one of the balls constructed in some ballset of p. Suppose that we end

up reporting another point x because the ball containing q centered at x is smaller than the ball

containing q centered at p, even though p is closer. This is possible because we only construct a

discrete set of balls. The following lemma shows that we only suffer an additional approximation

error factor of 1 + γ/3, i.e., by reporting x instead of p.

Lemma 2.2.3 For any query point q, if p is a (1 + α)-NN of q in P and there exists a ballset,

centered at p, in [rlow(t), rhigh(t)] for some point t, and if the smallest ball containing q has radius

r, such that rloss(t) ≤ r ≤ rhigh(t) and is centered at x, then x is a (1 + γ/3)(1 + α)-approximate

NN of q in P .

Proof. If x = p, then we are done.

Suppose x6=p. Then two cases arise, either q /∈ b(p, rhigh(t)) or q ∈ b(p, rhigh(t)). We will

show in either case that dP (q) ≤ ||xq|| ≤ (1 + γ/3)(1 + α)dP (q).

• Case I : q /∈ b(p, rhigh(t))

In this case, || pq || > rhigh(t) ≥ r > || xq ||. This implies that x is closer to q than p and

therefore trivially ||xq|| < (1 + γ/3)(1 + α)dP (q).

• Case II : q ∈ b(p, rhigh(t))

Clearly, q /∈ b(p, rlow(t)), because otherwise the smallest ball containing q would have radius

≤ rlow(t) and r ≥ rloss(t) > rlow(t) leading to a contradiction that the smallest ball contain-

ing q has radius r. Hence, ∃j, such that q ∈ b(p, rj) and q /∈ b(p, rj+1), where r0 = rlow(t),

implying that rj < ||pq|| ≤ rj+1 = (1 + γ/3)rj .

Therefore, ||xq|| ≤ r ≤ rj+1 = (1 + γ/3)rj < (1 + γ/3)||pq|| ≤ (1 + γ/3)(1 + α)dP (q).
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Thus x is a (1 + γ/3)(1 + α)-approximate NN of q in P .

Suppose that the query point q is contained in the ball of radius rloss(p) for a point p. Then,

clearly the nearest-neighbor of the query point q can only lie amongst the points that belong to the

cluster formed by the subtree of the hierarchical clustering tree rooted at p. However, it still needs

to be determined which of these points is closer, and p itself is also a candidate. This calls for the

construction of more balls around p of radii corresponding to the ballsets constructed around the

child nodes of p. This way we determine which of p and its children is closer to the query point q.

This is precisely the set of balls constructed by rule 2 in algorithm ConstructBalls. Note that we

do not need to construct balls around p corresponding to the children further down the hierarchy, as

the child nodes of p would then themselves be better candidates.

The following lemma shows that the construction of balls in algorithm ConstructBalls for the

case described above leads to answering the queries with only a further compounded approximation

error of a factor of 1 + γ/3.

Lemma 2.2.4 For any query point q, if p is a (1 + α)-NN of q in P , and we have balls constructed

around the points of P as defined by algorithm ConstructBalls, and if the smallest ball containing

q has radius r, such that r < rloss(p) and is centered at x, then x is a (1+γ/3)(1+α)-approximate

NN of q in P .

Proof. If q /∈b(p, rloss(p)), then ||pq|| > rloss(p) > r ≥ ||xq|| implying that x is closer to q than

p and therefore trivially ||xq|| ≤ (1 + γ/3)(1 + α)dP (q).

Suppose q∈b(p, rloss(p)). Since q∈b(x, r) and q ∈ b(p, rloss(p)), these balls intersect. Then x

∈ Subtree(p) because all balls of radius < rloss(p) centered around points /∈ Subtree(p) cannot

intersect since || ab || ≥ 2rloss(p) ∀ a ∈ Subtree(p) & b /∈ Subtree(p). Let p1 be the child of p,

such that x ∈ Subtree(p1). We consider three cases based on the value of r.

• Case I : r < rloss(p1)

We know that x ∈ Subtree(p1) & p /∈ Subtree(p1). Then ||pq|| > r, because otherwise

||px|| ≤ ||pq|| + ||qx|| ≤ r + r = 2r < 2rloss(p1). and this would contradict observation

2.3.

This implies that x is closer to q than p and therefore trivially ||xq|| ≤ (1+γ/3)(1+α)dP (q).

• Case II : r > rhigh(p1)
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This case is not possible as we don’t construct balls larger than rhigh(t) around any point t of

P , and rhigh(t) ≤ rhigh(p1) ∀ t ∈ Subtree(p1), but we know that there is a ball centered at x

∈ Subtree(p1) that contains q.

• Case III : rloss(p1) ≤ r ≤ rhigh(p1)

Since there is a ballset around p in the interval [rlow(p1), rhigh(p1)], ∃ j, such that q ∈ b(p, rj)

and q /∈ b(p, rj+1), where r0 = rlow(p1). This implies that ||pq|| > rj . It must be that

r ≤ rj+1, because otherwise b(p, rj+1) would be a ball of radius smaller than r containing

the query point q.

Therefore, ||xq|| ≤ r ≤ rj+1 = (1 + γ/3)rj < (1 + γ/3)||pq|| ≤ (1 + γ/3)(1 + α)dP (q).

Thus in all valid cases, x is a (1 + γ/3)(1 + α)-approximate NN of q in P .

In the following theorem, we combine the results of all the previous lemmas to show that the

construction of balls in algorithm ConstructBalls does indeed answer the approximate nearest-

neighbor queries correctly.

Theorem 2.2.5 For a point set P and an approximation factor ε, Let the smallest ball containing

q, in the balls formed by algorithm ConstructBalls(P, γ), where γ = ε/2, be of radius r, centered

at x, then x is a (1 + ε)-approximate NN of q in P .

Proof. Let p be the NN of q in P .

• Case I : r < rhigh(p)

– rloss(p) ≤ r ≤ rhigh(p):

If rloss(p) ≤ r ≤ rhigh(p), then by the construction in algorithm ConstructBalls, since

there exists a ballset in [rlow(p), rhigh(p)], using Lemma 2.2.3, x is a (1 + γ/3)-NN of

q in P .

– r < rloss(p):

If r < rloss(p), then using Lemma 2.2.4, x is a (1 + γ/3)-NN of q in P .

• Case II : r > rhigh(parenti(p)) and r < rhigh(parent(i+1)(p)) for some i

By Lemma 2.2.2, parenti+1(p) is a ((1 + γ/(3logn))i+1-approximate NN of q in P .
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– If rloss(parenti+1(p)) ≤ r ≤ rhigh(parenti+1(p)), then by the construction in algo-

rithm ConstructBalls, since there exists a ballset in

[rlow(parenti+1(p)), rhigh(parenti+1(p))], centered at parenti+1(p). Using Lemma

2.2.3, x is a ((1 + γ/(3logn))i+1(1 + γ/3)-approximate NN of q in P .

– If r < rloss(parenti+1(p)), then using Lemma 2.2.4, x is a ((1 + γ/(3logn))i+1(1 +

γ/3)-NN of q in P .

Also i+1≤logn, since height of the tree formed by the λ-stretch hierarchical clustering

of P is bound by logn.

Therefore x is a ((1 + γ/(3logn))log n(1 + γ/3)- approximate NN of q in P .

• Case III : r > rhigh(t), where t is the root of the tree formed by the λ-stretch hierarchical

clustering of P

There is no ball in P of radius > rhigh(p). Thus t is reported as the approximate-NN of q in

P as q lies in the universal ball centered at t.

By Lemma 2.2.2, t is ((1 + γ/(3logn))i-approximate NN of q in P , where i ≤ logn, since

height of the tree formed by the λ-stretch hierarchical clustering of P is bound by logn.

Therefore x is a ((1 + γ/(3logn))log n(1 + γ/3)- approximate NN of q in P .

And as (1 + γ/3)(1 + γ/(3logn))log n ≤ 1 + 2γ, x is a (1 + 2γ)-approximate NN of q in P .

Hence x is a (1 + ε)-approximate NN of q in P .

2.2.4 A bound on the total number of balls required

We now analyze the number of balls that we construct in the algorithm ConstructBalls.

Theorem 2.2.6 The total number of balls constructed by the algorithm ConstructBalls(P, ε/2) is

O((1/ε2)n log (n/ε)).

Proof. The number of balls in a ball set is O((1/ε)log1+O(ε)(n/ε)) = O((1/ε2)log(n/ε)). For each

point, one ballset is constructed for the point by rule 1 of algorithm ConstructBalls. Additionally,

one ballset is constructed for each child of the point by rule 2 of algorithm ConstructBalls. By

charging the balls constructed around the child nodes (using rule 2) by algorithm ConstructBalls

to the respective child nodes, the charge incurred at each point is at most that of 2 ball sets, i.e.,
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O((1/ε2)log(n/ε)). Therefore, the total charge incurred over the n points is O((1/ε2)nlog(n/ε)).

This improves the bound on the number of balls constructed in [33] by a factor of log n.

2.3 Construction of the Data Structure

The balls constructed for the PLSB problem described in the previous section can be used to con-

struct cells, i.e., quadtree boxes, and then store them in a BBD-tree as described in [33] (also

see Lemma 2.1.2) resulting in an improvement of a factor of log n in space complexity and pre-

processing time while keeping the query time logarithmic. This leads to our final result:

Theorem 2.3.1 Given a set P on n points in <d and a parameter ε > 0, one can compute a set

R of O( n
εd log n/ε) regions, where each region is a cube or an annulus of cubes. The regions of R

are disjoint and cover the space. Moreover, each region, R, has an associated point p ∈ P such

that for any query point q contained in R, the point p is an ε-nearest neighbor of q in P . Moreover,

this point, p can be determined in O(d2 log n/ε) steps. The time required for constructing the data

structure is O( n
εd log2 n/ε).

Proof. The correctness and space complexity of the algorithm follow from Theorem 2.2.5 and

Theorem 2.2.6 respectively together with Lemma 2.1.2.

The running time follows from Lemma 2.1.2 put together with the fact that it requires

O(nd log2 n) time to construct the nd-MST and the nd-hierarchical clustering.

2.4 Recent Developments

Recently Har-Peled and Mendel [35] presented a near linear time algorithm for constructing hierar-

chical nets in finite metric spaces with constant doubling dimension. They apply this data structure

to obtain an algorithm for nearest neighbor searching with query time O( 1
εd + 2d log n) and space

O(2dn). Their results match those of Arya et al. [5] in Euclidean settings.

For high dimensions, recently, Indyk and Andoni [39] have presented an algorithm with query

time O(dnρ(c)) utilizing space O(dn+n1+ρ(c)), where ρ(c) = 1/c2 +O(log log n/ log1/3 n) which

is optimal for locality-sensitive hashing based algorithms within a small constant factor.
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Chapter 3

A Linear Time Algorithm for 2-means

Clustering

The k-means clustering problem is known to be NP-hard even for k = 2 for arbitrary dimensions.

One of the most popular heuristics used in practice for solving the k-means clustering problem is

based on a simple iterative scheme for finding a locally optimal solution. This algorithm is often

called the k-means algorithm or Lloyd’s algorithm. For each center define its neighborhood to be

those data points for which this center is the closest. In any locally minimum solution, each center

lies at the centroid of its neighborhood. Such a solution is said to be centroidal. Lloyd’s algorithm

works by starting with any feasible solution and then repeatedly computes the neighborhood of each

center and moves this center to the centroid of its neighborhood. This is repeated until some conver-

gence criterion is satisfied. However, there exist examples, in which Lloyd’s algorithm converges to

a local minimum which is arbitrarily bad compared to the optimum solution. Consider for example

points lying on a straight line at co-ordinates 0, x, x+y and x+y+z where z < x < y. For k = 3,

the optimal solution is to place the centers at 0, x and x + y + z/2 which has a cost of z2/4. The

local minimum when the centers are placed at points x/2, x + y and x + y + z has a cost of x2/4

and is a stable point for Lloyd’s algorithm. By increasing the ratio x/z, the approximation ratio for

Lloyd’s algorithm can be made arbitrarily high. For a detailed analysis of Lloyd’s algorithm, see

[36].

Given the intractability of the problem, the natural direction for research is to design approxi-

mation algorithms with arbitrarily small approximation ratios (PTAS). It is interesting that even for

k = 2, no practical approximation schemes are known in high dimensions. Inaba et al. [37] gave

27
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an algorithm to compute the (1 + 1
Ω(nlog n)) approximate clustering on the plane in O(n5/3log2 n)

time with probability (1− 1
Ω(nlog n) ). For higher dimensions, the running time of their algorithm in-

creases exponentially in d. Recently, Matousek [50] gave an O(nlog n) deterministic algorithm for

(1 + ε)-approximate 2-means clustering. The algorithm is fairly complicated and relies on several

results in computational geometry that depend heavily on the dimensions, leading to a running time

of O(nlog n.ε−2dlog(1/ε) + nε−(4d−2)log(1/ε)).

One of the questions left open in [50] by Matousek was whether Ω(nlog n) is a lower bound for

this problem. We present a randomized algorithm that determines a (1 + ε)-approximate 2-means

clustering of a given point set in time linear in the number of points for fixed dimensions, with

constant probability. Parts of these results have appeared in [53]

In the 2-means clustering problem, given a set P of n data points in d-dimensional Euclidean

space, <d, the problem is to determine two centers c1 and c2 so as to minimize the mean squared

Euclidean distance from each data point to its nearest center, Minimize
∑

p∈P d(p, {c1, c2})2.

The clusters P1 and P2 are derived from the centers c1 and c2 respectively by taking those points

of P for which corresponding center is closest. Thus the points are partitioned by the Voronoi

diagram of the set of centers. The cost of the clustering is determined by f2(P1, c1) + f2(P2, c2)

where the cost function f2(Q,x) =
∑

q∈Q d(q, x)2.

In Section 3.1, we present some preliminaries. The algorithm is presented in Section 3.2. The

correctness of the algorithm is established in Section 3.3. Finally, in Section 3.4, we abstract some

ideas of our algorithm that are important in formulating the general algorithm for solving a large

class of clustering problems in linear time (cf. Chapters 4 and 5).

3.1 Preliminaries

We describe here some definitions and known results that will be used later in our algorithms.

3.1.1 Approximating the Centroid of a set of Points

Definition For a set of points P , define the centroid, c(P ), of P as the point
∑

p∈P p

|P | .

Fact 3.1 Any optimal solution to the 1-means problem with respect to an input point set P chooses

the centroid c(P ), as the center.

Inaba et. al. [37] showed that the centroid of a small random sample of points in P can be a

good approximation to c(P ).
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Lemma 3.2 [37] Let T be a set of m points obtained by independently sampling m points uniformly

at random from a point set P . Then, for any δ > 0,

f2(S, c(T )) <

(

1 +
1

δm

)

f2(S, c(S))

holds with probability at least 1 − δ.

Therefore, if we choose m as 2
ε , then with probability at least 1/2, we get a (1+ε)-approximation

to the 1-means clustering cost by taking the center as the centroid of T . Thus, a constant size sample

can quickly yield a good approximation to the optimal 1-means solution.

Note that this also establishes the existence of a set of 2/ε points of P , whose centroid is an

ε-approximation to the centroid of P .

3.1.2 ε-near Pairs

We present here the concept of ε-near pairs and a result on such pairs due to Matousek [50].

Definition For a real number ε ≥ 0, we define a relation ∼ε on (ordered) pairs of points in d-

dimensional Euclidean space, <d: we let (x, y) ∼ε (x′, y′) if ‖x − x′‖≤ε‖x − y‖ and ‖y − y′‖≤
ε‖x − y‖. We say that (x, y) and (x′, y′) are ε-near if (x, y) ∼ε (x′, y′) and (x′, y′) ∼ε (x, y). The

relation ∼ε is not ”quite” symmetric.

The following Lemma is due to Matousek [50]. It states that if there are two pairs of centers

that are close to each other, then the cost of the clusterings induced by the two pairs does not differ

very much. We reproduce its short proof for the convenience of the reader.

Lemma 3.3 [50] : If (x, y) and (x′, y′) are ε-near pairs, ε ≤ 1
9 and if C is the cost of the 2-means

clustering induced by (x, y) and C ′ is the cost of the 2-means clustering induced by (x′, y′), then,

C ≤ (1 + 16ε)C ′.

Proof. Let (S1, S2) be the partitioning of the point set w.r.t. (x, y) with the points in S1 (S2 resp.)

being closer to x (y resp.). Similarly, let (S ′
1, S

′
2) be the partitioning of the point set w.r.t. (x′, y′)

with the points in S ′
1 (S′

2 resp.) being closer to x′ (y′ resp.). By the optimality of the Voronoi

clustering, it suffices to show that f2(S
′
1, c1) + f2(S

′
2, c2) ≤ (1 + 16ε)f2(S1, c1) + f2(S2, c2). For
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this it is enough to show that for each x ∈ S ′
1 \ S1, we have that d(x, c1) ≤ (1 + 6ε)d(x, c2)

(a symmetric argument applies for x ∈ S ′
2 \ S2) Now, since x ∈ S ′

1, d(x, c′1) ≤ d(x, c′2). Let

δ = d(c′1, c
′
2). Then, d(x, c1) ≤ d(x, c′1) + εδ ≤ d(x, c′2) + εδ ≤ d(x, c2) + 2εδ. Moreover,

d(x, c2) ≥ d(x, c′2) − εδ ≥ 1
2δ − εδ, which implies that δ ≤ 2

1−2εd(x, c2) ≤ 3d(x, c2). Thus we

have that d(x, c1) ≤ (1 + 6ε)d(x, c2) as required.

3.2 The Algorithm

The main ideas behind the algorithm are as follows. We first obtain candidate centers for the cen-

troid of the larger cluster by random sampling. We then construct a set of lines through each of

these candidate centers to obtain a line close enough to the line joining the optimal centroid pair.

We reduce the approximate 2-means clustering problem to a set of center location on a line prob-

lems determined by these lines. We then solve the approximate version of the center location on a

line problem (defined below formally) on these lines by random sampling. This gives us an approx-

imation to the centroid of the smaller cluster.

We define the center location on a line problem as follows:

Definition Center location on a line : Given a set P of n data points in d-dimensional Euclidean

space, <d, a fixed point c1 and a line ` passing through c1, the problem is to find another point c2 on

the line ` so as to minimize the cost of the 2-means clustering induced by (c1, c2). This measure, φ,

is the cost of the center location on the line problem and is defined as

φ(P, c1, `) = minc2∈` {f2(P1, c1) + f2(P2, c2)}

where (P1, P2) is the Voronoi partitioning induced by (c1, c2).

The approximation version of this problem is stated as follows:

Definition Approximate center location on a line : Given a set P of n data points in d-dimensional

Euclidean space, <d, a fixed point c1, a line ` passing through c1 and an approximation factor ε > 0,

the (1 + ε)-approximate center location on a line problem is to determine another point c2 on the

line ` such that

f2(P1, c1) + f2(P2, c2) ≤ (1 + ε)φ(P, c1, `)
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where (P1, P2) is the Voronoi partitioning induced by (c1, c2).

We also define a (p, θ)-covering as follows:

Definition (p, θ)-covering : Given a point p in d-dimensional Euclidean space, <d, and a parameter

θ (0 < θ < 2π), we define a (p, θ)-covering to be a set of lines Y passing through p, such that, for

any line `, passing through p, there exists a line `′ in Y that makes an angle at most θ with `.

The formal algorithm is described by the procedures 2-means and CenterLocation described

in Figures 3.1 and 3.2 respectively.

Algorithm 2-means reduces the approximate 2-means clustering problem to a set of center

location on a line problems. For this, we start by randomly sampling a set of points, from which

we can derive a set of candidate centers that contains an approximation to the centroid of the larger

cluster, with constant probability. We proceed with the remaining steps for each of the candidate

centers in the set. Now that we have an approximation to one of the centroids, our goal is to

approximate the other centroid. We first approximate the line joining the optimal centers. For this,

we construct a set of lines (covering) passing through the first center and making a small angle

with each other, such that at least one of the lines is close enough, in orientation, to the actual

line joining the optimal centers. For each of the lines in the covering above and the corresponding

approximation to the centroid, we solve the center location on a line problem, by calling algorithm

CenterLocation (we will later show that by restricting the other center to lie on this line, we only

suffer by a small factor in our approximation).

Algorithm CenterLocation solves the approximate center location on a line problem on each of

the candidate lines constructed above (we will later show that it suffices to solve the approximation

version of this problem, suffering only by a small factor in our approximation). We first project all

the points onto this line, converting it to a problem in one dimension after transformation. Since

there are only two directions to the line, the smaller cluster must lie either to the right or to the left.

We repeat the remaining steps for each of the two directions. We solve the problem, by guessing the

size of the smaller cluster within a constant factor. For each of the O(log n) possible guesses, we

again take a random sample from the points on that side of the line and obtain a set of points that

contains an approximation to the centroid of the smaller cluster, with constant probability.

We obtain the costs of the clusterings for all possible pairs formed in this manner and report

the clustering with the least cost. We will show that this entire procedure can be performed in time

linear in n.
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Algorithm 2-means(P, ε)
Inputs : P : Point set, ε: approximation factor
Output : A (1 + ε) approximate 2-means clustering of the points in P

1. Let α = ε/16, θ = ε/1024, δ = ε/4
2. (Approximate the centroid of the larger cluster)

(a) Randomly sample a set, R, of 8/α points (independently drawn) from P .
(b) Let T be the set of centroids of all subsets of R of size 2/α.

3. For each point c′1 in T ,
(a) Construct a set Y of lines that is a (c′1, θ)-covering
(b) For each ` in Y , solve CenterLocation( P , c′1, `, δ )

4. Return the solution which has minimum cost.

Figure 3.1: The 2-means algorithm

For ease of readability, we suppress the linear dependence on the dimension d when we ana-

lyze the algorithm, viz., linear time in our case means O(nd) since each point has d coordinates.

However, we do state the dependence on the terms depending exponentially on d.

The proofs of correctness for the algorithms are detailed in section 3.3.

Remark 3.1 The centroid of a set of points, P in <d, is the linear combination of the centroids of

any partitioning of the point set. Having obtained an approximation to the centroid of the larger

cluster of a 2-means clustering, say c, it would have been interesting if we could limit our search

for the approximation of the other centroid to the line joining this centroid, c, to the centroid of the

point set P . However, since we are dealing with the squares of the distances, it is not possible to get

a decent bound on the approximation obtained by restricting ourselves to this line.

3.3 Proof of Correctness

3.3.1 Reduction to approximate center location on lines

In this section we prove the correctness of the 2-means algorithm and show that we can reduce the

approximate 2-means clustering problem to a set of approximate center location on a line problems

so that the solution to one of these problems will correspond to a solution to the approximate 2-

means clustering problem, with constant probability.
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Algorithm CenterLocation(P, c1, `, δ)
Inputs : P : Point set, c1: fixed center,

`: line passing through c1 on which to locate the second center
δ: approximation factor

Output : The solution for a (1 + δ)-approximate center location on line `

1. Project the points of P onto line `. Let P ′ be the projected points.
2. (Assume center to be located is to the right of c1)

For i = 1 to log |P ′|
(a) Let MR be the right most |P ′|/2i points of P ′

(b) Randomly sample a set, R of 8/δ points (independently drawn) from MR.
(c) Let T be the set of centroids of all subsets of R of size 2/δ.
(d) For each c′2 in T , Compute the cost of the clustering induced by c1, c

′

2.
3. Repeat step 2 assuming the center to be located is to the left of c1

4. Return the solution which has minimum cost.

Figure 3.2: The approximate center location on a line algorithm

The following Lemma shows that we can obtain an approximation to the centroid of the larger

cluster by random sampling.

Lemma 3.4 Let (P1, P2) be the optimal 2-means clustering of P and let (c1, c2) be the corre-

sponding centroids. Without loss of generality, assume |P1|≥|P2|. Let R be a random sample of

size 8/α obtained by independent draws at random from P . Let T be the set of centroids of all

possible subsets of R of size 2/α. Then with constant probability, T contains a point, c ′1, that is an

α-approximation of the centroid, c1, i.e., f2(P1, c
′
1)≤(1 + α)f2(P1, c1).

Moreover, |T | = O((1/α)O(1/α)).

Proof. As |P1| ≥ |P2|, with constant probability, the sample R contains at least 2/α points of P1.

Hence, by Lemma 3.2, with constant probability, T contains an α-approximation to the centroid,

c1, of P1. Clearly, the size of T is O((1/α)O(1/α)).

The following Lemma shows that if we have a point c′1 that is an α-approximation to the centroid

c1 of one of the clusters in an optimal 2-means clustering, then the cost of the optimal 2-means

clustering induced by c′1 is within a factor of (1 + α) of the cost of the optimal 2-means clustering.
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Lemma 3.5 Let (P1, P2) be the optimal 2-means clustering of P and let (c1, c2) be the correspond-

ing centroids. Let c′1 be an α-approximation to the centroid c1. Let c′2 be the other center in the

optimal 2-means clustering (P ′
1, P

′
2) of P when center c′1 is fixed. Then

f2(P
′
1, c

′
1) + f2(P

′
2, c

′
2) ≤ (1 + α)(f2(P1, c1) + f2(P2, c2)).

Proof. As c′1 is an α-approximation to the centroid c1, we have,

f2(P1, c
′
1) + f2(P2, c2) ≤ (1 + α)f2(P1, c1) + f2(P2, c2)

≤ (1 + α)(f2(P1, c1) + f2(P2, c2)).

Also, by the optimality of the partitioning (P ′
1, P

′
2) when the center c′1 is fixed, we know that

f2(P
′
1, c

′
1) + f2(P

′
2, c

′
2) ≤ f2(P1, c

′
1) + f2(P2, c2).

Therefore,

f2(P
′
1, c

′
1) + f2(P

′
2, c

′
2) ≤ (1 + α)(f2(P1, c1) + f2(P2, c2)).

The following Lemma shows that when a center c1 is fixed, and (P1, P2) is the optimal 2-means

clustering induced by c1, and c2 is the centroid of P2, then, instead of finding c2, it suffices to find a

suitable point on a line that makes a small angle with the line joining c1 and c2 at the cost of a small

factor in our approximation.

Lemma 3.6 Let c1 and c2 be points in d-dimensional Euclidean space, <d. Let (P1, P2) be the

clustering induced by (c1, c2). Let ` be the line joining c1 and c2. Let 0 < β≤1 be a given constant.

Let `′ be a line passing through c1 that makes angle β/64 with `. Let (P ′
1, P3) be the optimal 2-

means clustering induced by c1 when the other center is also constrained to lie on `′. Let c3 be the

optimal center corresponding to P3. Further let c′3 be any other point lying on `′, such that,

f2(P
′′
1 , c1) + f2(P

′
3, c

′
3) ≤ (1 +

β

64
)(f2(P

′
1, c1) + f2(P3, c3)) (3.1)
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Figure 3.3: Approximation of the line connecting the centers

where (P ′′
1 , P ′

3) is the clustering induced by (c1, c
′
3). Then,

f2(P
′′
1 , c1) + f2(P

′
3, c

′
3) ≤ (1 + β)(f2(P1, c1) + f2(P2, c2)).

Proof. Let c′2 be the projection of c2 on `′ and let (P ′′′
1 , P ′

2) be the clustering induced by (c1, c
′
2).

By the optimality of the centroids (c1, c3) on the line `′,

f2(P
′
1, c1) + f2(P3, c3) ≤ f2(P

′′′
1 , c1) + f2(P

′
2, c

′
2). (3.2)

In the right triangle, 4c1c2c
′
2, ∠c2c1c

′
2≤ β

64 (see Figure 3.3). Since tanθ≤2θ for θ≤1/2, we

have, c2c
′
2/c1c2≤ β

32 and c2c
′
2/c1c

′
2≤ β

32 . This implies that the pairs of points (c1, c2) and (c1c
′
2) are

β
32 -near. Therefore, by Lemma 3.3,

f2(P
′′′
1 , c1) + f2(P

′
2, c

′
2) ≤ (1 +

β

2
)(f2(P1, c1) + f2(P2, c2)). (3.3)

From equations (3.1), (3.2) and (3.3), it follows that

f2(P
′′
1 , c1) + f2(P

′
3, c

′
3) ≤ (1 +

β

64
)(1 +

β

2
)(f2(P1, c1) + f2(P2, c2))

≤ (1 + β)(f2(P1, c1) + f2(P2, c2)).
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< θ /dx=p θ 1/2

Figure 3.4: A (p, θ)-covering in 2-dimensions (d = 2)

The following Lemma states that given a point p, it is possible to construct a set of O(( d
θ )d)

lines that is a (p, θ)-covering. We present a simple proof for this. Tighter bounds involving more

intricate proofs can be obtained for the number of lines constituting such a covering (e.g. see [62]).

Lemma 3.7 Given a point p in d-dimensional Euclidean space, <d, and an approximation angle

0 < θ≤1, we can construct a set Y of O(( d
θ )d) lines passing through p, in O(( d

θ )d) time, such that

given any line, `, passing through p, there exists at least one line in Y that makes an angle at most

θ with `.

Proof. Consider a unit d-hypercube centered at a point p. The d hypercube has 2d surfaces which

are (d − 1)-hypercubes. Consider the partitioning of each of these (d − 1)-hypercubes into smaller

equal (d − 1)-hypercubes of side length x. Thus we get a set, C of O(( 1
x)d−1) (d − 1)-hypercubes.

Consider the set, L, of lines passing through the corners of the hypercubes in C and the point

p. Clearly the largest angle between any two lines is formed between the lines passing through the

opposite two corners of the hypercube located at the center of any surface (side of the d-hypercube)

as this is the closest (d− 1)-hypercube to p. Thus in order to obtain a line covering of angle at most

θ, it suffices to set x small enough to ensure that the angle between these pair of lines is less than θ.
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It can be verified that setting x = θ√
d

satisfies this condition, as tan θ≥θ for 0 < θ≤1. Therefore

we obtain a set, L, of lines of size O(( d
θ )d).

Figure 3.4 illustrates such a line covering for d = 2. The same can be extended to higher

dimensions.

Clearly the time required to compute this set of lines is of the same order as its size.

The following Lemma proves the correctness of the 2-means algorithm.

Lemma 3.8 Given an algorithm CenterLocation that determines a (1 + δ)-approximate solution

to the center location on a line problem in time T (n, δ), with constant probability, where n is the

number of input data points; the algorithm 2-means determines a (1 + ε)-approximate 2-means

clustering, with constant probability, in time O((1/ε)O(1/ε)(d/ε)d.T (n, ε/4)).

Proof. Let (P1, P2) be the optimal 2-means clustering and (c1, c2) be the corresponding centroids.

Step 1 of algorithm 2-means sets α, θ and δ to suitable constants (fractions of ε).

Applying Lemma 3.4, Step 2 of the algorithm determines a set T of O((1/α)O(1/α)) points,

such that at least one of these points is an α-approximation to the centroid of the larger cluster, with

constant probability. Let c′1 be such an α-approximation (if it exists).

Step 3 (a) of the algorithm determines a (p, θ)-covering Y for every center, p, in T (including

c′1). Applying Lemma 3.7, such a covering set of lines can be constructed in time O((d/θ)d) and

has size O((d/θ)d). Let β = 64θ. Then, we have O((d/β)d) lines passing through p, such that for

any line passing through p, we have a line making an angle at most β/64.

In all, we have O((d/β)d) lines passing through each of the O((1/α)O(1/α)) candidate centers,

resulting in a total of O((1/α)O(1/α)(d/β)d) lines. One of these lines, with constant probability,

passes through c′1, and makes an angle of less than β/64 with the line joining c′1 and c2 where c2 is

the other center of the optimal 2-means clustering, when the first center, c ′1 is fixed.

Therefore, applying Lemma 3.5 and 3.6, the solution to the (1+ δ) approximate center location

on a line problem on this line, computed in step 3 − (b) of the algorithm, gives us a (1 + α)(1 +

β)(1 + δ)-approximate 2-means clustering of P . With the appropriate choices of α, β and δ (as

specified in step 1 of the algorithm), we have a set of O((1/ε)O(1/ε)(d/ε)d) lines, such that, the

solution of the (1 + ε/4)-approximate center location on a line problem on one of them gives us a

solution to the (1 + ε)-approximate 2-means clustering of P , with constant probability.

Since we are reporting the minimum cost clustering in step 4 of the algorithm, it is a (1 + ε)-

approximate 2-means clustering, with constant probability.
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3.3.2 Solving the problem for center location on a line

In this section we prove the correctness of the algorithm CenterLocation and show that we can

solve the approximate center location on a line problem in linear time.

In the following Lemma, we show that the center location on a line problem is reducible to one

dimension.

Lemma 3.9 Let P be a set of points in d-dimensional Euclidean space, <d. Let ` be a given line

and let c1 be a fixed point on `. Let P ′ be the set of points obtained by projecting the points of P

on `. Consider the problem P , of locating a point c2 on ` such that the clustering of P ′ induced by

(c1, c2) is optimal when c1 and c2 are constrained to lie on ` with c1 fixed.

Then, the problem P is equivalent to the center location on a line problem. Moreover, an

approximate solution to P is also an approximate solution to the center location on a line problem

within the same approximation factor.

Proof. Consider the transformation of the original axis to an orthogonal axis in which one of the

axis is parallel to `. Let the point pi∈P be denoted by the vector (xi1, xi2, .., xid) on the transformed

orthogonal axis with xi1 being the contribution towards the axis parallel to line `. Let c1 and c2 be

represented by the vectors (c11, c12, .., c1d) and (c21, c22, .., c2d) respectively on the transformed

axis. Then the cost of partition (P1, P2) with centers (c1, c2) can be computed as

∆ =
∑

pi∈P1

∑d

j=1
(xij − c1j)

2 +
∑

pi∈P2

∑d

j=1
(xij − c2j)

2.

Now, since c1 lies on ` and c2 is also constrained to lie on `, therefore minimization of the above

cost function can be reduced to the axis parallel to ` as follows:

∆1 =
∑

pi∈P1

(xi1 − c11)
2 +

∑

pi∈P2

(xi2 − c22)
2.

This is because, the difference in the cost of a point pi∈P towards two distinct centers con-

strained to lie on line ` is only affected by the component along the axis parallel to `. The cost

incurred along all the remaining axis remains unaffected.

Moreover, we also claim that a (1+ δ)-approximate clustering on the single dimension problem

corresponds to a (1 + δ)-approximate clustering in the original space.

Let (P ′
1, P

′
2) be a (1 + δ)-approximate clustering in a single dimension (axis parallel to `) with
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centers (c1, c
′
2) both lying on `. Then

f2((P
′
1, c1) + f2(P

′
2, c

′
2)) ≤ (1 + δ)(f2(P1, c1) + f2(P2, c2)),

i.e.,

∑

pi∈P ′

1

(xi1 − c11)
2 +

∑

pi∈P ′

2

(xi2 − c′22)
2

≤(1 + δ)(
∑

pi∈P1

(xi1 − c11)
2 +

∑

pi∈P2

(xi2 − c22)
2).

Therefore,

∑

pi∈P ′

1

∑d

j=1
(xij − c1j)

2 +
∑

pi∈P ′

2

∑d

j=1
(xij − c′2j)

2

≤(1 + δ)(
∑

pi∈P1

∑d

j=1
(xij − c1j)

2 +
∑

pi∈P2

∑d

j=1
(xij − c2j)

2).

as components along all other dimensions are unaffected.

We state here some observations that will be useful in our next proof.

Observation 3.1 Given two points (c1, c2), let H be the perpendicular bisecting hyperplane of the

line joining these points. This hyperplane determines the optimal clustering of a point set when

there are two fixed centers (c1, c2); the clusters are determined by the points lying on the same side

of this hyperplane. As we move a hyperplane parallel to H in either direction, the cost function

of the clustering due to the hyperplane with fixed centers (c1, c2) is a monotonic non-decreasing

function. This is clear since, as we move the hyperplane, the cost remains unchanged till we cross

a point. When we cross a point, we disassociate this point from its closer center and associate it to

the further center and this can only result in an increase in the cost of the clustering.

Observation 3.2 Given a set of points, along with the centroid of the set and the cost of the cluster,

on addition or removal of a point to/from this set, we can compute the new centroid and the cost of

the new cluster in constant time. If x is the old centroid of a set P of n points and xn+1 is a new

point, so that P ′ = P∪{xn+1} then the new centroid xnew is obtained as follows:

xnew =
n

n + 1
x +

1

n + 1
xn+1,
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and the cost of the clustering at xnew is obtained as follows:

f2(P
′,xnew) = f2(P,x) + n · d(x,xnew)2 + d(xn+1,xnew)2.

It follows that given a 2-partitioning of P along with the centroids and the cost of the clustering

due to the two partitions, if we move one point from one partition to another partition, then the cost

of the new clustering and the new centroids can be determined in constant time.

Remark 3.2 The Center Location on a line problem is solvable exactly by traversing the points

from left to right one at a time and updating the cost of the clustering using the above observation.

This can be done in two passes, first assuming the center lies to the right and then assuming that

it lies to the left. However, note that this requires O(n log n) time as the points have to be sorted

before the traversal can be performed. Our goal is to achieve linear running time.

In the following Lemma, we prove the correctness of the algorithm CenterLocation and deter-

mine its running time.

Lemma 3.10 Let P be a set of points in d-dimensional Euclidean space, <d, and ` be a given line.

Let c1 be a fixed point on `. Then, algorithm CenterLocation determines in time O((1/δ)O(1/δ)n),

a point c′2 such that with constant probability, the cost of the clustering induced by (c1, c
′
2) is within

a factor of (1 + δ) of the cost of the clustering induced by (c1, c2), i.e.,

f2(P
′
1, c1) + f2(P

′
2, c

′
2) ≤ (1 + δ)(f2(P1, c1) + f2(P2, c2))

where c2 is the point on ` for which the clustering of P induced by (c1, c2) is optimal when c1 is

fixed, (P1, P2) is the corresponding partitioning of the points and (P ′
1, P

′
2) is the partitioning of P

induced by (c1, c
′
2).

Proof. Step 1 of algorithm CenterLocation projects the points P onto the line `. Applying Lemma

3.9, the problem of solving the approximate center location on a line problem is equivalent to

solving the approximate version of the problem after projecting the points on `.

Step 2 of the algorithm assumes the center of the smaller cluster lies to the right of c1 (The

case when the center lies to the left of c1 is handled similarly in step 3). In each iteration half the

remaining points from the left side are eliminated as in step 2-(a) of the algorithm. Suppose in the

current iteration we have a set M of m points. Initially m = n. We first locate the mid-point in M ,
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i.e., m/2th point, say q. This takes O(m) time and partitions the point set, M , into two sets ML

and MR. MR is the remaining points after elimination. Thus, MR can be obtained from the points

remaining in the previous iteration in O(m) time.

Clearly, in some iteration, the number of points remaining, |MR|, will be at most twice the size

of P2 and P2 will be contained in MR. Also, since the number of points are being halved in each

iteration, the number of iterations required is at most log n.

Assuming that we have the right partition, in step 2-(b) of the algorithm, we randomly sample

a set R of 8/δ points from MR. Note that although we only require 2/δ points to approximate the

centroid (Lemma 3.2), we take ample points in order to sample 2/δ points from P2 with constant

probability, since we are approximating its size within a factor of 2. In step 2-(c) of the algorithm,

we now take all possible subsets of the random sample R of size 2/δ and compute their centroids.

Note that there are O((1/δ)O(1/δ)) such points. With constant probability, one of these is a δ-

approximation to the centroid of P2, i.e.,

f2(P2, c
′
2) ≤ (1 + δ)f2(P2, c2).

Therefore,

f2(P
′
1, c1) + f2(P

′
2, c

′
2) ≤ f2(P1, c1) + f2(P2, c

′
2)

≤ f2(P1, c1) + (1 + δ)f2(P2, c2)

≤ (1 + δ)(f2(P1, c1) + f2(P2, c2)).

In step 2-(d) of the algorithm, we compute the cost of the clustering. We now show that the

clustering cost can be computed in time linear in the number of remaining points. In each iteration,

we are dealing with half the points from the previous iteration. Let q be the mid point of M as

above. The cost of the clustering obtained by partitioning at q can be determined in O(m) time.

This is possible because we already know the cost of the clustering due to (M,P\M) from the

previous iteration and therefore we can partition the set M into ML and MR in O(m) time and then

apply observation 3.2 over the set ML. Note that in the current iteration we perform the sampling

necessary for the guess m/4≤|P2|≤m/2. Let H′ be the corresponding perpendicular bisecting

hyperplane. If H′ lies to the right of q, as we have already computed the cost of the clustering due

to the partitioning at q, we only need to alter the cost over the remaining points in MR which is at

most m/2 and can be done in time O(m) by applying observation 3.2 at most m/2 times. If H ′ is to
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Figure 3.5: Sampling recursively by guessing the size of |P2|

the left of q, let H be the optimal line bisecting the line joining the centroids (c1, c2). In our current

guess, m/4≤|P2|≤m/2. Therefore, the line H must lie to the right of q. Due to observation 3.1,

the cost of the clustering due to the line H′′, passing through q and parallel to H, must be between

that of H and H′. Thus, if H′ defines a (1 + δ)-approximate 2-means clustering, then so does H ′′

for which we already know the cost. Hence we have restricted ourselves to altering the cost known

at q only over the set MR for each of the candidate centers. Hence the time required to compute the

cost of the clustering in each iteration is O(m). See Figure 3.5 for illustration.

As we are always recurring into the right half, the running time of this algorithm is characterized

by the recurrence relation, T (n) = T (n/2) + cn, which is linear in n. Performing the same steps

in the other direction in step 3 of the algorithm at most doubles the running time.

In step 4, we return the minimum of the costs of the clusterings due to the pairs formed from

these centers with c1 fixed. This gives us a (1 + δ)-approximation to the center location on the line

problem, with constant probability.

Putting everything together, we obtain the main result of the chapter:

Theorem 3.11 Algorithm 2-means, using algorithm CenterLocation, determines a (1 + ε)-

approximate 2-means clustering of a point set P in <d in time O((1/ε)O(1/ε)(d/ε)dn), with con-

stant probability.

Proof. By Lemma 3.10, algorithm CenterLocation solves the (1+ δ)-approximate center location

on a line problem in time O((1/δ)O(1/δ)n).

Therefore, applying Lemma 3.8 and using the fact that the algorithm CenterLocation is invoked

with δ = ε/4, we conclude that the algorithm 2-means solves the approximate 2-means clustering

problem in time O((1/ε)O(1/ε)(d/ε)dn).
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3.4 Key Ideas

Some of the ideas used in this algorithm are the basis for the general algorithm for solving a large

class of clustering problems in linear time that we present later (cf. Chapters 4 and 5). We list them

as:

• The ability to progressively approximate the centers of the clusters in order of their sizes using

random sampling.

• The ability to sample points from a cluster in the presence of extraneous points (that do not

belong to the cluster) by iteratively eliminating a constant fraction of the remaining points.

• The ability to compute and compare the cost of O(log n) different clusterings in linear time.
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Chapter 4

An Improved Algorithm for 2-means

Clustering

In this chapter we present a simplified version of the general clustering algorithm described in the

next chapter (c.f. Chapter 5), that works for the 2-means clustering problem. The 2-means clustering

algorithm contains many of the ideas inherent in the more general algorithm and therefore makes it

easier to understand the general algorithm.

The 2-means clustering algorithm presented in this chapter also attains linear running time with

constant probability, but is an improvement over the 2-means clustering algorithm presented in the

previous chapter (see Chapter 3) as the algorithm works for any dimensions (the expression for

running time does not contain terms exponential in the number of dimensions).

In Section 4.1, we present some preliminary definitions and results. The algorithm and its

proof of correctness are presented in Section 4.2. In Section 4.3, we abstract certain ideas and

properties used in the 2-means algorithm. Our generalized algorithm (c.f. Chapter 5) will work for

any clustering problems satisfying these properties.

4.1 Preliminaries

Recall our general definition of clustering problems. A clustering problem is defined by two pa-

rameters – an integer k and a real-valued cost function f(Q,x), where Q is a set of points, and x

is a point in an Euclidean space. We shall denote this clustering problem as C(f, k). The input to

C(f, k) is a set of points in a Euclidean space.

45
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Given an instance P of n points, C(f, k) seeks to partition them into k sets, which we shall

denote as clusters. Let these clusters be C1, . . . , Ck. A solution also finds k points, which we call

centers, c1, . . . , ck . We shall say that ci is the center of cluster Ci (or the points in Ci are assigned

to ci). The objective of the problem is to minimize the quantity
∑k

i=1 f(Ci, ci).

For the k-medians clustering problem, f1(Q,x) =
∑

q∈Q d(q, x) and for the k-means clustering

problem, f2(Q,x) =
∑

q∈Q d(q, x)2. To handle discrete versions of these problems, i.e., cases

where the centers have to be one of the points in P , we can make f(Q,x) unbounded if x /∈ Q.

Definition Given a point set P , let OPTk(P ) be the cost of the optimal solution to the clustering

problem C(f, k) on input P .

Definition Given a set of points P and a set of k points C , let OPTk(P,C) be the cost of the

optimal solution to C(f, k) on P when the set of centers is C .

We avoid parameterizing all our definitions by f because the clustering problem will be clear

from the context.

We now look at some properties of the 1-means problem.

For any point x ∈ <d, it is easy to check that

f2(P, x) = f2(P, c(P )) + |P | · d(c(P ), x)2. (4.1)

We can deduce an important property of any optimal solution to the 2-means clustering problem.

Suppose we are given an optimal solution to the 2-means clustering problem with respect to the input

P . Let C = {c1, c2} be the set of centers constructed by this solution. C produces a partitioning

of the point set P into 2 clusters, namely, P1, P2. Pi is the set of points for which the closest point

in C is ci. In other words, the clusters correspond to the points in the Voronoi regions in <d with

respect to C . Now, Fact 3.1 implies that ci must be the centroid of Pi for i = 1, 2.

Recall from Lemma 3.2 that the centroid of a small random sample of points in P can be a good

approximation to c(P ).

Suppose P ′ is a subset of P and we want to get a good approximation to the optimal 1-mean

for the point set P ′. Following Lemma 3.2, we would like to sample from P ′. But the problem

is that P ′ is not explicitly given to us. The following Lemma states that if the size of P ′ is close

to that of P , then we can sample a slightly larger set of points from P and hopefully this sample

would contain enough random samples from P ′. Let us define things more formally first. Let P be
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a set of points and P ′ be a subset of P such that |P ′| ≥ θ|P |, where θ is a constant between 0 and

1. Suppose we take a sample S of size 4
θε from P . Now we consider all possible subsets of size 2

ε

of S. For each of these subsets S ′, we compute its centroid c(S ′), and consider this as a potential

center for the 1-means problem instance on P ′. In other words, we consider f2(P
′, c(S′)) for all

such subsets S ′. The following Lemma shows that one of these subsets must give a close enough

approximation to the optimal 1-means solution for P ′.

Lemma 4.1 The following event happens with constant probability

min
S′:S′⊂S,|S′|= 2

ε

f2(P
′, c(S′)) ≤ (1 + ε)OPT1(P

′)

Proof. With constant probability, S contains at least 2
ε points from P ′. The rest follows from

Lemma 3.2.

4.2 The Algorithm and Proof of Correctness

We now present the 2-means clustering algorithm. In the following proofs, we use the standard

notation b(p, r) to denote the ball of radius r around a point p.

Theorem 4.2 Given a point set P of size n in <d, there exists an algorithm which produces a

(1+ ε)-approximation to the optimal 2-means solution on the point set P with constant probability.

Further, this algorithm runs in time O(2(1/ε)O(1)
dn).

Proof. Let α = ε/64. We can assume that OPT2(P ) > (1 + ε/2)OPT1(P ) otherwise the solution

to the 1-mean problem for P obtained by computing the centroid of P in O(nd) time that has cost

at most (1 + ε/2)OPT2(P ).

Consider an optimal 2-means solution for P . Let c1 and c2 be the two centers in this solution.

Let P1 be the points which are closer to c1 than c2 and P2 be the points closer to c2 than c1. So c1

is the centroid of P1 and c2 that of P2. Without loss of generality, assume that |P1| ≥ |P2|.
Since |P1| ≥ |P |/2, Lemma 4.1 implies that if we sample a set S of size O

(

1
ε

)

from P and

look at the set of centroids of all subsets of S of size 2
ε , then at least one of these centroids, call it c′1

has the property that f2(P1, c
′
1) ≤ (1 + α)f2(P1, c1). Since our algorithm is going to cycle through

all such subsets of S, we can assume that we have found such a point c′1.

Let the distance between c1 and c2 be t, i.e., d(c1, c2) = t.
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Lemma 4.3 d(c1, c
′
1) ≤ t/4.

Proof. Suppose d(c1, c
′
1) > t/4. Equation (4.1) implies that

f2(P1, c
′
1) − f2(P1, c1) = |P1|d(c1, c

′
1)

2 ≥ t2|P1|
16

.

But we also know that left hand side is at most αf2(P1, c1). Thus we get t2|P1| ≤ 16αf2(P1, c1).

Applying Equation (4.1) once again, we see that

f2(P1, c2) = f2(P1, c1) + t2|P1| ≤ (1 + 16α)f2(P1, c1).

Therefore, f2(P, c2) ≤ (1+16α)f2(P1, c1)+f2(P2, c2) ≤ (1+16α)OPT2(P ). This contradicts

the fact that OPT1(P ) > (1 + ε/2)OPT2(P ).

This completes the proof of Lemma 4.3.

Now consider the ball b(c′1, t/4). The previous Lemma implies that this ball is contained in the

ball B(c1, t/2) of radius t/2 centered at c1. So B(c′1, t/4) only contains points in P1. Since we are

looking for the point c2, we can delete the points in this ball and hope that the resulting point set has

a good fraction of points from P2.

This is what we prove next. Let P ′
1 denote the point set P1 − b(c′1, t/4). Let P ′ denote P ′

1 ∪P2.

As we noted above P2 is a subset of P ′.

Claim 4.2.1 |P2| ≥ α|P ′
1|

Proof. Suppose not, i.e., |P2| ≤ α|P ′
1|. Notice that

f2(P1, c
′
1) ≥ f2(P

′
1, c

′
1) ≥

t2|P ′
1|

16
.

Since f2(P1, c
′
1) ≤ (1 + α)f2(P1, c1), it follows that

t2|P ′
1| ≤ 16(1 + α)f2(P1, c1) (4.2)
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So,

f2(P, c1) = f2(P1, c1) + f2(P2, c1)

= f2(P1, c1) + f2(P2, c2) + t2|P2|
= f2(P1, c1) + f2(P2, c2) + t2α|P ′

1|
≤ f2(P1, c1) + f2(P2, c2)

+16α(1 + α)f2(P1, c1)

≤ (1 + 32α)f2(P1, c1) + f2(P2, c2)

≤ (1 + 32α)OPT2(P ),

where the second equation follows from Equation (4.1), while the fourth inequality follows from

Inequality (4.2) and the fact that |P2| ≤ α|P ′
1|. But this contradicts the fact that OPT1(P ) >

(1 + ε/2)OPT2(P ).

This completes the proof of Claim 4.2.1.

The above claim combined with Lemma 3.2 implies that if we sample O
(

1
α2

)

points from P ′,

and consider the centroids of all subsets of size 2
α in this sample, then with constant probability we

shall get a point c′2 for which f2(P2, c
′
2) ≤ (1 + α)f2(P2, c2). Thus, we get the centers c′1 and c′2

which satisfy the requirements of our Lemma.

The only problem is that we do not know the value of the parameter t. We will somehow need

to guess this value and yet maintain the fact that our algorithm takes only linear amount of time.

We can assume that we have found c′1 (this does not require any assumption on t). Now we need

to sample from P ′ (recall that P ′ is the set of points obtained by removing the points in P distant at

most t/4 from c′1). Suppose we know the parameter i such that n
2i ≤ |P ′| ≤ n

2i−1 .

Consider the points of P in descending order of distance from c′1. Let Q′
i be the first n

2i−1 points

in this sequence. Notice that P ′ is a subset of Q′
i and |P ′| ≥ |Q′

i|/2. Also we can find Q′
i in linear

time (because we can locate the point at position n
2i−1 in linear time). Since |P2| ≥ α|P ′

1|, we see

that |P2| ≥ α|Q′
i|/4. Thus, Lemma 3.2 implies that it is enough to sample O

(

1
α2

)

points from Q′
i

to locate c′2 (with constant probability of course).

But the problem with this scheme is that we do not know the value i. One option is try all

possible values of i, which will imply a running time of O(n log n) (treating the terms involving α

and d as constant). Also note that we cannot use approximate range searching because preprocessing

takes O(nlogn) time.
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We somehow need to combine the sampling and the idea of guessing the value of i. Our algo-

rithm proceeds as follows. It tries values of i in the order 0, 1, 2, . . .. In iteration i, we find the set

of points Q′
i. Note that Q′

i+1 is a subset of Q′
i. In fact Q′

i+1 is the half of Q′
i which is farther from

c′1. So in iteration (i + 1), we can begin from the set of points Q′
i (instead of P ′). We can find the

candidate point c′2 by sampling from Q′
i+1. Thus we can find Q′

i+1 in time linear in |Q′
i+1| only.

Further in iteration i, we also maintain the sum f2(P − Q′
i, c

′
1). Since f2(P − Q′

i+1, c
′
1) =

f2(P − Q′
i, c

′
1) + f2(Q

′
i − Q′

i+1, c
′
1), we can compute f2(P − Q′

i+1, c
′
1) in iteration i + 1 in time

linear in Q′
i+1. This is needed because when we find a candidate c′2 in iteration i + 1, we need to

compute the 2-means solution when all points in P − Q′
i are assigned to c′1 and the points in Q′

i

are assigned to the nearer of c′1 and c′2. We can do this in time linear in |Q′
i+1| if we maintain the

quantities f2(P − Q′
i, c

′
1) for all i.

Thus, we see that iteration i takes time linear in |Q′
i|. Since |Q′

i|’s decrease by a factor of 2,

the overall running time for a given value of c′1 is O(2(1/α)O(1)

dn). Since the number of possible

candidates for c′1 is O(2(1/α)O(1)

), the running time is as stated.

Claim 4.2.2 The cost, ∆, reported by the algorithm satisfies OPT2(P )≤∆≤(1 + α)OPT2(P ).

Proof. OPT2(P )≤∆ is obvious as we are associating each point with one of the 2 centers being

reported and accumulating the corresponding cost. Now, consider the case when we have the can-

didate center set where each center is a (1 + α)-approximate centroid of it’s respective cluster. As

we are associating each point to the approximate centroid of the corresponding cluster or a center

closer than it, it follows that ∆≤(1 + α)OPT2(P ). If we report the minimum cost clustering, C,

then since the actual cost of the clustering (due to the corresponding Voronoi partitioning) can only

be better than the cost that we report (because we associate some points with approximate centroids

of corresponding cluster rather than the closest center), we have OPT2(P )≤∆≤(1 + α)OPT2(P ).

This proves Claim 4.2.2.

This also completes the proof of Theorem 4.2.

4.3 General Properties of Clustering Problems

In this section, we generalize certain ideas and properties that we used in the 2-means algorithm.

Our generalized algorithm (c.f. Chapter 5) will work on any of the clustering problems defined in

Section 1.2 provided these properties are satisfied.
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The first idea that is used in the 2-means algorithm that we wish to generalize is that the 2-

means clustering problem cannot be solved by simply solving the 1-means clustering problem at

the expense of a small increase in the cost of the solution.

Definition We say that a point set P is (k, α)-irreducible if OPTk−1(P ) ≥ (1 + δα)OPTk(P ),

where δ is a constant determined by the nature of the clustering problem (e.g. k-median, k-means).

Otherwise we say that the point set is (k, α)-reducible.

Reducibility captures the fact that if P is (k, α)-reducible for a small constant α, then the op-

timal solution for C(f, k − 1) on P is close to that for C(f, k) on P . So if we are solving the

latter problem, it is enough to solve the former one. In fact, when solving the problem C(f, k)

on the point set P , we can assume that P is (k, α)-irreducible, where α = ε
8δk . Indeed, sup-

pose this is not the case. Let i be the highest integer such that P is (i, α)-irreducible. Then,

OPTk(P ) ≤ (1 + δα)k−iOPTi(P ) ≤ (1 + ε/4)OPTi(P ). Therefore, if we can get a (1 + ε/4)-

approximation algorithm for C(f, i) on input P , then we have a (1 + ε)-approximation algorithm

for C(f, k) on P . Thus it is enough to solve instances which are irreducible.

The first property that we want C(f, k) to satisfy is a fairly obvious one – it is always better to

assign a point in P to the nearest center. We state this more formally as follows :

Closeness Property : Let Q and Q′ be two disjoint set of points, and let q ∈ Q. Suppose

x and x′ are two points such that d(q, x) > d(q, x′). Then the cost function f satisfies the

following property

f(Q,x) + f(Q′, x′) ≥ f(Q − {q}, x) + f(Q′ ∪ {q}, x′).

This is essentially saying that in order to find a solution, it is enough to find the set of k centers.

Once we have found the centers, the actual partitioning of P is just the Voronoi partitioning with

respect to these centers. It is easy to see that the k-means problem and the k-median problem (both

the continuous and the discrete versions) satisfy this property.

We desire two more properties from C(f, k). The first property says that if we are solving

C(f, 1), then there should be a simple random sampling algorithm. The second property says that

suppose we have approximated the first i centers of the optimal solution closely. Then we should

be able to easily extract the points in P which get assigned to these centers. We describe these

properties in more detail below :
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One of the key ingredients of the 2-means clustering algorithm described in the previous section

(Lemma 3.2) is the ability to derive an approximate center for a set of points using a small (constant

size) random sample from the point set. The generalization of this requirement is formally presented

below.

Random Sampling Procedure : There exists a procedure A that takes a set of points Q ∈ <d

and a parameter α as input. A first randomly samples a small set R of constant, λα, points

from Q. Starting from R, A produces another set of points, which we call core(R), of constant

size, βα. A satisfies the condition that with constant probability there is at least one point

c ∈ core(R) such that OPT1(Q, {c}) ≤ (1 + α)OPT1(Q). Further the time taken by A to

produce core(R) from R is at most O(ηα · dn), where n is the size of Q and ηα is a constant.

As described in the previous section, if we take a random sample R of size λα = 2/α points

from the point set and compute its centroid, core(R) of size βα = 1, then with constant

probability, this centroid is a (1 + α) approximate to the mean of point set.

However, in the course of our algorithm, the set Q will not be explicitly known - instead we

sample from a superset P ⊇ Q. We will sample a slightly larger set of points from P and

then we isolate a λα subset that consists only of points in Q. Although we are not directly

sampling from Q, our sampling/isolation procedure must ensure that all λα subsets of Q are

equally likely in the same way if we had directly sampled from Q.

We now generalize the result of the previous section describing how we can perform the random

sampling procedure from a point set even when there exist extra points. Let P be a set of points

and Q be a subset of P such that |Q| ≥ θ|P |, where θ is a constant between 0 and 1. Suppose

that we require a sample of λα points from Q to generate the candidate center set that contains a

(1 + α)-approximation to the 1-center. Suppose we take a sample S of size O( 4λα
θ ) from P . Now

we consider all possible subsets of size λα of S. For each of these subsets S ′, we can generate a can-

didate centre set for the 1-center for the clustering problem using the Random Sampling Procedure,

A, and consider each one of these as a potential 1-center for the clustering problem instance on Q.

The following Lemma states that one of these subsets must give a close enough approximation to

the optimal 1-center solution for Q.

Lemma 4.4 (Superset Sampling Lemma) Let CEN (S ′) be the centre set generated using the Ran-

dom Sampling Procedure on sampled subset S ′. Then, the following event happens with constant
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probability

min
c′∈CEN (S′):S′⊂S,|S′|=λα

f(Q, c′) ≤ (1 + α)OPT1(Q).

Proof. With constant probability, S contains at least λα points from Q, the required sample size.

Clearly the set S ′ of λα points is equiprobable amongst all the point sets of the same size in Q (ob-

tained with replacement). The rest follows from the Random Sampling Procedure for the clustering

problem.

We will later see that our generalized algorithm yields a running time of O(2(k/ε)O(1)
nd) when

λα = O(
(

1
α

)O(1)
), βα = O(2(

1
α)

O(1)

) and ηα = O(2(
1
α)

O(1)

).

Another important property of the 2-means clustering algorithm described in the previous sec-

tion is the ability to obtain a random sample of points from the smaller cluster after carefully remov-

ing some points and then performing random sampling. Once we have approximated the center of

the larger cluster, we can remove enough of its points from around this center. This leaves us with a

point set, such that the smaller cluster forms a constant fraction of this point set. Thus, we can then

obtain a random sample of points from the smaller cluster of the required constant size by taking a

constant size random sample from the remaining point set.

We now generalize this property. Consider the optimal k-clustering of a point set, P , where i

centers are fixed (these correspond to the centers that have already been approximated) and k − i

centers are free to be selected from the centers of the optimal solution (these correspond to the

centers that are yet to be determined). We refer to the clusters centered at the fixed points as fixed

clusters and the clusters centered at the free centers as free clusters (see Figure 4.1). There exists a

value r such that if we construct balls of radius r around the i fixed centers, then these balls contain

enough points (S) of the fixed clusters, such that the free clusters form a constant fraction of the

remaining points lying outside these balls (P − S). This allows us to obtain a random sample of

points from the largest free cluster of the required constant size by taking a costant size random

sample from the remaining point set. This generalization is formally stated below.

Tightness Property : Let P be a set of points which is (k, α)-irreducible for some constant

α. Consider an optimal solution to C(f, k) on P – let C = {c1, . . . , ck} be the centers in this

solution. Suppose we have a set of i points C ′
i = {c′1, . . . , c′i}, such that OPTk(P,C ′) ≤ (1+

α/k)iOPTk(P ), where C ′ = {c′1, . . . , c′i, ci+1, . . . , ck}. Let P ′
1, . . . , P

′
k be the partitioning

of P if we choose C ′ as the set of centers (in other words this is the Voronoi partitioning of P

with respect to C ′). We assume w.l.o.g. that P ′
i+1 is the largest cluster amongst P ′

i+1, . . . , P
′
k.

Then there exists a set of points S such that the following conditions hold :
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Figure 4.1: Illustration of Tightness Property

(a) S is contained in P ′
1 ∪ . . . ∪ P ′

i .

(b) Let x ∈ S, x′ ∈ P − S. Then, d(x, {c′1, . . . , c′i}) ≤ d(x′, {c′1, . . . , c′i}).
(c) P − S contains at most

|P ′

i+1|
αO(1) points of P ′

1 ∪ . . . ∪ P ′
i .

We exemplify the existence of the tightness property for the k-means clustering problems.

Lemma 4.5 The k-means and discrete k-means clustering problems, having cost function f2(Q,x)

=
∑

q∈Q d(q, x)2 satisfy the tightness property.

Proof. We essentially need to show the existence of the desired set S, described in the definition

above.

Recall that in the discrete version of the problem, f2(Q,x) = ∞ when x is not a point of the

input point set. Consider the closest pair of centers between the sets C ′\C ′
i and C ′

i – let these centers

be cl and c′r respectively. Let t = d(cl, c
′
r). Let S be the set of points b(c′1, t/4) ∪ · · · ∪ b(c′i, t/4).
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Clearly, S is contained in P ′
1 ∪ · · · ∪ P ′

i . This shows (a). Also, for any x ∈ S, x′ ∈ P − S,

d(x, {c′1, . . . , c′i}) ≤ d(x′, {c′1, . . . , c′i}). This proves (b).

Suppose P − S contains more than |Pl|/α2 points of P ′
1 ∪ · · · ∪ P ′

i . In that case, these points

are assigned to centers at distance at least t/4. It follows that OPTk(P,C ′) is at least t2|Pl|
16α2 . This

implies that t2|Pl| ≤ 16α2OPTk(P,C ′). Let ml be the centroid of Pl. Further, let Tl be the

average cost paid by Pl when the center is its centroid, i.e., Tl =

∑

p∈Pl
d(p,ml)

2

|Pl| . Observe that

f2(Pl, cl) = |Pl|(Tl +d(cl,ml)
2). Therefore, if we assign the points in Pl from cl to c′r, the increase

in cost is

|Pl|
(

d(c′r,ml)
2 − d(cl,ml)

2
)

≤ |Pl|
(

(d(c′r, cl) + d(cl,ml))
2 − d(cl,ml)

2
)

≤ |Pl|
(

t2 + 2td(cl,ml)
)

We know that the first term above, i.e., |Pl|t2 is at most 16α2OPTk(P,C ′). We now need to

bound the second term only. We consider two cases

• t ≤ αd(cl, cm) : In this case, |Pl| · 2td(cl,ml) ≤ 2αd(cl,ml)
2|Pl| ≤ 2αf2(Pl, cl) ≤

2αOPTk(P,C ′).

• t > αd(cl, cm) : In this case, |Pl| · 2td(cl,ml) ≤ 2t2|Pl|
α ≤ 32αOPTk(P,C ′).

Thus, in either case, the cost increases by at most

48αOPTk(P,C ′) ≤ 48α(1 + α/k)i
OPTk(P ) ≤ 48α(1 + α/k)k

OPTk(P ) ≤ 144αOPTk(P ).

But this contradicts the fact that P is (k, α)-irreducible for δ = 144. This proves the tightness

property.

We now make some important observations about the Tightness Property in the case when there

are multiset (coincident) points. These observations are important in solving the weighted versions

of the clustering problems efficiently (c.f. Section 5.6).

Observation 4.1 In a multiset clustering problem, given a set of k centers, there always exists an

optimal clustering (for these k centers) in which all the points that share the same co-ordinates are

assigned to the same center.

By the Closeness Property, every point is assigned to its closest center. Now, if there are two

centers equidistant from a point, it does not matter which center they get assigned to as this does
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not change the cost of the solution. Therefore we can always modify an optimal clustering to get

another clustering satisfying the above condition which has the same cost.

Observation 4.2 In a multiset clustering problem, the Tightness Property can be extended to ensure

that any pair of coincident points either belong to S or to P − S, i.e., they are not split between S

and P − S.

This follows from the fact that the optimal clustering is determined by the Voronoi partitioning

of the point set (Closeness Property ) and Observation 4.1 above. Let S be a set satisfying the

conditions of the tightness property. Consider the points of P − S that are coincident with some

point of S. Let this set of points be X . Then it can be easily verified that the set S ∪X also satisfies

the conditions of the tightness property and any pair of coincident points either belong to S ∪ X or

P − (S ∪ X).



Chapter 5

A General Algorithm for Clustering

In this chapter, we present a general approach for designing approximation algorithms for a class

of geometric clustering problems in arbitrary dimensions. More specifically, our approach leads

to simple randomized algorithms for the k-means, k-medians and discrete k-means problems that

yield (1 + ε) approximations with probability ≥ 1/2 and running time ∈ O(2(k/ε)O(1)
dn). Our

method is general in the sense that it is applicable to clustering problems satisfying certain simple

properties and is likely to have further applications. Parts of these results have appeared in [45] and

[46].

We can show that if a clustering problem C(f, k) satisfies the conditions stated in the previous

chapter (see Section 4.3), then there is an algorithm which with constant probability produces a

solution within (1 + ε) factor of the optimal cost. Further the running time of this algorithm is

O(2(
k
ε )

O(1)

· dn).

Fix a clustering problem C(f, k). Fix an instance consisting of a set P of n points in <d.

Suppose we are given a constant ε > 0. We would like to construct a solution for the clustering

problem whose cost is within (1 + ε) of the optimal cost.

In Section 5.1, we present a brief outline of our algorithm. In Section 5.2, we describe a general

approach for solving clustering problems efficiently. In subsequent sections we give applications of

the general method by showing that this class of problems includes the k-means, k-medians and dis-

crete k-means problems. In Section 5.4.3, we also describe an efficient approximation algorithm for

the 1-median problem. In Section 5.6, we extend our algorithms for efficiently handling weighted

point sets.

57
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5.1 Outline

We present a brief outline of the algorithm.

We can assume that the solution is irreducible, i.e., removing one of the centers does not create

a solution which has cost within a small factor of the optimal solution.

We start with k optimal (unknown) centers. In each iteration, we will consider the optimal

clustering formed by i currently known centers and k − i optimal (unknown) centers. Call this the

optimal clustering of the current iteration. Our goal will be to approximate the next largest cluster,

so that the resulting clustering is an approximation to the optimal clustering of the current iteration.

We will bound the overall approximation factor to within a factor of (1+ε) of the optimal clustering.

One of the main challenges is to accurately estimate the centers of the (optimal) clustering that

may have widely varying sizes [9, 53]. In order to obtain a linear time algorithm, this must be done

efficiently.

Suppose we have found centers c′1, . . . , c
′
i. As the clustering problem satisfies the tightness

property, we know that there exists a value r such that the points at a distance of at most r from

{c′1, . . . , c′i} (set S of the tightness property) get assigned to c1, . . . , ci by the optimal solution

induced by these k centers. So, we can delete these points. Without loss of generality, we assume

that the largest cluster from amongst those centered around the unknown clusters {ci+1, . . . , ck} is

centered around ci+1. Let P ′
i+1 be this clustering. Now we can show that among the remaining

points, the size of P ′
i+1 is significant. Therefore, we can use random sampling to obtain a center

c′i+1 which is a pretty good estimate of ci+1. Of course we do not know the value of r, and so a

naive implementation of this idea gives an O(n(log n)k) time algorithm.

But now we want to modify it to a linear time algorithm. This is where the algorithm gets more

involved. As mentioned above, we can not guess the parameter r. So we try to guess the size of

the point set obtained by removing the points in the balls of radius r around {c1, . . . , ci} (P − S).

So we work with the remaining point set with the hope that the time taken for this remaining point

set will also be small and so the overall time will be linear. Now, we describe the actual clustering

algorithm.

5.2 The Algorithm

The algorithm is described in Figures 5.1 and 5.2. Figure 5.1 is the main algorithm. The inputs

are the point set P , k and an approximation factor ε. Let α denote ε
8δk , where δ is a suitable
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Algorithm k-clustering(P, k, ε)
Inputs : Point set P , number of clusters k, approximation ratio ε.
Output : k-clustering of P .

1. For i = 1 to k do
Obtain the clustering Irred-k-clustering(P, i, i, φ, ε/(8δk), 0).

2. Return the clustering which has minimum cost.

Figure 5.1: The k-clustering Algorithm

constant depending on the nature of the clustering problem, as determined by the irreducibility of

the clustering problem (see Definition 4.3). The algorithm k-clustering(P, k, ε) tries to find the

highest i such that P is (i, α)-irreducible. Essentially we are saying that it is enough to find i

centers only. Since we do not know this value of i, the algorithm tries all possible values of i.

We now describe the algorithm Irred-k-clustering(Q,m, k,C, α, Sum). We have found a set

C of k − m centers already. The points in P − Q have been assigned to C . We need to assign

the remaining points in Q. The case m = 0 is clear. In step 2, we try to find a new center that

is a (1 + α/k)-approximation to the 1-center of the next largest cluster by the Random Sampling

Procedure, A, for the clustering problem. This will work provided a good fraction of the points in

Q do not get assigned to C . If this is not the case then in step 3, we assign half of the points in Q to

C and call the algorithm recursively with this reduced point set. For the base case, when |C| = 0, as

P1 is the largest cluster, we require to sample only O(kλα/k) points, where λα/k is the sample size

required by the Random Sampling Procedure, A. This is tackled in Step 2. Step 3 is not performed

in this case, as there are no centers.

5.3 Analysis and Proof of Correctness

We can now show that if we have the Random Sampling Procedure described above, then we can

get a (1 + ε)-approximation algorithm for the clustering problem with constant probability. Further

the running time of the algorithm is O(2( k
ε
)O(1)

dn).

Theorem 5.1 Suppose a point set P is (k, α)-irreducible. Then the algorithm

Irred-k-clustering(P, k, k, ∅, α, 0) returns a solution to the clustering problem C(f, k) on input P
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Algorithm Irred-k-clustering(Q, m, k, C, α, Sum)
Inputs : Q: Remaining point set, m: number of cluster centers yet to

be found, k: total number of clusters,
C: set of k − m cluster centers found so far,
α: approximation factor, Sum: the cost of assigning points in P − Q

to the centers in C
Output : The clustering of the points in Q in k clusters.

1. If m = 0
Assign the points in Q to the nearest centers in C.
Sum = Sum + The clustering cost of Q.
Return the clustering.

2. (a) Sample a set S of size O(λα/kk/αO(1)) from Q.
(b) For each subset S ′ of S of size λα/k do

Compute the candidate centre set from S ′.
For each center, c, in the candidate center set, obtain the
clustering Irred-k-clustering(Q, m− 1, k, C ∪ {c}, α, Sum).

3. (a) Consider the points in Q in ascending order of distance from C.
(b) Let U be the first |Q|/2 points in this sequence.
(c) Assign the points in U to the nearest centers in C.
(d) Sum = Sum + The clustering cost of U .
(e) Compute the clustering Irred-k-clustering(Q− U, m, k, C, α, Sum).

4. Return the clustering which has minimum cost.

Figure 5.2: The irreducible k-clustering algorithm

of cost at most (1 + α)OPTk(P ) with probability γk, where γ is a constant.

Proof. Consider an optimal solution to C(f, k) on input P . Let the centers be K = {c1, . . . , ck}
and let these partition the point set P into clusters P1, . . . , Pk respectively. The only source of

randomization in our algorithm is the invocations to the superset sampling Lemma (Lemma 4.4).

Recall that the desired event in the superset sampling Lemma happens with constant probability.

For ease of exposition, we shall assume that this desired event in fact always happens when we

invoke this Lemma. At the end of this proof, we will compute the actual probability with which our

algorithm succeeds. Thus, unless otherwise stated, we assume that the desired event in the superset

sampling Lemma always happens.
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Observe that when we call Irred-k-clustering with input (P, k, k, ∅, α, 0), it gets called recur-

sively again several times (although with different parameters). Let W be the set of all calls to

Irred-k-clustering when we start it with input (P, k, k, ∅, α, 0). Let Wi be those calls in W in

which the parameter C (i.e., the set of centers already found) has size i.

For all values of i, our algorithm shall maintain the following invariant :

Invariant : The set Wi contains a call in which the list of parameters (Q,m, k,C, α, Sum)

has the following properties :

(1) If the optimal solution, K, is (k, α)-irreducible and C ′
i = {c′1, . . . , c′i} is a set of i known

centers then there exists a set C ′′
i = {ci+1, . . . , ck} of k − i unknown centers, C ′′

i ⊆ K,

such that OPTk(P,C ′) ≤ (1 + α/k)iOPTk(P ), where C ′ = C ′
i ∪ C ′′

i .

(2) Let P ′
1, . . . , P

′
k be the partitioning of P if we choose C ′ as the set of centers (in other

words this is the Voronoi partitioning of P with respect to C ′), where C ′ is as defined

above. Then the set P − Q is a subset of P ′
1 ∪ · · · ∪ P ′

i .

Clearly, if we show that the invariant holds for i = k, then we are done. It holds trivially for

i = 0. Suppose the invariant holds for some fixed i. We shall show that the invariant holds for

(i + 1) as well. We assume w.l.o.g. that P ′
i+1 is the largest cluster amongst P ′

i+1 ∪ · · · ∪ P ′
k. Our

algorithm approximates the center of P ′
i+1 and we show that this center when added to C ′

i forms the

required set of centers C ′
i+1 for the next iteration.

As the invariant holds for i, there exist parameter lists in Wi which satisfy the invariant proper-

ties mentioned above. Consider any such parameter list. As the conditions of the Tightness Property

are met, there exists a set S contained in P ′
1 ∪ · · · ∪ P ′

i such that P − S contains at most |P ′
i+1|/α

points of P ′
1 ∪ · · · ∪ P ′

i . Let P̄ denote P − S.

We show in Claim 5.3.1 that the invariant properties imply that Q contains all the points of

P ′
i+1 ∪ · · · ∪ P ′

k . Further, in Claim 5.3.2, we show that P ′
i+1 forms a constant fraction of the points

of P̄ , i.e., |P ′
i+1| ≥ αO(1)

k |P̄ |. It follows that |P ′
i+1| ≥ αO(1)

k |P̄ ∩ Q|. So, if we knew P̄ , then we

could get a point c′i+1 which is a (1+α/k) approximation to ci+1 (as the 1-center of the cluster P ′
i+1)

by sampling O((λα/kk/αO(1))) points from P̄ ∩ Q, and generating the candidate center set of size

O(2( k
α

λα/k)O(1)
βα/k) as described by the Random Sampling Procedure and the Superset Sampling

Lemma. But of course we do not know P̄ .

Note that we actually only require a constant factor approximation to P̄ ∩ Q. Amongst the pa-

rameter lists in Wi satisfying the invariant conditions mentioned above, choose a list (Q,m, k,C, α,
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Sum) for which |Q| is smallest.

Note that condition (b) of the tightness property suggests that when we consider the points in P

(and therefore Q) in order of distance from the centers in C ′
i, then the points of S are closer than

the points of P̄ . Therefore, we can eliminate half the remaining points of Q in order of distance

from these centers until we get to a factor 2 approximation to P̄ ∩ Q. This is done recursively in

Step 3 of the algorithm. In fact, a call to the algorithm Irred-k-clustering that corresponds to Q

being a factor 2 approximation to P̄ ∩ Q corresponds to a parameter list (Q,m, k,C, α, Sum) in

Wi, satisfying the invariant conditions, for which |Q| is smallest. We prove this in Lemma 5.2.

Note that this is similar to the process of eliminating points in order of distance from the ap-

proximate center of the larger cluster till we get to a constant fraction of the points in the second

cluster in the 2-means clustering algorithm described in Section 4.2.

We now formally prove the above claims.

Claim 5.3.1 P ′
i+1 ∪ · · · ∪ P ′

k is contained in P̄ ∩ Q.

Proof. We already know that S is contained in P ′
1∪· · ·∪P ′

i . Therefore, P ′
i+1∪· · ·∪P ′

k is contained

in P̄ . We only require to show that P ′
i+1 ∪ · · · ∪ P ′

k ⊆ Q.

Suppose that the claim is not true. Then there exists a point x ∈ P ′
i+1 ∪ · · · ∪ P ′

k such that x ∈
P − Q. This means that x was eliminated in a previous iteration. Let that iteration be j < i. Then

there exist centers c′1, . . . , c
′
j ∈ C ′

i, such that in iteration j, d(x, {c′1, . . . , c′j})≤d(x, {ci+1, . . . , ck}).
This implies that d(x,C ′

i)≤d(x,C ′′
i ). This contradicts that x ∈ P ′

i+1 ∪ · · · ∪ P ′
k by the closeness

property of the clustering problem.

This proves Claim 5.3.1.

Claim 5.3.2 |P ′
i+1| ≥ αO(1)

k |P̄ |.

Proof. By the tightness property, we know that there are at most |P ′
i+1|/α elements of P ′

1∪ . . .∪P ′
i

in P̄ . Therefore, since P ′
i+1, . . . , P

′
k are the clusters associated with the centers in C ′′

i and P ′
i+1 is

the largest of these clusters, we have |P̄ | ≤ |P ′
i+1|/αO(1) + |P ′

i+1| + . . . + |P ′
k| ≤ |P ′

i+1|/αO(1) +

k|P ′
i+1| ≤ k

αO(1) |P ′
i+1|.

This proves Claim 5.3.2.

Recall that we are considering the parameter list (Q,m, k,C, α, Sum) in Wi, satisfying the

invariant conditions, for which |Q| is smallest.

Lemma 5.2 |P̄ ∩ Q| ≥ |Q|/2.
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Proof. Suppose not, i.e., |P̄ ∩ Q| ≤ |Q|/2.

Claim 5.3.3 Consider the points in Q sorted in ascending order of the distance from C . Let U be

the first |Q|/2 points in this order. Then U does not contain a point of P̄ ∩ Q.

Proof. Follows from condition (b) of the Tightness Property for the clustering problem and the

assumption that |P̄ ∩ Q| ≤ |Q|/2.

So, if U is as defined in the claim above, then P̄ ∩ Q is a subset of Q − U . Since P ′
i+1 ∪ · · · ∪ P ′

k

is contained in P̄ ∩ Q (because of Claim 5.3.1 and the fact that Q is in the parameter list which

satisfies the invariant for i), it follows that P ′
i+1∪· · ·∪P ′

k is a subset of Q−U . Thus, the parameter

list (Q − U,C, k,m, α, Sum) which is formed in Step 3(e) of the algorithm satisfies the invariant

for i as well, i.e., it is in Ci. But this violates the fact that (Q,C, k,m, α, Sum) was the parameter

list satisfying the invariant for i in Ci for which |Q| is smallest.

This proves Lemma 5.2.

The Lemma above implies that |P̄ ∩ Q| ≥ |Q|/2. Combined with Claim 5.3.2, we get |P ′
i+1| ≥

αO(1)|Q|
4k . The superset sampling Lemma combined with the claim above imply that by sampling

O(λα/kk/αO(1)) points from Q and generating the candidate center set as described by the Random

Sampling Procedure, A, for the clustering problem, we shall get a point c′i+1 such that f(P ′
i+1, c

′
i+1)

≤ (1 + α/k)f(P ′
i+1, ci+1), where ci+1∈C ′′

i is the center of P ′
i+1 in the optimal clustering induced

by C ′. This is the case handled by the step 2(b) in the algorithm Irred-k-clustering. In this case

the algorithm is called again with parameters (Q,m − 1, k, C ∪ {c′i+1}, α, Sum). It is easy to

see now that this parameter list satisfies the invariant for i + 1. The set of known centers C ′
i+1

for the next iteration is C ′
i ∪ {c′i+1} and the set of unknown centers C ′′

i+1 is C ′′
i \{ci+1}. Since

f(P ′
i+1, c

′
i+1) ≤ (1+α/k)f(P ′

i+1, ci+1) and the clustering problem satisfies the closeness property,

it follows that OPTk(P,C ′
i+1 ∪C ′′

i+1)≤(1+α/k)OPTk(P,C ′)≤(1+α/k)i+1OPTk(P ). Thus we

have shown that the invariant holds for all values of i.

As we mentioned earlier, a parameter list (Q,m, k,C, α, Sum) which satisfies the invariant for

i = k has the desired centers in C .

It is easy to verify that the cost reported by the algorithm OPTk(P,C) satisfies

OPTk(P )≤OPTk(P,C)≤(1 + α/k)k
OPTk(P )≤(1 + 2α)OPTk(P )≤(1 + ε/4)OPTk(P ).

This proves the correctness of our algorithm. We just need to calculate the probability with

which the algorithm is called with such a parameter list.
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Note that the only source of randomness in Irred-k-clustering is in the Step 2(a). The sampling

gives the desired result with constant probability (according to Lemma 4.4). Further each time we

execute Step 2, we decrease m by 1. So, in any sequence of successive recursive calls, there can

be at most k invocations of Step 2. Now, we have just shown that there is a parameter list in Wk

for which C contains a set of centers close to the optimal clusters. Let us look at the sequence of

recursive calls which have resulted in this parameter list. In these sequence of calls, as we mentioned

above, there are k invocations of the random sampling. Each of these work correctly with constant

probability. Therefore, the probability that we actually see this parameter list during the execution

of this algorithm is γk for some constant γ.

This completes the proof of Theorem 5.1

Now we establish the running time of our algorithm.

Theorem 5.3 The algorithm Irred-k-clustering when called with parameters (P, k, k, ∅, α, 0) runs

in time O(2(k/α)O(1)
dn), where n = |P |.

Proof. Let T (n,m) be the running time of our algorithm on input (Q,m, k,C, α, Sum) where n =

|Q|. Then in Step 2(b), we have u(k, α) subsets of the sample, where u(k, α) = O(2(λα/k
k
α

)O(1)
).

Computation of the candidate center set from any set S ′ in Step 2(b) takes O(ηα/k · nd) time. Steps

3(a)-(d) take O(nd) time. Therefore we get the recurrence

T (n,m) = O(u(k, α) · βα/k)T (n,m − 1) + T (n/2,m) + O(u(k, α) · ηα/k · nd).

Let λα = O(1/αO(1)), βα = O(2(1/α)O(1)
) and ηα = O(2(1/α)O(1)

). Choose c =

O(2(k/α)γ
) to be large enough, for a suitable constant γ, such that

T (n,m) ≤ c · T (n,m − 1) + T (n/2,m) + c · nd.

We claim that T (n,m) ≤ cm · 23m2 · nd. The proof is by induction. Consider the base cases.

T (n, 0) = knd as there are no more centers to be determined and the points only need to be

assigned to the closest center. Also, T (0,m) = 0 as there are no points and therefore it holds

vacuously. For the inductive step, suppose that the claim holds for T (n′,m′) ∀n′,∀m′ < m and it

holds for T (n′,m′) ∀n′ < n,∀m′. Then, we are required to show that

cm · 23m2 · nd ≥ c · cm−1 · 23(m−1)2 · nd + cm · 23m2 · n

2
d + c · nd.
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For this, it suffices to show that 23m2 ≥ 23(m−1)2 + 23m2−1 + 1 which clearly holds for m ≥ 1.

It follows that T (n, k) is O(2(k/α)O(1)
dn) when λα = O(1/αO(1)), βα = O(2(1/α)O(1)

) and

ηα = O(2(1/α)O(1)
).

We can now state our main Theorem.

Theorem 5.4 For a clustering problem satisfying the Closeness Property, Tightness Property and

for which there exists a Random Sampling Procedure, a (1 + ε)-approximate solution for a point

set P in <d can be found in time O(2(k/ε)O(1)
dn), with constant probability.

Proof. We can run the algorithm Irred-k-clustering ck times for some constant c to ensure that it

yields the desired result with constant probability. This still keeps the running time O(2(k/α)O(1)
dn).

So let us assume this algorithm gives the desired solution with constant probability.

Notice that the running time of our main algorithm in Figure 5.1 is also O(2(k/α)O(1)
dn). We

just have to show that it is correct.

Let i be the highest index for which P is (i, α)-irreducible. So, it follows that

OPTi(P ) ≤ (1 + δkα)OPTi+1(P ) ≤ · · · ≤ (1 + δkα)k−i
OPTk(P ) ≤ (1 + ε/4)OPTk(P ).

Further, we know that the algorithm Irred-k-clustering on input (P, i, i, ∅, α, 0) yields a set of i

centers C for which OPTk(P,C) ≤ (1 + ε/4)OPTi(P ). Therefore, we get a solution of cost at

most (1 + ε/4)(1 + ε/4)OPTk(P ) ≤ (1 + ε)OPTk(P ). This proves the Theorem.

We now give applications to various clustering problems. We show that these clustering prob-

lems satisfy the tightness property and admit a random sampling procedure as described in the

previous section.

For the k-means clustering problem, the random sampling property follows from Lemma 3.2

shown by Inaba et al [37], and the tightness property follows from Lemma 4.5. This leads to the

following Corollary to Theorem 5.4.

Corollary 5.5 Given a point set P of n points in <d, a (1+ε)-approximate solution to the k-means

clustering problem can be found in time O(2(k/ε)O(1)
dn), with constant probability.

5.4 k-medians Clustering

As described earlier, the clustering problem C(f, k) is said to be the k-median problem if f(Q,x) =
∑

q∈Q d(q, x). We now exhibit the Random Sampling Procedure and the Tightness Property for this
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problem leading to the following Corollary to Theorem 5.4.

Corollary 5.6 Given a point set P of n points in <d, a (1 + ε)-approximate solution to the k-

medians clustering problem can be found in time O(2(k/ε)O(1)
dn), with constant probability.

5.4.1 Random Sampling Procedure

Badoiu et al. [9] showed that a small random sample can be used to get a close approximation to

the optimal 1-median solution. Given a set of points P , let AvgMed(P ) denote OPT1(P )
|P | , i.e., the

average cost paid by a point towards the optimal 1-median solution.

Lemma 5.7 [9] Let P be a set of points in <d, and ε be a constant between 0 and 1. Let X be

a random sample of O(1/ε3log1/ε) points from P . Then with constant probability, the following

two events happen: (i) The flat span(X) contains a point x such that OPT1(P, {x}) ≤ (1 +

ε)OPT1(P ). and (ii) X contains a point y at distance at most 2AvgMed(P ) from x.

We now show that if we can upper and lower bound AvgMed(P ) up to constant factors, then

we can construct a small set of points such that at least one of these is a good approximation to the

optimal center for the 1-median problem on P .

Lemma 5.8 Let P be a set of points in <d and X be a random sample of size O(1/ε3log1/ε) from

P . Suppose we happen to know numbers a and b such that a ≤ AvgMed(P ) ≤ b. Then, we can

construct a set Y of O(2(1/ε)O(1)
log(b/εa)) points such that with constant probability there is at

least one point z ∈ X ∪ Y satisfying OPT1(P, {z}) ≤ (1 + 2ε)OPT1(P ). Further, the time taken

to construct Y from X is is O(2(1/ε)O(1)
d).

Proof. Our construction is similar to that of Badoiu et al. [9]. We can assume that the result stated in

Lemma 5.7 holds (because this happens with constant probability). Let x and y be as in Lemma 5.7.

We will carefully construct candidate points around the points of X in span(X) in an effort to

get within close distance of x.

For each point p ∈ X , and each integer i in the range [blog ε
4ac, dlogbe] we do the following – let

t = 2i. Consider the grid Gp(t) of side length εt/(4|X|) = O(tε4log(1/ε)) in span(X) centered

at p. We add all the vertices of this grid lying within distance at most 2t from p to our candidate set

Y . This completes the construction of Y . It is easy to see that the time taken to construct Y from

X is O(2(1/ε)O(1)
d).

We now show the existence of the desired point z ∈ X ∪ Y . Consider the following cases:
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1. d(y, x)≤εAvgMed(P ) : Using triangle inequality, we see that

f(P, y) ≤ f(P, x) + |P |d(y, x) ≤ (1 + 2ε)OPT1(P ).

Therefore y itself is the required point.

2. d(y, x) > εAvgMed(P ) : Consider the value of i such that 2i−1≤AvgMed(P )≤2i – while

constructing Y , we must have considered this value of i for all points in X . Let t = 2i.

Clearly, t/2≤AvgMed(P )≤t.

Observe that d(y, x)≤2AvgMed(P )≤2t. Therefore, in the manner by which we have con-

structed Gy(t), there must be a point p ∈ Gy(t) for which d(p, x) ≤ εt/2 ≤ εAvgMed(P ).

This implies that

f(P, p) ≤ f(P, x) + |P |d(x, p) ≤ (1 + 2ε)OPT1(P ).

Hence p is the required point.

This completes the proof of Lemma 5.8.

We now show the existence of the random sampling procedure.

Theorem 5.9 Let P be a set of n points in <d, and let ε be a constant, 0 < ε < 1/12. There exists

an algorithm which randomly samples a set R of O(( 1
ε )O(1)) points from P . Using this sample only,

it constructs a set of points core(R) such that with constant probability there is a point x ∈ core(R)

satisfying f(P, x) ≤ (1 + O(ε))OPT1(P ). Further, the time taken to construct core(R) from R is

O(2(1/ε)O(1)
d).

Proof. Consider the optimal 1-median solution for P – let c be the center in this solution. Let

T denote AvgMed(P ). Consider the ball B1 of radius T/ε2 around c. Let P ′ be the points of P

contained in B1. It is easy to see that |P ′| ≥ (1 − ε2)n.

Sample a point p at random from P . With constant probability, it lies in P ′. Randomly sample

a set Q of 1/ε points from P . Again, with constant probability, these points lie in P ′. So we assume

that these two events happen. Let v =
∑

q∈Q d(q, p). We want to show that v is actually close to

AvgMed(P ).

Let B2 denote the ball of radius εT centered at p. One of the following two cases must happen :
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• There are at least 2ε|P ′| points of P ′ outside B2 : In this case, with constant probability, the

sample Q contains a point outside B2. Therefore, v ≥ εT . Also notice that any two points in

B1 are at distance at most 2T/ε2 from each other. So, v ≤ 2T |Q|/ε2. We choose a = v/ε

and b = vε2

2|Q| . Notice that b/a is O(εO(1)). We can now use the Lemma 5.8 to construct the

desired core set.

• There are at most 2ε|P ′| points of P ′ outside B2 : Suppose d(p, c) ≤ 4εT . In this case

f(P, p) ≤ (1 + O(ε))OPT1(P ) and we are done. So assume this is not the case. Note that

the number of points outside B2 is at most |P − P ′| + 2ε|P ′| ≤ ε2n + 2ε(1 − ε2)n ≤ 3εn.

Now suppose we assign all points of P from c to p. Let us see the change in cost. The distance

the points in B2 have to travel decreases by at least d(c, p)−2εR. The increase in the distance

for points outside B2 is at most d(c, p). So the overall decrease in cost is at least

|B2|(d(c, p) − 2εR) − (n − |B2|)d(c, p) > 0

if we use |B2| ≥ n(1 − 3ε) and d(c, p) ≥ 4εR. This yields a contradiction because c is the

optimal center. Thus we are done in this case as well.

This proves Theorem 5.9.

Thus we have shown the existence of the random sampling procedure.

5.4.2 Tightness Property

We now show the existence of tightness property.

Lemma 5.10 The k-medians clustering problem, having cost function f1(Q,x) =
∑

q∈Q d(q, x)

satisfies the tightness property.

Proof. We need to show the existence of the desired set S.

Consider the closest pair of centers between the sets C ′\C ′
i and C ′

i – let these centers be cl and

c′r respectively. Let t = d(cl, c
′
r). Let S be the set of points b(c′1, t/4) ∪ · · · ∪ b(c′i, t/4), i.e., the

points which are distant at most t/4 from C ′
i = {c′1, . . . , c′i}.

Clearly, S is contained in P ′
1 ∪ · · · ∪ P ′

i . This shows (a). Also, for any x ∈ S, x′ ∈ P − S,

d(x, {c′1, . . . , c′i}) ≤ d(x′, {c′1, . . . , c′i}). This proves (b).

Suppose P −S contains more than |Pl|/α points of P ′
1 ∪ · · · ∪P ′

i . In that case, these points are

assigned to centers at distance at least t/4. It follows that OPTk(P,C ′) is at least t|Pl|
4α . This implies
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that t|Pl| ≤ 4αOPTk(P,C ′). But then if we assign all the points in Pl to c′r, the cost increases by

at most

|Pl|t ≤ 4αOPTk(P,C ′) ≤ 4α(1 + α/k)i
OPTk(P ) ≤ 4α(1 + α/k)k

OPTk(P ) ≤ 12αOPTk(P ).

But this contradicts the fact that P is (k, α)-irreducible for δ = 12. This proves the tightness

property.

5.4.3 Applications to the 1-median Problem

In this section, we present an algorithm for the 1-median problem. Given a set of n points in <d, the

algorithm with constant probability produces a solution of cost at most (1 + ε) of the optimal cost

for any constant ε > 0. The running time of the algorithm is O(21/εO(1)
d). Here, it is assumed that

the input is provided in some standard representation (for instance as an array by passing its pointer)

and the algorithm does not have to read the entire input but it may determine the output by checking

only a subset of the input elements. Here, we require that it is possible to randomly sample a point

in constant time.

Our algorithm is based on the following idea presented by Indyk [38].

Lemma 5.11 [38] Let X be a set of n points in <d. For a point a ∈ <d and a subset Q ⊆ X ,

define SQ(a) =
∑

x∈Q d(a, x) and S(a) = SX(a). Let ε be a constant, 0 ≤ ε ≤ 1. Suppose a and

b are two points such that S(b) > (1 + ε)S(a). Then,

Pr





∑

x∈Q

d(a, x)≥
∑

x∈Q

d(b, x)



 < e−ε2|Q|/64.

We now show the existence of a fast algorithm for approximating the optimal 1-median solution.

Theorem 5.12 Let P be a set of n points in <d, and let ε be a constant, 0 < ε < 1. There exists an

algorithm which randomly samples a set R of O(( 1
ε )O(1)) points from P . Using this sample only, it

finds a point p such that f(P, x) ≤ (1 + O(ε))OPT1(P ) with constant probability (independent of

ε). The time taken by the algorithm to find such a point p from R is O(2(1/ε)O(1)
d).

Proof. We first randomly sample a set R1 of O((1
ε )O(1)) points from P and using Theorem 5.9,

construct a set core(R1) of O(2(1/ε)O(1)
) points such that with constant probability, there is a point

x ∈ core(R1) satisfying f(P, x) ≤ (1 + O(ε))OPT1(P ).
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Now we randomly sample a set R2 of O((1/ε)O(1)) points and find the point p ∈ core(R1)

for which SR2(p) = f1(R2, p) is minimum. By Lemma 5.11, p is with constant probability a

(1 + O(ε))-approximate median of P .

Clearly, the time taken by the algorithm is O(2(1/ε)O(1)
d).

Also note that we can boost the success probability to an arbitrarily small constant by selecting

a large enough (yet constant) sample R.

5.5 Discrete k-means Clustering

This is the same as the k-means problem with the additional constraint that the centers must be

chosen from the input point set only.

The tightness property follows from Lemma 4.5. We now exhibit the Random Sampling Proce-

dure for this problem leading to the following Corollary to Theorem 5.4.

Corollary 5.13 Given a point set P of n points in <d, a (1+ε)-approximate solution to the discrete

k-means clustering problem can be found in time O(2(k/ε)O(1)
dn), with constant probability.

5.5.1 Random Sampling Procedure

We first show that given a good approximation to the center of the optimal (continuous) 1-means

problem, we can get a good approximation to the center of the optimal discrete 1-means problem.

We require some additional notations. Let P be a set of n points in <d. Let c be the center of the

optimal solution to the (continuous) 1-means problem on P .

Lemma 5.14 Let α be a constant, 0 < α < 1, and c′ be a point in <d such that
∑

p∈P d(p, c′)2 ≤
(1 + α)

∑

p∈P d(p, c)2. Let x′ be the point of P closest to c′. Then OPT1(P, {x′})≤(1 + O(
√

α))

OPT1(P ).

Proof. Let x be the center of the optimal discrete 1-mean solution, i.e., OPT1(P, {x}) = OPT1(P ).

Let T be the average cost paid by the points of P in the optimal 1-means solution, i.e., T =
∑

p∈P d(p,c)2

|P | .

Then OPT1(P ) = |P |(T + d(c, x)2) and OPT1(P, {x′}) = |P |(T + d(c, x′)2). From the

definition of c′, we know that d(c, c′)2≤αT .
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Notice that

d(c, x′)≤d(c, c′) + d(c′, x′)≤d(c, c′) + d(c′, x)≤2d(c, c′) + d(c, x).

We know that f2(P, x) = |P |(T + d(c, x)2) and f2(P, x′) = |P |(T + d(c, x′)2). So

f2(P, x′) − f2(P, x) = |P |(d(c, x′)2 − d(c, x)2)

≤ |P |
(

(2d(c, c′) + d(c, x))2 − d(c, x)2)
)

≤ 4|P |
(

d(c, c′)2 + d(c, c′)d(c, x)
)

≤ 4|P |
(

αT +
√

αTd(c, x)
)

≤ 4|P |
(

αT +
√

α(T + d(c, x)2)
)

≤ O(
√

α)OPT1(P ).

We now show the existence of the random sampling procedure.

Theorem 5.15 Let α be a constant, 0 < α < 1. There exists an algorithm which randomly samples

a set R of O
(

1
α

)

points from P . Using this sample, it finds a singleton set core(R) such that with

constant probability the point x ∈ core(R) satisfies f(P, x) ≤ (1 + O(
√

α))OPT1(P ). Further,

the time taken to construct core(R) from R is O(( 1
α + n)d).

Proof. Using Lemma 3.2, we can get a point c′ such that
∑

p∈P d(p, c′)2 ≤ (1+α)
∑

p∈P d(p, c)2.

As mentioned in the Lemma, we do this by by taking the centroid of a random sample of O(1/α)

points of P . This takes time O( 1
α · d).

The rest follows from the previous Lemma.

5.6 Weighted Clustering

In this section, we consider the situation in which each point p has an integral weight wp associated

with it. Let W be the total sum of all the weights and n be the number of distinct points.

Let us look at the cost function for some weighted clustering problems.

• Weighted k-median : f1(Q,x) =
∑

q∈Q wq · d(q, x).

• Weighted k-means : f2(Q,x) =
∑

q∈Q wq · d(q, x)2.
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For a set of points S, let WS =
∑

s∈S ws be the weighted sum of the points in S.

An important observation is that the solution to the above weighted problems is the same as the

solution to the corresponding unweighted version of the problems where a point p with weight w is

replaced with w points (of unit weight). The algorithm and proofs of the unweighted version extend

with little or no change by virtue of this observation. We outline these extensions below.

The Irreducibility definition and the Closeness Property extend to the weighted version without

any change. The Random Sampling Procedure is modified as follows.

Weighted Random Sampling Procedure : There exists a procedure A that takes a set of

weighted points Q ∈ <d and a parameter α as input. A first randomly samples a small set

R of constant, λα, points from Q. Starting from R, A produces another set of points, which

we call core(R), of constant size, βα. A satisfies the condition that with constant probability

there is at least one point c ∈ core(R) such that OPT1(Q, {c}) ≤ (1 + α)OPT1(Q). Further

the time taken by A to produce core(R) from R is at most O(ηα · dn), where n is the size

(number of distinct points) of Q and ηα is a constant.

Note that, as in the unweighted case, when we actually apply the Weighted Random Sampling

Procedure, the set Q will not be explicitly known - instead a superset P ⊇ Q will be given.

We will sample a slightly larger set of points from P and then isolate a subset of points of

Q. Our sampling/isolation procedure must additionally satisfy the condition that any point set

obtained from the underlying set Q after sampling/isolation must be equiprobable amongst all

the point sets of the same size in Qm (obtained with replacement) where Qm is the multiset

obtained by replacing each weighted point p ∈ Q by wp points.

We extend the Superset Sampling Lemma to the weighted problem, provided that the total weight

of the subset Q is a constant fraction of the total weight of P . To do this we perform weighted

sampling, i.e., while sampling every point, a point p is picked with probability wp/W . We then

isolate a subset of Q by enumerating all subsets of the sample.

Let P be a set of points and Q be a subset of P such that WQ ≥ θWP , where θ is a constant

between 0 and 1. Suppose that we require a sample of λα points from Q to generate the candidate

center set that contains a (1+α)-approximation to the 1-center. Suppose we take a weighted sample

S of size O( 4λα
θ ) from P . Now we consider all possible subsets of size λα of S. For each of these

subsets S ′, we can generate a candidate centre set for the 1-center for the clustering problem using

the Weighted Random Sampling Procedure, A, and consider each one of these as a potential 1-
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center for the clustering problem instance on Q. The following Lemma states that one of these

subsets must give a close enough approximation to the optimal 1-center solution for Q.

Lemma 5.16 (Weighted Superset Sampling Lemma) Let CEN (S ′) be the centre set generated using

the Weighted Random Sampling Procedure on sampled subset S ′. Then, the following event happens

with constant probability

min
c′∈CEN (S′):S′⊂S,|S′|=λα

f(Q, c′) ≤ (1 + α)OPT1(Q).

Proof. With constant probability, S contains at least λα points from Q, the required sample size.

Moreover this set S ′ of λα points is equiprobable amongst all the point sets of the same size in

Qm (obtained with replacement) where Qm is the corresponding multiset obtained by replacing

a weighted point p ∈ Q with wp points. The rest follows from the Weighted Random Sampling

Procedure for the clustering problem.

For the Tightness Property, the size of the set is substituted with the weight of the set. We restate

this property below.

Weighted Tightness Property: Let P be a set of points which is (k, α)-irreducible for some

constant α. Consider an optimal solution to C(f, k) on P – let C = {c1, . . . , ck} be the

centers in this solution. Suppose we have a set of i points C ′
i = {c′1, . . . , c′i}, such that

OPTk(P,C ′) ≤ (1+α/k)iOPTk(P ), where C ′ = {c′1, . . . , c′i, ci+1, . . . , ck}. Let P ′
1, . . . , P

′
k

be the partitioning of P if we choose C ′ as the set of centers (in other words this is the Voronoi

partitioning of P with respect to C ′). We assume w.l.o.g. that P ′
i+1 be the largest cluster

amongst P ′
i+1, . . . , P

′
k. Then there exists a set of points S such that the following conditions

hold :

(a) S is contained in P ′
1 ∪ . . . ∪ P ′

i .

(b) Let x ∈ S, x′ ∈ P − S. Then, d(x, {c′1, . . . , c′i}) ≤ d(x′, {c′1, . . . , c′i}).

(c) P − S contains at most
WP ′

i+1

αO(1) points of P ′
1 ∪ . . . ∪ P ′

i .

It is important to note here that given a Random Sampling Procedure for an unweighted clus-

tering problem, the corresponding Weighted Random Sampling Procedure for the weighted version

of the problem can be simply obtained by performing weighted sampling as described above. Simi-

larly, it is easy to see that the Weighted Superset Sampling Lemma and the Weighted Tightness Prop-
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Algorithm Weighted-Irred-k-clustering(Q, m, k, C, α, Sum)
Inputs : Q: Remaining point set, m: number of cluster centers yet to

be found, k: total number of clusters,
C: set of k − m cluster centers found so far,
α: approximation factor, Sum: the cost of assigning points in P − Q

to the centers in C
Output : The clustering of the points in Q in k clusters.

1. If m = 0
Assign the points in Q to the nearest centers in C.
Sum = Sum + The clustering cost of Q.
Return the clustering.

2. (a) Sample (weighted) a set S of size O(λα/kk/αO(1)) from Q.
(b) For each subset S ′ of S of size λα/k do

Compute the candidate centre set from S ′.
For each center, c, in the candidate center set, obtain the
clustering Weighted-Irred-k-clustering(Q, m− 1, k, C ∪ {c}, α, Sum).

3. (a) Consider the points in Q in ascending order of distance from C.
(b) Let U be the first j points in this order such that

WU ≥ WQ/2 > WU − wpj
, where pj is the jth point in this sequence

(c) Assign the points in U to the nearest centers in C.
(d) Sum = Sum + The clustering cost of U .
(e) Compute the clustering Weighted-Irred-k-clustering(Q− U, m, k, C, α, Sum).

4. Return the clustering which has minimum cost.

Figure 5.3: The weighted irreducible k-clustering algorithm

erty translate into the Superset Sampling Lemma and the Tightness Property for the corresponding

unweighted version of the problem.

5.6.1 The Weighted Algorithm

The algorithm extends to the weighted version as follows. The algorithm k-clustering remains

unchanged. The algorithm Irred-k-clustering is modified as shown in Figure 5.3. We call the

weighted version of this algorithm, the Weighted-Irred-k-clustering algorithm.

Step 2 is modified to perform weighted random sampling. Based on the Weighted Superset

Sampling Lemma, now sampling can be performed for a set only if the remaining points have at

most double the weight (instead of double the number of points). Therefore, in step 3(b), we only
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eliminate points constituting half the remaining weight (instead of half the remaining points). We

assign these points to the nearest centers in C and recursively compute Irred-k-clustering on the

remaining set.

5.6.2 Analysis and Proof of Correctness

We will show that the weighted algorithm mimics the steps performed by the unweighted algorithm

on the unweighted version of the problem, with the exception of certain optimizations that lead to

improved running time.

We now prove correctness of the weighted algorithm.

Theorem 5.17 Suppose a weighted point set P is (k, α)-irreducible. Then the algorithm

Weighted-Irred-k-clustering(P, k, k, ∅, α, 0) returns a solution to the clustering problem C(f, k)

on input P of cost at most (1 + α)OPTk(P ) with probability γk, where γ is a constant.

Proof. Note that the modifications in Step 2, namely weighted sampling for application of the

Weighted Superset Sampling Lemma and the Weighted Random Sampling Procedure correspond to

unweighted sampling for application of the Superset Sampling Lemma and the Random Sampling

Procedure on the unweighted problem. Therefore the weighted algorithm mimics this step of the

unweighted algorithm exactly.

In Step 3, as the Weighted Tightness Property implies Tightness Property in the corresponding

unweighted problem, we can remove half the remaining weight in order to get a factor 2 approxi-

mation to the set P̄ ∩ Q as was done in the unweighted version of the problem.

However, a careful look at Step 3(b) seems to suggest that we may be removing extra points in

the corresponding unweighted algorithm since we are removing all the points that have the same

co-ordinates as the point that divides Q into two equal sized partitions in order of distances from

the known centers. We prove below that we are justified in removing these extra points, in the

corresponding unweighted version of the problem.

Let Xp denote the set of (multiset) points in the unweighted problem corresponding to the point

p in the weighted problem. Note that wp = |Xp|. Consider Xpj (of Step 3(b)) in the unweighted

clustering problem. Then by Observation 4.2, either Xpj ⊆ S or Xpj ∩ S = φ. If Xpj ⊆ S, then

Q is already a factor 2 approximation of P̄ ∩ Q, since WU − wpj < WQ/2. Hence, the next center

is discovered using random sampling in step 2 of the algorithm. Otherwise, Xpj ∩ S = φ. In this

case, clearly by eliminating the whole of Xpj in step 3(b) of the algorithm, we do not remove any

point of P̄ ∩ Q.
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Therefore the correctness of the weighted algorithm on a weighted point set follows from the

correctness of the corresponding unweighted algorithm when run on the corresponding unweighted

instance of the problem.

We now establish the running time of the weighted algorithm.

Theorem 5.18 The algorithm Weighted-Irred-k-clustering when called with parameters (P, k, k,

∅, α, 0) runs in time O(2(k/α)O(1)
dn logk W ), where n = number of distinct points in P and W =

total weight of the point set P .

Proof. Let T (n,m,W ) be the running time of the weighted algorithm on input (Q,m, k,C, α,

Sum) where n = number of distinct points in Q and W = total weight of the point set Q. Note

that we can perform the weighted random sampling in Step 2(a), in time O(λα/k · k
αO(1) · n). This

can be done by computing the cumulative weights of the weighted points, Q, in an array of size n,

then generating a random number in the range 1 to WQ and picking the corresponding point based

on the cumulative weights array. Then in Step 2(b), we have u(k, α) subsets of the sample, where

u(k, α) = O(2(λα/k
k
α

)O(1)
). Computation of the candidate center set from any set S ′ in Step 2(b)

takes O(ηα/k · nd) time. Steps 3(a)-(d) take O(nd) time. Also note that in step 3(b), at least one

distinct point is removed. Therefore we get the recurrence

T (n,m,W ) = O(u(k, α) · βα/k)T (n,m − 1,W ) + T (n − 1,m,W/2) + O(u(k, α) · ηα/k · nd).

Let λα = O(1/αO(1)), βα = O(2(1/α)O(1)
) and ηα = O(2(1/α)O(1)

). Choose c =

O(2(k/α)γ
) to be large enough, for a suitable constant γ, such that

T (n,m,W ) ≤ c · T (n,m − 1,W ) + T (n − 1,m,W/2) + c · nd.

We claim that T (n,m,W ) ≤ cm · 23m2 · nd · logm W . The proof is by induction. We show the

inductive step here. Suppose that the claim holds for T (n′,m′,W ′) ∀n′ < n,∀m′,∀W ′, it holds

for T (n′,m′,W ′) ∀n′,∀m′ < m,∀W ′ and it holds for T (n′,m′,W ′) ∀n′,∀m′,∀W ′ < W . Then,

we are required to show that

cm ·23m2 ·nd·logm W ≥ c·cm−1 ·23(m−1)2 ·nd·logm−1 W +cm ·23m2 ·(n−1)d·(log W−1)m+c·nd.
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For this, it suffices to show that

23m2
logm W ≥ 23(m−1)2 logm−1 W + 23m2−1(log W − 1)m + 1.

We know that

ak ≥ ak−1 + (a − 1)k

(follows from the identity ak − bk = (a − b)(ak−1 + ak−2b + ... + bk−1) by setting b = a − 1).

Therefore, we get that

23m2
logm W ≥ 23m2

logm−1 (W ) + 23m2
(log W − 1)m

≥ 23(m−1)2 logm−1 W + 23m2−1(log W − 1)m + 1 for m ≥ 1

It follows that T (n, k,W ) is O(2(k/α)O(1)
dn logk W ) when λα = O(1/αO(1)), βα =

O(2(1/α)O(1)
) and ηα = O(2(1/α)O(1)

).

Using these theorems, we get the final result for the weighted problem.

Theorem 5.19 For a clustering problem satisfying the Closeness Property, Weighted Tightness

Property and for which there exists a Weighted Random Sampling Procedure, a (1+ε)-approximate

solution for a weighted point set P in <d can be found in time O(2(k/α)O(1)
dn logk W ), with con-

stant probability.

Proof. The proof is along the same lines as Theorem 5.4 based on Theorems 5.17 and 5.18.

The following corollary follows from our arguments for the extensions to the general properties

for weighted clustering problems.

Corollary 5.20 Given a point set P of n points in <d with total weight W , (1 + ε)-approximate

solutions to the weighted k-means clustering, weighted k-medians clustering and the weighted dis-

crete k-means clustering problems can be found in time O(2(k/α)O(1)
dn logk W ), with constant

probability.

5.7 Open Problems

It remains open whether or not the discrete k-medians clustering problem belongs to this class of

clustering problems. In particular, the existence of a Random Sampling procedure for the discrete
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k-medians clustering problem is not yet known.

We illustrate below by means of an example, that the strategy used in the discrete k-means

clustering, of first finding an approximate (continuous) center and then selecting the closest discrete

point to this approximate center does not work for the case of the discrete k-medians clustering

problem. More precisely, we show that for a point set P , the discrete point closest to the non-

discrete 1-median may have cost arbitrary larger than the cost of the optimal discrete 1-median.

(−a,−a/sqrt(3))

(0,0)

(0,2a/sqrt(3))

(a,−a/sqrt(3))

(a’,a’/sqrt(3))(−a’,a’/sqrt(3))

n

(0,−2a’/sqrt(3))

n

n

1 1

1

Figure 5.4: Bad example for discrete 1-median clustering

Consider a set P1 consisting of 3n points placed on the vertices of an equilateral triangle with n

points on each vertex. The co-ordinates of the vertices of the triangle are (0, 2a/
√

3), (a,−a/
√

3)

and (−a,−a/
√

3). Consider another set P2 consisting of 3 points placed on the vertices of another

equilateral triangle with 1 point on each vertex. The co-ordinates of this triangle are (0,−2a ′/
√

3),

(a′, a′/
√

3) and (−a′, a′/
√

3) (see figure 5.4). The optimal 1-median for both P1 and P2 happens

to be the origin (0, 0). Therefore the optimal 1-median for P = P1 ∪ P2 is also the origin. Let

a′ = a − δ, where δ is an infinitely small number. For ease of computation, we will consider

a′ = a. The reason for having a different value of a′ is only to ensure that the points of P2 are
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closer to the origin than the points of P1. Now, the optimal (non-discrete) 1-median cost of P is

2
√

3a(n + 1). The cost of the 1-median solution when the center is at a vertex corresponding to P1

is 4an + 8a/
√

3 and the cost of the 1-median solution when the center is at a vertex corresponding

to P2 is 4a + 8an/
√

3. Note that the discrete points of P2 are closer to the optimal (non-discrete)

1-median than the discrete points of P1. Therefore if we pick the discrete point closest to the non-

discrete 1-median, we can get a solution that has cost arbitrarily larger than the cost of the optimal

discrete 1-median cost.

Note that the optimal 1-mean of the points set also happens to be the origin. However, the cost

of the 1-means solution when we pick any center from P1 is 4(2n + 1)a2 + 4(a − δ)2 whereas for

a center from P2 it is 4a2n + 4(n + 2)(a − δ)2. Thus, the cost is always lower for a point that is

closer to the optimal 1-mean of the point set.

Thus, the strategy used in approximating the discrete 1-mean center, of approximating the (non-

discrete) 1-center and then selecting the discrete point closest to it, does not work for the 1-median

problem.

In a recent development, Ke Chen [19] showed that we can obtain small coresets for k-median

clustering in metric spaces as well as in Euclidean spaces. Specifically, in <d, the coresets are of

size with only polynomial dependence in d. Ke Chen shows that combining these coresets with

our result leads to a (1 + ε)-approximation algorithm for k-median clustering in <d, with running

time O(ndk + 2(k/ε)O(1)
d2nσ), for any σ > 0. An interesting open problem is whether there exist

coresets for the k-median or k-means clustering problems of size independent of n and having only

polynomial dependence in d.

Another interesting open problem is to find a PTAS for the k-means clustering problem, even

for fixed dimensions.
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Chapter 6

K-median Problem with Priorities in

Metric Spaces

In the priority k-median problem, we are given a set of demands, D and a set of facilities F in a

metric space. Each demand has a weight dj associated with it, denoting the quantity of demand to be

assigned to an open facility. There are m types of demands, with the type indicating the priority of

the demand. Thus D is the disjoint union of D1, . . . ,Dm, where we say that Dk are demands of type

k. Similarly, there are m types of facilities, i.e., F is a disjoint union of F1, . . . ,Fm, where we say

that Fk are facilities of type k. The type of a facility specifies its capability in serving the demands

– a facility of type k can serve demands of type ≥ k, i.e., a demand of type k can be served by a

facility of type ≤ k. Let cij denote distance between i and j where i, j can be demands or facilities.

A feasible solution opens a set of facilities F , and assigns each demand to an open facility. We are

given bounds kr on the number of facilities that can be opened from Fr. As mentioned above, a

demand j can only be assigned to an open facility of its type or lower. Let i(j) denote the facility

that a demand j is assigned to. Then the cost of the solution is defined as
∑

j∈D dj · cji(j). The goal

of the priority k-median problem is to obtain a solution of minimum cost.

A closely related problem is the facility location problem where we wish to locate facilities to

service a set of demands. This problem has been widely studied in computer science and operations

research communities [52, 51]. The tradeoff involved in such problems is the following – we would

like to spend as little in opening new facilities as possible, but the clients should not be located too

far from the nearest facility. The facility location problem balances the two costs by minimizing

(weighted) average of the cost of opening facilities and the distances demands have to travel to the

81
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nearest open facility. More concretely, an instance of the facility location problem consists of a set D
of demand points and a set F of potential facility points. Each facility in F has an opening cost. We

are also given the distance between each demand and facility points. The facility location problem

seeks to open some facilities in F so that the sum of the average distance traveled by a demand in D
to the nearest open facility and the total opening costs of facilities opened is minimized. The variant

of the facility location problem where the facilities and demands have priorities has already been

studied before. Shmoys et al. [59] presented a 6-approximation algorithm for this problem.

In this chapter, we present a natural integer program for the priority k-median problem. We

show that this integer program has an unbounded integrality gap when there are four priorities. We

then give a polynomial time constant factor approximation algorithm for the case when there are

only two priorities. Our techniques are based on rounding the natural linear programming relaxation

for this problem. Our algorithm involves deeply analyzing the structure of the fractional solution and

simplifying it through a sequence of carefully formulated steps. We then formulate another linear

program for the simplified problem and show that the solution to this LP must be half-integral. We

finally round the half-integral solution to an integral solution.

In Section 6.1 we present the natural integer program for the priority k-median problem and

also show the integrality gap for the case of 4 priorities. In Section 6.2, we present the constant

factor approximation algorithm for the case of 2 priorities.

6.1 Integer Programming Formulation

For a demand j, let type(j) = r if j ∈ Dr.

Fix an instance I of the problem as described above. We give a natural integer programming

formulation for this problem.
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min
∑

j∈D,i∈F
dj · cij · xij (6.1)

∑

i∈Fr

yi ≤ kr for r = 1, . . . ,m (6.2)

∑

i∈F1∪...∪Ftype(j)

xij = 1 for all demands j (6.3)

xij ≤ yi for all demands j and facilities i (6.4)

xij ∈ {0, 1} for all demands j and facilities i (6.5)

yi ∈ {0, 1} for all facilities i (6.6)

The integer program can be relaxed to a linear program by relaxing the constraints (6.5) and

(6.6) to

xij ≥ 0 for all demands j and facilities i (6.7)

yi ≥ 0 for all facilities i (6.8)

We solve this relaxed linear program and let x∗, y∗ be an optimal solution to the linear program. Let

OPT denote the cost of this solution.

6.1.1 Integrality Gap

We show that the integrality gap of the above relaxation is unbounded when there are four priorities.

Consider the example in which the set of demands is D = {j2, j
′
2, j3, j

′
3, j4, j

′
4} where j2, j

′
2 ∈

D2, j3, j
′
3 ∈ D3 and j4, j

′
4 ∈ D4. and the set of facilities is F = {i1, i′1, i2, i′2, i3, i′3, i4, i′4} where

i1, i
′
1 ∈ F1, i2, i

′
2 ∈ F2, i3, i

′
3 ∈ F3 and i4, i

′
4 ∈ F4. Let k1 = k2 = k3 = k4 = 1 so that at most

one facility of each type can be opened. The points {i1, i2, i3, i4, j2, j3, j4} are very far away from

{i′1, i′2, i′3, i′4, j′2, j′3, j′4} and so we refer to them as two scenarios.

The distances between these locations are as follows (see Figure 6.1 for an illustration) :

cst = 1 for s, t ∈ {i1, i4, j4} and s 6= t

cst = 1 for s, t ∈ {i2, i3, j3} and s 6= t

cst = d for s = j2 and t ∈ {i1, i2, i3, i4, j3, j4}
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Figure 6.1: Optimal fractional and integral solutions

cst = 2d for s ∈ {i1, i4, j4} and t ∈ {i2, i3, j3}

cst = 1 for s, t ∈ {i′1, i′3, j′3} and s 6= t

cst = 1 for s, t ∈ {i′2, i′4, j′4} and s 6= t

cst = d for s = j ′2 and t ∈ {i′1, i′2, i′3, i′4, j′3, j′4}

cst = 2d for s ∈ {i′1, i′3, j′3} and t ∈ {i′2, i′4, j′4}

cst = D for s ∈ {i1, i2, i3, i4, j2, j3, j4} and t ∈ {i′1, i′2, i′3, i′4, j′2, j′3, j′4}

The demands are as follows.

ds = 1 for s ∈ {j2, j
′
2}

ds = d for s ∈ {j3, j
′
3, j4, j

′
4}

Let D >> d so that assignments from demands to facilities across the scenarios are discouraged.

The optimal fractional solutions are illustrated in Figure 6.1. In this optimal solution, all the

facilities are half-open and each demand is assigned to 2 facilities. Therefore the cost of the optimal

fractional solution is 6d.
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Now in the optimal integral solution, note that j2 can only be assigned to i1 or i2. Therefore

one of these facilities must be open. Similarly, j ′2 can only be assigned to i′1 or i′2. Therefore one of

these facilities must also be open. But since k1 = k2 = 1, we must open a type(1) facility in one

scenario and a type(2) facility in the other scenario. Suppose we open the facilities i ′1 and i2. Now

since k4 = 1 we can only open one of the facilities i4 or i′4. Therefore only one of j4 or j′4 can be

assigned to a facility close to it and the other demand will have to be assigned to a facility that is

very far from it.

A similar problem is encountered if we open the facilities i1 and i′2. In this case, one of the two

demands j3 and j′3 has to be assigned to a facility that is very far from it.

An optimal integral solution is illustrated in Figure 6.1. Note that it does not help to open a

type(3) facility. Therefore the cost of the integral solution is 2d2 + 5d.

These observations lead to the following result for the LP relaxation of the natural integer pro-

gramming formulation specified in Section 6.1.

Theorem 6.1 For the priority k-median problem, the LP relaxation of its natural integer pro-

gramming formulation has an unbounded integrality gap (even in terms of the input number of

demands/facilities) when there are four priorities.

6.2 Two Priorities

In this section, we restrict our attention to the case of two priorities, i.e., demands j ∈ D1 ∪D2 and

facilities i ∈ F1 ∪ F2. A demand in D1 can only use facilities in F1 whereas a demand in D2 can

use facilities in F1 ∪ F2.

We start by solving the relaxed LP for the natural integer program of this problem. We then

simplify the problem structure by reducing the number of demands and facilities. First we consol-

idate demands wherever it is feasible for a demand to use the facilities of another demand. This is

done in a manner so that an integral solution to the modified instance with fewer demands results

in an integral solution for the original problem instance with at most a constant factor increase in

the approximation. We then define a hierarchical structure on the demands called scenarios. This

is followed by careful reassignment of the demands so that they use the facilities which are either

associated with their own scenario or the scenario associated with one other demand. We then show

that the assignments can be modified further so that the solution satisfies a nice property (Structure

Property) that greatly limits the number of open facilities. We then formulate a modified LP for
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this nicer instance for which the modified assignments form a feasible solution. We argue that the

solution to this modified LP is half-integral. Finally we show that this half-integral solution can be

modified to an integral solution by suffering at most a constant factor loss in our approximation.

6.2.1 Consolidating demands

For a demand j, let C∗
j denote the cost of shipping one unit of demand from j in the optimal

LP solution. In other words, C∗
j =

∑

i x
∗
ijcij . Note that OPT =

∑

j dj · C∗
j . In this step, we

consolidate demands at nearby locations by moving demands from one location to another. This

step consists of two further substeps.

• Substep 1 : We reassign demands to each location j as follows. Initially, we set d ′
j = dj for

all locations j. Consider the locations in ascending order of C ∗
j values. When we consider

a location j, we check if there is another location j ′ which has been considered already and

which satisfies the conditions : d′
j′ > 0 and cjj′ ≤ 32C∗

j and type(j ′) = type(j). If there is

such a location j ′, then the entire demand of j is transferred to j ′, i.e., set d′j′ to d′j′ + d′j , and

d′j to 0.

• Substep 2 : We reassign demands to each location j as follows. Initially, we set d ′′
j = d′j

for all locations j. We consider all type(2) demands. When we consider a location j ∈ D2,

we check if there is another location j ′ ∈ D1 which satisfies the conditions : d′′
j′ > 0 and

cjj′ ≤ 32C∗
j and C∗

j′ ≤ cjj′ . If there is such a location j ′, then the entire demand of j is

transferred to j ′, i.e., set d′′j′ to d′′j′ + d′′j , and d′′j to 0.

Note that the condition on the type of j and j ′ ensures us that the demand j can use the facilities

that j′ is assigned to.

Let I ′ be the new instance obtained thus. Let D ′ denote the locations j for which d′′
j > 0. It is

easy to see that x∗, y∗ is still a feasible fractional solution for the modified instance. It is also easy

to see that an integral solution to the original LP can be obtained from an integral solution to this

modified instance with at most a constant factor loss in approximation.

Observation 6.1 For any two demands j, j ′ of the same type, cjj′ > 32 · max{C∗
j , C∗

j′}.

Observation 6.2 For any two demands j ∈ D ′
2 and j′ ∈ D′

1, if C∗
j′ ≤ cjj′ , then cjj′ > 32 · C∗

j .
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6.2.2 Scenarios

Definition Ball(p,r) : For a location p, let Ball(p, r) denote the set of all the locations at a distance

of at most r from p.

Definition Nearest Assignable Demand, Critical Radius, Critical Ball : With every demand j ∈ D ′,

we associate another demand from D′, denoted by n(j) which we call its nearest assignable demand.

The critical radius is denoted by rj and is defined to be cjn(j)/16. The critical ball, denoted by Bj ,

is defined to be Ball(j, rj) The nearest assignable demand is determined as follows:

• If j ∈ D′
1, n(j) = argminj′∈D′

1\{j}{cjj′}

• If j ∈ D′
2, let V = {j ′ ∈ D′

1|cjj′ ≤ 3
2rj′} ∪ {j}. Then n(j) = argminj′∈D′

1∪D′

2\V{cjj′}.

If there is no demand that is a candidate to be a nearest assignable demand to j, then we set n(j) = Γ

and rj to be twice the distance to the furthest location (demand or facility). Thus, in this case, all

facilities lie in Bj .
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Figure 6.2: Nearest assignable demands

Figure 6.2 shows an example of nearest assignable demands for different demands under dif-

ferent situations. Let j1, j
′
1 ∈ D′

1 and j2, j
′
2, j

′′
2 ∈ D′

2. Note that for a type(1) demand, the nearest

assignable demand is always the closest type(1) demand. Hence j1 and j′1 are nearest assignable

demands of each other. For the demand j2, j1 is not a candidate as it is not sufficiently far, i.e.,

cj1j2 ≤ 3
2rj1 , and hence the nearest assignable demand is the next closest demand, i.e., j ′2. For j′2,

the closest demand is j1 and it is sufficiently far and therefore j1 is the nearest assignable demand
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for j′2. j′′2 is again too close to j ′1 and therefore its nearest assignable demand is the next closest

demand j1.

As we will see later, we can modify the solution by suffering a constant factor loss in our

approximation, so that any demand j uses facilities which are either close to itself or are close to its

nearest assignable demand n(j).

Observation 6.3 For a demand j, such that n(j) = Γ, there is only one demand of type type(j),

i.e., j.

Observation 6.4 For a demand j, such that n(j) = Γ, for all j ′ ∈ D′, n(j′) 6= j.

This is straightforward to see for a type(2) demand. For a type(1) demand, this must be the only

type(1) demand. The critical radius is set so large that all demands lie in the critical ball, and there-

fore this demand is not a candidate to be the nearest assignable demand for any type(2) demand.

Lemma 6.2 If there exists a demand j ∈ D ′
2, such that n(j) = Γ, then there is at most one type(1)

demand. If there is indeed such a type(1) demand, say j1, then n(j1) = Γ.

Proof. The proof is by contradiction. Suppose there is a demand j1 ∈ D′
1 such that n(j1) 6= Γ. Let

j2 = n(j1), j3 = n(j2) and so on. This sequence must end in a cycle formed by two demands, say

j′ and j′′ such that n(j ′) = j′′ and n(j′′) = j′. Note that it must be that type(j ′) = type(j ′′) = 1.

We will show that either j ′ or j′′ is a candidate for being the nearest assignable demand of j and

therefore n(j) cannot be Γ. It must be true that cjj′ ≤ 3
2rj′ and cjj′′ ≤ 3

2rj′′ , because otherwise

one of them is a candidate nearest assignable demand of j. Also rj′ = rj′′ = cj′j′′/16. Using these

facts, we get that

cj′j′′ ≤ cjj′ + cjj′′ ≤
3

2
(rj′ + rj′′) =

3

16
cj′j′′ < cj′j′′ .

Contradiction.

Observation 6.5 For any demand j, such that n(j) 6= Γ, type(n(j)) ≤ type(j).

Observation 6.6 For a demand j, such that n(j) 6= Γ, cjn(j) > 3
2rn(j).

Lemma 6.3 For any demand j, such that n(j) 6= Γ, rj + rn(j) < cjn(j).
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Proof. By Observation 6.6 and the fact that rj = cjn(j)/16, it follows that

rj + rn(j) =
1

16
· cjn(j) + rn(j) <

1

16
· cjn(j) +

2

3
· cjn(j) < cjn(j).

Corollary 6.4 For any demand j, such that n(j) 6= Γ, Bj ∩ Bn(j) = φ.

We now show that at least a half fraction of any demand is assigned to facilities that lie within

its critical ball.

Lemma 6.5 For any demand j ∈ D′, Ball(j, 2 · C∗
j ) ⊆ Bj .

Proof. If n(j) = Γ, then the claim clearly holds true. Suppose not.

First consider j ∈ D′
1. Then by Observation 6.1,

rj =
1

16
· cjn(j) >

1

16
· 32C∗

j = 2C∗
j .

Now consider j ∈ D′
2. If type(n(j)) = 2, then by Observation 6.1,

rj =
1

16
· cjn(j) >

1

16
· 32C∗

j = 2C∗
j .

Otherwise type(n(j)) = 1. In this case, consider the demand n(j). By the discussion above

and Lemma 6.3,

C∗
n(j) < rn(j) < cjn(j).

Therefore, by observation 6.2,

rj =
1

16
· cjn(j) >

32

16
· C∗

j = 2C∗
j .

This completes the proof of the Lemma.

We now define scenarios. For this, we construct graphs on the set of demands, which we call

intersection graphs.

Definition Intersection graphs : The level 1 intersection graph is the graph G1 = (V,E1), where

V = D′ and (j1, j2) ∈ E1 iff Bj1 ∩ Bj2 6= φ and j1, j2 ∈ D′
1 ∪ D′

2. We will later see that any

connected component in this graph has at most one type(1) demand.



90 CHAPTER 6. K-MEDIAN PROBLEM WITH PRIORITIES IN METRIC SPACES

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

j

j’

j

ii

i’

i’

i’’

j’’

i’’

2
2

2

2

2

21

1

1

1

Figure 6.3: Example of Level 1 and Level 2 Scenarios

The level 2 intersection graph is the graph G2 = (V, φ), where V = D′. Therefore, there are no

edges in a level 2 intersection graph. All connected components in this graph are isolated demands.

Let CCG(j) denote the set of demands that are in the same connected component of the graph

G as j.

Definition Scenarios : We define a level 1 scenario for every connected component in G1. Let

J be the set of demands in the connected component. Then the corresponding level 1 scenario is

defined by the set of facilities ∪j∈J (Bj ∩ F).

Similarly, we define a level 2 scenario for every connected component in G2. Let j be a demand

in G2.

• If j ∈ D′
2, then the level 2 scenario is defined by the set of facilities Bj ∩ F

• If j ∈ D′
1, then the level 2 scenario is defined by the set of facilities {i ∈ Bj ∩ F|i /∈ Bj′ for

any j′ ∈ CCG1(j) \ {j}}.

Thus every level 1 scenario is the union of some level 2 scenarios. We denote the level k scenario

to which a demand j belongs by Sk(j). Also, if k = type(j), then we simply denote the scenario

as S(j), i.e. S(j) = Stype(j)(j).

Figure 6.3 illustrates facilities in level 1 and level 2 scenarios. In this example, S1(j1) =

{i1, i′1, i′′1 , i2, i
′
2}, S2(j2) = {i1, i2}, S2(j

′
2) = {i′1, i′2} and S2(j1) = {i′′1}. Also, S1(j

′′
2 ) =

S2(j
′′
2 ) = {i′′2}
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Lemma 6.6 Let j1 ∈ D′
1 and j2 ∈ D′

2 such that n(j1) 6= Γ, n(j2) 6= Γ and Bj1 ∩ Bj2 6= φ. Then

1. rj2 < 1.1rj1

2. For any facility i ∈ Bj2 , cij1 < 4 · rj1 .

Proof. If cj1j2 > 3
2rj1 , then j1 is a candidate to be the nearest assignable demand of j2 and therefore

by Lemma 6.3, Bj1 ∩ Bj2 = φ. Hence, it must be that

cj1j2 ≤ 3

2
rj1 (6.9)

Let j′1 = n(j1). Then by inequality (6.9), it follows that

cj′1j2 ≥ cj1j′1
− cj1j2 ≥ cj1j′1

− 3

2
rj1 = cj1j′1

− 3

2
· 1

16
· cj1j′1

=
29

32
· cj1j′1

≥ 29

32
· 16rj′1

>
3

2
· rj′1

.

Hence j′1 is a candidate to be the nearest assignable demand of j2. This implies that

rj2 ≤ 1

16
· cj′1j2 (6.10)

By inequality (6.9) and the fact that j ′1 = n(j1), it follows that

cj′1j2 ≤ cj1j′1
+ cj1j2 = 16rj1 + cj1j2 ≤ 16rj1 +

3

2
· rj1 = 17.5rj1 (6.11)

Also, by inequalities (6.10) and (6.11), we get that

rj2 ≤
cj′1j2

16
≤ 17.5

16
rj1 < 1.1rj1 (6.12)

This proves claim 1 of the Lemma.

Now, let i be any facility in Bj2 . By the fact that Bj1 ∩ Bj2 6= φ and inequality (6.12), we get

that

cij1 ≤ cj1j2 + cij2 ≤ (rj1 + rj2) + cij2 ≤ rj1 + 2 · rj2 < rj1 + 2.2rj1 < 4rj1

This completes the proof of Claim 2 of the Lemma as well.

We now show that for any demand j of type k (= 1, 2), the distance from the demand to any

facility in Sk(j) cannot be more than 4 · rj .
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Lemma 6.7 Let j be any demand. Let k = type(j). Consider the level k intersection graph, Gk.

Let C be the connected component in Gk spanning the demands constituting the scenario S(j).

Then

1. There is only one type(k) demand in C, i.e., j.

2. For any facility i ∈ S(j), cij ≤ 4 · rj .

Proof. Note that G2 consists of disconnected points, i.e., it does not contain any edges. If j ∈ D ′
2,

then clearly j is the only level 2 demand in its connected component in G2. Moreover, S(j) only

consists of the facilities in Bj and therefore for any facility i ∈ S(j), cij ≤ rj < 4 · rj .

Now suppose that j ∈ D′
1. Suppose there are 2 facilities of type(1) in C. Let j1 and j′1 be these

facilities. Note that j1 and j′1 are mutual candidates for being the nearest assignable demands of

each other. Therefore rj1 , rj′1
≤ cj1j′1

/16. By observation 6.1, we know that the critical balls of two

demands of the same type cannot overlap. Therefore, it must be that there is a demand j2 of type(2)

such that Bj1 ∩ Bj2 6= φ and Bj′1
∩ Bj2 6= φ. Let i be any facility in Bj1 ∩ Bj2 . Then, since j ′1 is a

candidate to be n(j1), it follows that

cij1 ≤ rj1 ≤ 1

16
· cj1j′1

(6.13)

Also, by Lemma 6.6 and the fact that j1 is a candidate to be n(j ′1), we get that

cij′1
≤ 4 · rj′1

≤ 1

4
· cj1j′1

(6.14)

Using inequalities (6.13) and (6.14), we finally get that

cj1j′1
≤ cij1 + cij′1

≤ 1

16
· cj1j′1

+
1

4
· cj1j′1

< cj1j′1

Hence, there cannot be two facilities of type(1) in C. This proves Claim 1 of the Lemma.

Given this, Claim 2 of the Lemma follows from Lemma 6.6.

6.2.3 Changing the assignments

We now modify the assignments so that every demand either uses facilities in its own scenario or

the scenario of its nearest assignable demand.
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Lemma 6.8 By suffering a loss of at most a constant factor in approximation, we can modify the

assignments such that for any demand j, it either uses the facilities in S(j) or facilities in S(n(j)).

Proof. If n(j) = Γ, then trivially, the demand is assigned to facilities within its scenario. Suppose

otherwise.

Note that at least a 1
2 fraction of any demand j can be assigned to facilities in Bj and therefore

S(j). Also note that 1
2 fraction of any demand j can be assigned to facilities in Bn(j) and therefore

S(n(j)).

We now assign j to facilities (that can be used by j) in order of distance from j. Note that this

can only reduce the overall cost. Also, now at least 1
2 fraction of demand j is assigned to facilities

in Bj and therefore at most 1
2 fraction is assigned to facilities outside Bj .

Let i /∈ Bj be any facility such that x∗
ij > 0. Then

cij > rj =
1

16
· cjn(j) (6.15)

Let i′ be any facility in S(n(j)). Then by Lemma 6.7, Observation 6.6 and inequality (6.15), it

follows that

ci′j ≤ cjn(j) + ci′n(j) ≤ cjn(j) + 4rn(j)

≤ cjn(j) + 4 · 2

3
· cjn(j) =

11

3
· cjn(j) ≤

176

3
· cij (6.16)

Hence we can reassign j to a usable facility in S(n(j)) without increasing the cost by more than

a constant factor.

We now modify the assignment so that the cost paid by a demand to any facility in the scenario

of its nearest assignable demand is the same. Therefore, it does not matter which facility it uses

in that scenario. We will denote the (new) distance of demand j to facilities in the scenario of its

nearest assignable demand by c̄j .

Lemma 6.9 For any demand j and facility i ∈ S(n(j)), we set cij = 11
3 cjn(j)(= c̄j). This in-

creases the cost of the solution by at most a constant factor.

Proof. Follows from the fact that for any facility i ∈ S(n(j)), cij ≥ 1
16cjn(j) and cij ≤ 11

3 cjn(j).

Therefore, we can now modify the assignments (going across to facilities that belong to the

scenario of nearest assignable demands) so that a demand uses the same facilities from the nearest
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assignable demand that are used by the nearest assignable demand itself.

We now modify the assignments so as to reduce the number of open facilities in level 2 scenarios.

We first describe a simple structure that we desire the solution to exhibit. If a solution exhibits

this structure, we say that it satisfies the Structure Property.

Definition A solution (x, y) to the LP defined above is said to satisfy the Structure Property if

1. For every demand j ∈ D′
1,

(a) There is no type(2) facility in S2(j).

(b) There is at most one facility of type(1) in S2(j).

(c) If there is a type(1) facility in S2(j), then this facility is closer to j than any other

type(1) facility in S1(j).

2. For every demand j ∈ D′
2,

(a) There is at most one facility of type(2) in S2(j).

(b) If there is no type(1) demand in CCG1(j), then there is at most one facility of type(1)

in S2(j).

(c) If j1 ∈ D′
1 ∩ CCG1(j) and rj ≤ cjj1/4, then there is at most one facility of type(1) in

S2(j).

(d) If j1 ∈ D′
1 ∩ CCG1(j) and rj > cjj1/4, then there are at most two facilities of type(1)

in S2(j). Moreover, If there are indeed two facilities, say i and i′, then for one of these

facilities, say i,

∗ xij1 = yi = 1,

∗ 0 < xij < yi ; and

∗ i is the closest type(1) facility to j1.

Lemma 6.10 By increasing the cost of the solution by at most a constant factor, we can modify the

solution, so that it satisfies the Structure Property.

Proof. Let j ∈ D′
1. Suppose that there is a type(2) facility i2 ∈ S2(j). Note that all type(2)

demands in CCG1(j) are assigned to facilities in their own scenario or in the scenario of their nearest

assignable demand. Therefore facilities in S2(j) are not used by these demands. Moreover, demands
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from other level 1 scenarios that use i2 can be reassigned to use other type(1) demands in S1(j)

without increasing the cost. Therefore there are no type(2) facilities in S2(j). This proves Claim

1 (a) of the Structure Property. Note that all the type(1) facilities in S2(j) are only used by j or

demands from other level 1 scenarios. So, we can simply move them to the type(1) facility that is

closest to j, say i. This completes the proof for Claim 1 (b) of the Structure Property. Now, if there

is another facility i′ ∈ D′
1 ∩ S1(j) such that ci′j ≤ cij , then we can simply relocate i to i′ and alter

the assignments accordingly, without increasing the cost. This completes the proof for Claim 1 (c)

of the Structure Property.

Now, consider j ∈ D′
2. Note that S2(j) = S(j). If there are multiple facilities of type(2), then

we simply relocate all the open type(2) facilities to the type(2) facility that is closest to j, and alter

the assignments accordingly. This completes the proof for Claim 2 (a) of the Structure Property.

If there is no type(1) demand in CCG1(j), then we can simply relocate all the type(1) facilities

in S(j) to the type(1) facility that is closest to j without increasing the cost. This completes the

proof of Claim 2 (b) of the Structure Property.

Otherwise, let j1 ∈ D′
1 ∩ CCG1(j). If there is only one type(1) facility in S(j) then there is

nothing to do. Suppose that there are multiple facilities of type(1) in S2(j). Consider the following

cases:

• If rj ≤ cjj1/4 :

Then all the facilities in Bj can be considered to be roughly at the same distance from j1

(within a constant factor). We can therefore relocate all the type(1) facilities to the type(1)

facility that is closest to j without increasing the cost by more than a factor of 5
3 , leaving us

with only one type(1) facility in the scenario.

This completes the proof of Claim 2 (c) of the Structure Property.

• If rj > cjj1/4 : We make the following claim.

Claim 6.2.1 If there is any other demand j2 ∈ D′
2 ∩ CCG1(j), then cij1 ≤ ci′j1 for any two

facilities i ∈ Bj and i′ ∈ Bj2 .

Proof. Note that since j and j2 are mutual candidates to be the nearest assignable demands

of each other,

rj , rj2 ≤ 1

16
· cjj2 (6.17)



96 CHAPTER 6. K-MEDIAN PROBLEM WITH PRIORITIES IN METRIC SPACES

Now let i be any facility in Bj . Then by inequality (6.17), it follows that

cij1 ≤ cij + cjj1 ≤ rj + cjj1 < rj + 4rj = 5rj ≤
5

16
· cjj2 (6.18)

Moreover, let i′ be any facility in Bj2 . Then using inequality (6.17), we get that

ci′j1 ≥ cj1j2 − ci′j2 ≥ cj1j2 − rj2 ≥ cj1j2 −
1

16
· cjj2 ≥ (cjj2 − cjj1) −

1

16
· cjj2

=
15

16
· cjj2 − cjj1 >

15

16
· cjj2 − 4rj ≥

15

16
· cjj2 −

4

16
· cjj2 =

11

16
· cjj2 (6.19)

Thus, equations (6.18) and (6.19) together imply that cij1 ≤ ci′j1 .

This completes the proof of Claim 6.2.1.

Now, note that for facilities in S(j) that are used both by j1 and j, the cost of relocating a

small fraction from one facility to another is equal and opposite in cost to that of relocating

in the opposite direction. We can therefore relocate in the direction that reduces the cost. We

can repeat this till we are left with only one facility which is used by both j1 and j. Also, we

can relocate all the type(1) facilities in S(j) that are not used by j1 to the type(1) facility

that is closest to j without increasing the cost.

Now if we have only one type(1) facility left in S(j), then we are done.

Suppose not. Then, for any type(1) facility i ∈ S(j) such that 0 < xij < yi, we can relocate

(yi − xij) fraction from i to the type(1) facility that is closest to j1 without increasing the

cost. Therefore, there is only at most one type(1) facility i ∈ S(j) such that xij < yi. If there

is indeed such a facility, then amongst the facilities in S(j), this facility must be closest to j1.

Also, by Claim 6.2.1, this facility does not belong to S2(j2) for any j2 ∈ D′
2 ∩ CCG1(j). If

xij = 0, we move i from S(j) and consider it to be a part of S2(j1).

If there is only one type(1) facility remaining in S(j), then we are done. If there is more than

one facility, then note that xij > 0 for all i ∈ F1 ∩ S(j). Also, j1 uses only one of these

facilities since there can only be one facility that is used by both j and j1 (by adjustments

above). Hence, it must be that there are two type(1) facilities in S2(j) such that, one of the

facilities, say i1, is used by both j1 and j and the other, say i′1, is only used by j. Also,

ci′1j ≤ ci1j otherwise we can just relocate i′1 to i1 decreasing the cost.
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Moreover, it must be that xi1j1 = yi1 , otherwise we can relocate some fraction from i1 to i′1,

thereby reducing the cost.

Now consider the following cases:

– If ci1j ≤ ci1j1

Then we relocate i1 to i′1. Note that this reduces the cost paid by j and increases the

cost paid by j1 at most by a factor of 3 since

ci′1j1 ≤ ci′1j + ci1j + ci1j1 ≤ 2ci1j + ci1j1 ≤ 3ci1j1

This leaves us with only one facility in S(j) and therefore we are done.

– If ci1j1 < ci1j

We again consider the following cases:

∗ If there is another facility in Bj1 (say i′′1) such that ci′′1 j1 ≤ ci1j1 :

Then we can move from i1 to i′′1 until either the sum of the facilities in Bj becomes
1
2 or i1 is shut down. Note that this only increases the cost paid by j by a factor of

at most 3 since

ci′′1 j ≤ ci′′1 j1 + ci1j1 + ci1j ≤ 2ci1j1 + ci1j ≤ 3ci1j

If i1 is shut down, then we are left with only one facility in S2(j2) and therefore we

are done.

If sum of facilities in S2(j2) becomes 1
2 , then note that j is already paying a cost

of 1
2rj . Therefore, moving from i′1 to i1 can only at most double the cost paid by j.

Therefore we are again left with only one type(1) facility in Bj .

∗ If there is no other closer facility in Bj1 :

By Claim 6.2.1, we know that any other type(1) facility must be at least as far from

j1 as i′1. Since j1 does not use i′1, it must be that xi1j1 = yi1 = 1. Also, xi1j < yi1 .

This completes the proof of Claim 2 (d) of the Structure Property.

Therefore a type(2) demand, say j, may have one or two type(1) facilities in its scenario. These

settings are illustrated in Figure 6.4.
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Figure 6.4: Different settings for type(2) demands

6.2.4 Modified LP

We now present an LP for this modified problem instance. Let F ′(j) denote the set of facilities used

by demand j, i.e., {i ∈ F|xij > 0}. Let F ′ denote the set of facilities used by at least one demand.

Let F ′
1 and F ′

2 denote the set of facilities in F ′ of type(1) and type(2) respectively.

We consider the modified LP described as follows. We replace the variables yi’s with ȳi’s and
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xij’s with x̄ij’s when solving the modified LP.

min
∑

j∈D′,i∈F ′

dj · cij · x̄ij (6.20)

∑

i∈F ′
r

ȳi ≤ kr for r = 1, . . . ,m (6.21)

∑

i∈F ′(j)

x̄ij = 1 for all demands j (6.22)

∑

i∈F ′(j)∩S(j)

x̄ij ≥ 1

2
for all demands j (6.23)

x̄ij = 1 if xij = 1 (6.24)

ȳi = 1 if yi = 1 (6.25)

x̄ij ≤ ȳi for all demands j and facilities i ∈ F ′ (6.26)

x̄ij ≥ 0 for all demands j and facilities i ∈ F ′ (6.27)

ȳi ≥ 0 for all facilities i ∈ F ′ (6.28)

Note that the modified solution obtained by changing the assignments described above is a

feasible solution to this new LP. Therefore the optimal solution to this LP can only have cost at most

as much as the above solution.

Lemma 6.11 The assignments in the optimal solution of the modified LP, (x̄, ȳ) continue to satisfy

the Structure Property.

Proof. For Claim 2 (d) of the Structure Property, the first part follows from constraints (6.24) and

(6.25). If x̄ij = 0, then it can be moved out to S2(j1). If x̄ij = ȳi = 1, then i′ can be shutdown.

This shows the second part.

All the remaining claims follow from the fact that we do not introduce any new facilities.

6.2.5 Half-Integrality of a Vertex Solution

We now show that the solution to the modified LP is half integral.

Definition Facility relocation cost :

For a level 1 scenario, S1(j), let D(S1(j)) = D′ ∩ CCG1(j). For a level 2 scenario, S2(j), let
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D(S2(j)) = D′
2 ∩ CCG2(j). Note that for a type(1) demand j1, D(S2(j1)) = φ and for a type(2)

demand j2, D(S2(j2)) = {j2}.

Let C denote a chain of facilities < i1, i2, .., is >. We define C + δ to be the operation where

the extents to which the facilities are open are modified as follows:

• ȳit = ȳit + δ, t is odd

• ȳit = ȳit − δ, t is even

Let ∆(D(S), C + δ) denote the change in the cost paid by the demands D(S) when the operation

C + δ is performed.

Similarly, we define C − δ to be the operation where the extents to which the facilities are open

are modified as follows:

• ȳit = ȳit − δ, t is odd

• ȳit = ȳit + δ, t is even

Let ∆(D(S), C − δ) denote the change in the cost paid by the demands D(S) when the operation

C − δ is performed.

Our choice of the chain and the choice of δ (small enough quantity) will be such that all con-

straints of the modified LP will be satisfied even after the change except possibly constraint (6.21).

Moreover, we will operate on multiple such (suitably selected) chains together so that even this

constraint is not violated.

Definition Let Yr(S(j)) denote the sum of all the type(r) facilities in the scenario S(j) associated

with demand j, i.e., Yr(S(j)) =
∑

i∈F ′
r∩S(j) ȳi.

Let Y(S(j)) denote the sum of all the facilities in the scenario S(j) associated with demand j,

i.e., Y(S(j)) =
∑

i∈F ′∩S(j) ȳi = Y1(S(j)) + Y2(S(j)).

The idea is to find a chain of facilities, C, such that the cost of performing the operation C + δ is

equal but opposite the cost of performing the operation C − δ, i.e., ∆(D ′, C + δ) = −∆(D′, C − δ).

Moreover, none of these facilities should be half-integral and also the total sum of all the type(1)

facilities and type(2) facilities should not be disturbed.

We show that if the solution is not half-integral, it is always possible to find such a chain. We can

then essentially adjust the chain along the direction that does not increase the cost of the solution.
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Figure 6.5: Examples of facility adjustments

The ability to do this implies that the solution to the LP is either not an optimal solution or is a

non-vertex solution. This is a contradiction, implying that such a chain cannot exist and therefore

the solution must be half integral.

For a demand j that is assigned to facilities in n(j), let c̄j denote the distance to the facilities of

n(j).

Before getting into the technical details of proving the above claim, we illustrate the idea by

means of some examples (see Figure 6.5).

We start with a simple example in Figure 6.5 (a). There are 2 demands j1 and j2 assigned to

facilities of the type(1) within their critical balls. Therefore type(i1) = type(i′1) = 1. In this

example xi1j1 = yi1 = 0.8 and xi′1j2 = yi′1
= 0.7. Note that both the demands are also assigned to
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facilities of their nearest assignable demands. Now consider the chain C = {i1, i′1}. Then,

∆(D′, C + δ) = −∆(D′, C − δ) = δ · dj1 · (ci1j1 − c̄j1) + δ · dj2 · (c̄j2 − ci′1j2).

Therefore C is the required chain along which we can perform adjustments.

Things get more involved due to the existence of multiple types of facilities. This is illustrated in

Figure 6.5 (b). In this example type(j1) = 1, type(j2) = type(j ′2) = 2, type(i1) = type(i′1) = 1

and type(i2) = type(i′2) = 2. Also, xi1j1 = yi1 = 0.8, xi2j2 = yi2 = 0.7, xi′1j′2
= yi′1

= 0.7 and

xi′2j′2
= yi′2

= 0.3. Note that Y(S(j ′2)) = 1 and is already integral. Therefore, decreasing only one

of the facilities will cause j ′2 to travel to facilities of its nearest assignable demand, which may incur

a large cost. Therefore, we must include i′1 and i′2 together in any chain that we form. Consider the

chain C = {i1, i′1, i′2, i2}. Then,

∆(D′, C + δ) = −∆(D′, C − δ) = δ · (dj1 · (ci1j1 − c̄j1) + dj′2
· (ci′2j′2

− ci′1j′2
) + dj2 · (c̄j2 − ci′2j2)).

Therefore C is the required chain along which we can perform adjustments.

The situation gets more complicated when demands of different types use the same facility

lying in the intersection of their critical balls. This is illustrated in Figure 6.5 (c). In this example

j1 and j2 use the same facility i1. Moreover, type(j1) = 1, type(j2) = type(j ′2) = 2, type(i1) =

type(i′1) = 1 and type(i2) = type(i′2) = 2. Also, xi1j1 = xi1j2 = yi1 = 0.7, xi2j2 = yi2 = 0.3,

xi′1j′2
= yi′1

= 0.3 and xi′2j′2
= yi′2

= 0.7. Note that Y(S(j ′2)) = 1 is already integral. Therefore,

decreasing only one of the facilities will cause j ′2 to travel to facilities of its nearest assignable

demand, which may incur a large cost. Moreover, Y(S2(j2)) = 1 is also integral. Therefore,

decreasing only one of the facilities will cause j2 to travel to facilities of its nearest assignable

demand, which may incur a large cost. Therefore, we must include i1 and i2 together as well as i′1
and i′2 together in any chain that we form. Consider the chain C = {i1, i2, i′2, i′1}. Then,

∆(D′, C + δ) = −∆(D′, C − δ) = δ · (dj1 · (ci1j1 − c̄j1)+dj2 · (ci1j2 − ci2j2)+dj′2
· (ci′2j′2

− ci′1j′2
)).

Therefore C is the required chain along which we can perform adjustments. Note that when adjust-

ing i1 it is important to ensure that increasing/decreasing it a small amount has equal and opposite

impact on both j1 as well as j2 simultaneously.

Finally in Figure 6.5 (d), we show a level 1 scenario for which the sum of both type(1) and

type(2) facilities is half-integral. However, the facilities within the level 2 scenarios are not half-
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integral. In this example type(j1) = 1, type(j2) = type(j ′2) = 2, type(i1) = type(i′1) = 1

and type(i2) = type(i′2) = 2. Also, xi1j1 = xi1j2 = yi1 = 0.3, xi′1j1 = xi′1j′2
= yi′1

= 0.2,

xi2j2 = yi2 = 0.7 and xi′2j′2
= yi′2

= 0.8. Note that Y1(S1(j1)) = 0.5. Therefore, we cannot

decrease only one of i1 and i′1 without increasing the other, as some other type(1) demand may be

using these facilities to the sum extent of 0.5. Also, since Y(S(j2)) = 1 and Y(S(j ′2)) = 1, the

pairs of facilities i1, i2 and i′1, i′2 must occur together in any chain that is formed. Consider the chain

C = {i1, i2, i′2, i′1}. Then,

∆(D′, C + δ) = −∆(D′, C − δ) = δ ·(dj1 ·(ci1j1 −ci′1j1)+dj2 ·(ci1j2 −ci2j2)+dj′2
·(ci′2j′2

−ci′1j′2
)).

Therefore C is the required chain along which we can perform adjustments.

We discover the chain in parts. Any level 2 scenario for which the sum of facilities of some type

is not half-integral can form a part of such a chain. For a level 1 scenario, we concatenate chains of

some level 2 scenarios to form a longer chain. Similarly, we concatenate such chains from level 1

scenarios to form a chain that satisfies the required properties. Note that though individual chains

may violate constraint (6.21) of the LP, the final chain that we form by concatenating these chains

will not violate this constraint.

Adjusting a level 2 scenario with non- 1
2 -integral type(1) facilities

The main result of this section is as follows:

Lemma 6.12 Let S2(j) be a level 2 scenario such that Y1(S2(j)) is not 1
2 -integral. Then there

exists a chain of facilities C such that ∆(D(S2(j)), C + δ) = −∆(D(S2(j)), C − δ). Moreover C
is of one of the following forms:

1. < i1 >. Moreover, in this case ȳi1 6= 1.

2. < i1, i2 >. Moreover, in this case Y2(S2(j)) is not 1
2 -integral and ȳi1 6= 1.

Proof. First, consider the case when j ∈ D ′
1. Then note that D(S2(j)) = φ. Consider the facility

i ∈ F ′
1 ∩ S2(j). By virtue of the fact that Y1(S2(j)) is not 1

2 -integral, we know that ȳi 6= 1. Then,

C =< i > is the required chain since ∆(D(S(j2)), C + δ) = −∆(D(S(j2)), C − δ) = 0.

Now consider the case when j ∈ D′
2. Note that S2(j) = S(j). Also, note that D(S(j)) = {j}.

Thus we are just interested in analyzing the change in the cost for demand j. Consider the following

cases:
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• There are two type(1) facilities in S(j) as shown in Figure 6.4 (a):

Consider C =< i′1 >. Then by Lemma 6.11, ∆(j, C + δ) = −∆(j, C − δ) = δ · dj · (ci′1j −
ci1j) and thus < i′1 > is the required chain.

• There is only one type(1) facility in S(j) as shown in Figure 6.4 (b):

By virtue of the fact that Y1(S2(j)) is not 1
2 -integral, we know that ȳi1 6= 1.

Note that in this case, by Lemma 6.11, there is at most one type(2) facility in S(j).

Consider the following sub-cases:

– x̄i1j < ȳi1 :

Then C =< i1 > is the required chain as ∆(j, C + δ) = −∆(j, C − δ) = 0.

– x̄i1j = ȳi1 and Y(S(j)) is 1
2 -integral :

In this case ȳi1 + ȳi2 is 1
2 -integral. But, ȳi1 is not 1

2 -integral implying that ȳi2 is also not
1
2 -integral. Also, x̄i1j > 0 and x̄i2j > 0. Then C =< i1, i2 > is the required chain since

∆(j, C + δ) = −∆(j, C − δ) = δ · dj · (ci1j − ci2j).

– x̄i1j = ȳi1 and Y(S(j)) is not 1
2 -integral :

If there is a type(2) facility, say i2, in S(j), then x̄i2j = ȳi2 . Therefore 1
2 < Y(S(j)) <

1. Then C =< i1 > is the required chain since ∆(j, C + δ) = −∆(j, C − δ) = δ · dj ·
(ci1j − c̄j).

Adjusting a level 2 scenario with non- 1
2 -integral type(2) facilities

The main result of this section is as follows:

Lemma 6.13 Let S2(j) be a level 2 scenario such that Y2(S2(j)) is not 1
2 -integral. Then there

exists a chain of facilities C such that ∆(D(S2(j)), C + δ) = −∆(D(S2(j)), C − δ). Moreover C
is of one of the following forms:

1. < i2 >, where i2 ∈ D2.
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2. < i2, i1 >, where i1 ∈ D1, i2 ∈ D2. Moreover, in this case Y1(S2(j)) is not 1
2 -integral and

ȳi1 6= 1.

Proof. Clearly j ∈ D′
2 because F ′

2 ∩S2(j) = φ for j ∈ D′
1 and therefore Y2(S2(j)) cannot be non-

1
2 -integral. Note that S2(j) = S(j). Also, Note that D(S(j)) = {j}. Thus we are just interested in

analyzing the change in the cost for demand j.

Consider the following cases:

• There are two type(1) facilities in S(j) as shown in Figure 6.4 (a):

Consider C =< i2 >. Then applying Lemma 6.11, there exists a type(1) demand, say

j1 ∈ CCG1(j) and we get that ∆(j, C + δ) = −∆(j, C − δ) = δ · dj · (ci2j − ci1j).

• There is at most one type(1) facility in S(j) as shown in Figure 6.4 (b):

There is only one type(2) facility in S(j), i.e., i2.

Consider the following sub-cases:

– There is a type(1) facility, say i1, in S(j) and x̄i1j < ȳi1 :

Clearly, in this case, x̄i1j > 0. Then C =< i2 > is the required chain since ∆(j, C + δ)

= −∆(j, C − δ) = δ · dj · (ci2j − ci1j).

– There is a type(1) facility, say i1, in S(j) and x̄i1j = ȳi1 and Y(S2(j)) is 1
2 -integral :

In this case ȳi1 +ȳi2 is 1
2 -integral. Moreover, we know that ȳi2 is not 1

2 -integral implying

that ȳi1 is also not 1
2 -integral. Also, x̄i1j > 0 and x̄i2j > 0. Then, C =< i2, i1 > is the

required chain since ∆(j, C + δ) = −∆(j, C − δ) = δ · dj · (ci2j − ci1j).

– Y(S2(j)) is not 1
2 -integral and either x̄i1j = ȳi1 or there is no type(1) facility in S(j) :

In this case 1
2 < Y(S2(j)) < 1. Some fraction of the demand j is assigned to facilities

in the scenario of its nearest assignable demand. Then C =< i2 > is the required chain

since ∆(j, C + δ) = −∆(j, C − δ) = δ · dj · (ci2j − c̄j).

Adjusting a level 1 scenario with non- 1
2 -integral type(1) facilities

The main result of this section is as follows:
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Lemma 6.14 Let S(j) be a level 1 scenario such that Y1(S1(j)) is not 1
2 -integral. Then there exists

a chain of facilities C such that ∆(D(S1(j)), C + δ) = −∆(D(S1(j)), C − δ). Moreover C is of one

of the following forms:

1. < i1 >.

2. < i1, i2 >. Moreover, in this case Y2(S1(j)) is not 1
2 -integral.

3. < i1, i2, i
′
2 >. Moreover, in this case Y2(S1(j)) is 1

2 -integral.

4. < i1, i
′
1, i2, i

′
2, i

′′
1 >. In this case also, Y2(S1(j)) is 1

2 -integral.

Proof. The proof follows from Lemmas 6.15, 6.16 and 6.17.

Lemma 6.15 Let j2 be a type(2) demand such that there is no type(1) demand in CCG1(j2) and

Y1(S(j2)) is not 1
2 -integral. Then there exists a chain of facilities C such that ∆(D(S(j2)), C+δ) =

−∆(D(S(j2)), C − δ). Moreover C is of one of the following forms:

1. < i1 >.

2. < i1, i2 >. Moreover, in this case Y2(S(j2)) is not 1
2 -integral.

Proof. Note that the level 1 and level 2 scenarios to which j2 belongs are the same, i.e., S1(j2) =

S2(j2) = S(j2). Therefore the proof follows from Lemma 6.12.

Lemma 6.16 Let j1 be a type(1) demand such that Y1(S1(j1)) > 1 and not 1
2 -integral. Then there

exists a chain of facilities C such that ∆(D(S1(j1)), C + δ) = −∆(D(S1(j1)), C − δ). Moreover C
is of one of the following forms:

1. < i1 >.

2. < i1, i2 >. Moreover, in this case Y2(S1(j1)) is not 1
2 -integral.

3. < i1, i2, i
′
2 >. Moreover, in this case Y2(S1(j1)) is 1

2 -integral.

4. < i1, i
′
1, i2, i

′
2, i

′′
1 >. In this case also, Y2(S1(j1)) is 1

2 -integral.
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Proof. Note that S1(j1) = S(j1). Suppose there exists a level 2 scenario, say S2(j2), such that

j2 ∈ CCG1(j1) and contains 2 type(1) facilities. Clearly type(j2) = 2. Let i and i′ be the two

facilities. Then, by Lemma 6.11, x̄ij1 = ȳi = 1, x̄i′j1 = 0 and 0 < x̄ij2 < ȳi. Then it can be easily

seen that < i′ > is the required chain and we are done.

Otherwise, for every level 2 scenario S2(j2) where j2 ∈ CCG1(j1), there is only at most one

facility of each type. We can arrange the open type(1) facilities in S1(j1) in increasing order of

distance from j1, say i1, i2, . . . , it, . . . , iw, such that x̄ij1 = ȳi for i = i1, . . . , it−1, x̄ij1 ≤ ȳi

for i = it and x̄ij1 = 0 for i = it+1, . . . , iw. Let S2(j2,s) be the scenario containing is for all

s = 1, . . . , w. Note that if S2(j1) contains a type(1) facility, then this facility must be closest to j1,

i.e., it must be that j2,1 = j1.

Consider the following cases:

• x̄itj1 < ȳit :

Let is be any facility in S1(j1) ∩ F ′
1. Then note that ∆(j1, {is} + δ) = −∆(j1, {is} − δ) =

δ · dj1 · (cisj1 − citj1) if s < t and 0 otherwise.

Now, there must exist some scenario, say S2(j2,s), such that j2,s ∈ CCG1(j1) and Y1(S2(j2,s))

is not 1
2 -integral. By Lemma 6.12, there exists a chain C of facilities such that

∆(D(S2(j2,s)), C + δ) = −∆(D(S2(j2,s)), C − δ).

Consider the following subcases:

– If C is of the form < is >, where is ∈ F ′
1 :

It can be easily verified that < is > is the required chain and we are done.

– If C is of the form < is, i
′
s >, where is ∈ F ′

1, i′s ∈ F ′
2 and Y2(S(j1)) is not 1

2 -integral:

It can be verified that < is, i
′
s > is the required chain and we are done.

– If C is of the form < is, i
′
s >, where is ∈ F ′

1, i′s ∈ F ′
2 and Y2(S(j1)) is 1

2 -integral:

Then, there must be at least one other level 2 scenario, say S2(j2,r), such that j2,r ∈
CCG1(j1) and Y2(S2(j2,r)) is also not 1

2 -integral. By Lemma 6.13, there exists a chain C ′

of facilities in S2(j2,r) such that ∆(D(S2(j2,r)), C′ + δ) = −∆(D(S2(j2,r)), C′ − δ).

∗ If C′ =< i′r >, where i′r ∈ F ′
2 :

It can be easily verified that < is, i
′
s, i

′
r > is the required chain and we are done.

∗ If C′ =< i′r, ir >, where ir ∈ F ′
1 and i′r ∈ F ′

2 :

Consider the chain C ′′ =< is, i
′
s, i

′
r, ir >.

If s, r < t, then ∆(j1, C′′ + δ) = −∆(j1, C′′ − δ) = δ · dj1 · (cisj1 − cirj1).
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If s, r ≥ t, then ∆(j1, C′′ + δ) = −∆(j1, C′′ − δ) = 0.

If s < t, r ≥ t, then ∆(j1, C′′ + δ) = −∆(j1, C′′ − δ) = δ · dj1 · (cisj1 − citj1).

If s ≥ t, r < t, then ∆(j1, C′′ + δ) = −∆(j1, C′′ − δ) = δ · dj1 · (citj1 − cirj1).

Therefore in all cases ∆(D(S(j1)), C′′ + δ) = −∆(D(S(j1)), C′′ − δ). This im-

plies that the LP solution is a non-optimal or non-vertex solution – contradiction.

Thus, this case is not possible.

• x̄itj1 = ȳit :

Note that, in this case
∑

v≤t x̄ivj1 =
∑

v≤t ȳiv = 1. Therefore, there is some scenario, say

S2(j2,s), such that s > t, j2,s ∈ CCG1(j1) and Y1(S2(j2,s)) is not 1
2 -integral. By Lemma 6.12,

there exists a chain C of facilities s.t. ∆(D(S2(j2,s)), C + δ) = −∆(D(S2(j2,s)), C − δ).

– If C is of the form < is >, where is ∈ F ′
1 :

It can be easily seen that < is > is the required chain and we are done.

– If C is of the form < is, i
′
s >, where is ∈ F ′

1 and i′s ∈ F ′
2 :

If Y2(S(j1)) is not 1
2 -integral, then it can be easily verified that < is, i

′
s > is the required

chain and we are done.

Otherwise, Y2(S(j1)) is 1
2 -integral. Therefore, there must be another scenario, S2(j2,r),

such that j2,r ∈ CCG1(j1) and Y2(S2(j2,r)) is not 1
2 -integral. Moreover, by Lemma 6.11,

we know that type(j2,r) 6= 1.

By Lemma 6.13, there exists a chain Cr of facilities such that ∆(D(S2(j2,r)), Cr + δ) =

−∆(D(S2(j2,r)), Cr − δ).

Now, consider the following subcases:

∗ r > t :

· If Cr is of the form < i′r >, where i′r ∈ F ′
2 :

It can be easily verified that < is, i
′
s, i

′
r > is the required chain and we are

done.

· If Cr is of the form < i′r, ir >, where ir ∈ F ′
1 and i′r ∈ F ′

2 :

Consider the chain C ′ =< is, i
′
s, i

′
r, ir >. Then, it can be verified that

∆(D(S(j1)), C′ + δ) = −∆(D(S(j1)), C′ − δ). This implies that the solu-
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tion returned by the LP is a non-optimal or non-vertex solution – contradiction.

Hence this case is not valid.

∗ r ≤ t :

· If Cr is of the form < i′r >, where i′r ∈ F ′
2 :

It can be easily seen that < is, i
′
s, i

′
r > is the required chain and we are done.

· If Cr is of the form < i′r, ir >, where ir ∈ F ′
1 and i′r ∈ F ′

2 :

In this case, Y(S2(j2,r)) is 1
2 -integral and Y1(S2(j2,r)) is not 1

2 -integral. But

since
∑t

v=1 ȳiv = 1 and r ≤ t, there must exist another scenario, S2(j2,q) such

that j2,q ∈ CCG1(j1), Y1(S2(j2,q)) is not 1
2 -integral and q ≤ t.

If type(j2,q) = 1, then q = 1. In this case, let iq be the type(1) facility in

S2(j2,q). Then, it can be verified that < is, i
′
s, i

′
r, ir, iq > is the required chain

and we are done.

Otherwise type(j2,q) = 2. By Lemma 6.12, there exists a chain Cq of facilities

such that ∆(D(S2(j2,q)), Cq + δ) = −∆(D(S2(j2,q)), Cq − δ).

1. If Cq is of the form < iq >, where iq ∈ F ′
1 :

It can be easily verified that < is, i
′
s, i

′
r, ir, iq > is the required chain and we

are done.

2. If Cq is of the form < iq, i
′
q >, where iq ∈ F ′

1 and i′q ∈ F ′
2 :

Consider the chain C ′ =< ir, i
′
r, i

′
q, iq >. Then, it can be verified that

∆(D(S(j1)), C′ + δ) = −∆(D(S(j1)), C′ − δ). This implies that the so-

lution returned by the LP is a non-optimal or non-vertex solution – contra-

diction. Hence this case is not valid.

Lemma 6.17 Let j1 be a type(1) demand such that 1
2 < Y1(S(j1)) < 1. Then there exists a chain

of facilities C such that ∆(D(S1(j1)), C + δ) = −∆(D(S1(j1)), C − δ). Moreover C is of one of

the following forms:

1. < i1 >.

2. < i1, i2 >. Moreover, in this case Y2(S(j1)) is not 1
2 -integral.
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3. < i1, i2, i
′
2 >. Moreover, in this case Y2(S(j1)) is 1

2 -integral.

Proof. Some fraction of the demand j1 (between 1
2 and 1) is assigned to facilities in the scenario

of its nearest assignable demand. Also the total sum of type(1) facilities in the nearest assignable

demand is at least 1
2 . Moreover, the distance from j1 to all these facilities is same, say c̄j1 .

There exists some level 2 scenario, say S2(j2), such that j2 ∈ CCG1(j1) and Y1(S2(j2)) is not
1
2 -integral.

If type(j2) = 1, then there is only one type(1) facility in S2(j2). Let i1 be this facility. Consider

the chain C =< i1 >. Then, ∆(j1, C + δ) = −∆(j1, C − δ) = δ · dj1 · (ci1j1 − c̄j1) and therefore

∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ). Hence C is the required chain and we are done.

Otherwise type(j2) = 2. By Lemma 6.12, there exists a chain C of facilities such that

∆(D(S2(j2)), C + δ) = −∆(D(S2(j2)), C − δ).

Consider the following cases:

• C is of the form < i1 >, where i1 ∈ F ′
1 :

Then it can be easily seen that < i1 > is the required chain and we are done.

• C is of the form < i1, i2 >, where i1 ∈ F ′
1, i2 ∈ F ′

2 :

In this case, Y2(S2(j2)) is not 1
2 -integral.

If Y2(S(j1)) is also not 1
2 -integral, then it can be verified that < i1, i2 > is the required chain

and we are done.

Otherwise Y2(S(j1)) is 1
2 -integral. Then there must exist another scenario, say S2(j

′
2), such

that j′2 ∈ CCG1(j1) and Y2(S2(j
′
2)) is not 1

2 -integral. Note that type(j ′2) = 2. Again, by

Lemma 6.13, there exists a chain C ′ of facilities such that ∆(D(S2(j
′
2)), C′ + δ) =

−∆(D(S2(j
′
2)), C′ − δ). Consider the following subcases:

– C′ is of the form < i′2 >, such that i′2 ∈ F ′
2 :

It can be verified that < i1, i2, i
′
2 > is the required chain and we are done.

– C′ is of the form < i′2, i
′
1 >, such that i′1 ∈ F ′

1, i
′
2 ∈ F ′

2 :

Consider the chain C ′′ = < i1, i2, i
′
2, i

′
1 >. Then, it can be verified that

∆(D(S(j1)), C′′ + δ) = −∆(D(S(j1)), C′′ − δ). This implies that the solution re-

turned by the LP is a non-optimal or non-vertex solution – contradiction. Hence this

case is not valid.
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This completes the proof of the Lemma.

Adjusting a level 1 scenario with non- 1
2 -integral type(2) facilities

The main result of this section is as follows:

Lemma 6.18 Let S(j) be a level 1 scenario such that Y2(S1(j)) is not 1
2 -integral. Then there exists

a chain of facilities C such that ∆(D(S1(j)), C + δ) = −∆(D(S1(j)), C − δ). Moreover C is of one

of the following forms:

1. < i2 >.

2. < i2, i1 >. Moreover, in this case Y1(S1(j)) is not 1
2 -integral.

3. < i2, i1, i
′
1 >. Moreover, in this case Y1(S1(j)) is 1

2 -integral.

4. < i2, i
′
2, i1, i

′
1, i

′′
2 >. In this case also, Y1(S1(j)) is 1

2 -integral.

Proof. The proof follows from Lemmas 6.19, 6.20 and 6.21.

Lemma 6.19 Let j2 be a type(2) demand such that there is no type(1) demand in CCG1(j2) and

Y2(S(j2)) is not 1
2 -integral. Then there exists a chain of facilities C such that ∆(D(S(j2)), C+δ) =

−∆(D(S(j2)), C − δ). Moreover C is of one of the following forms:

1. < i2 >.

2. < i2, i1 >. Moreover, in this case Y1(S(j2)) is not 1
2 -integral.

Proof. Note that the level 1 and level 2 scenarios to which j2 belongs are the same, i.e., S1(j2) =

S2(j2) = S(j2). Therefore the proof follows from Lemma 6.13.

Lemma 6.20 Let j1 be a type(1) demand such that Y1(S(j1)) > 1 and Y2(S(j1)) is not 1
2 -integral.

Then there exists a chain of facilities C such that ∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ).

Moreover C is of one of the following forms:

1. < i2 >.

2. < i2, i1 >. Moreover, in this case Y1(S1(j)) is not 1
2 -integral.
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3. < i2, i1, i
′
1 >. Moreover, in this case Y1(S1(j)) is 1

2 -integral.

4. < i2, i
′
2, i1, i

′
1, i

′′
2 >. In this case also, Y1(S1(j)) is 1

2 -integral.

Proof. We can arrange the open type(1) facilities in S(j1) in increasing order of distance from j1,

say i1, i2, . . . , it, . . . , iw , such that x̄ij1 = ȳi for i = i1, . . . , it−1, x̄ij1 ≤ ȳi for i = it and x̄ij1 = 0

for i = it+1, . . . , iw. Let S2(j2,s) be the scenario containing is for all s = 1, . . . , w.

Note that if there is a scenario with two type(1) facilities, then this scenario is S2(j2,1) and the

type(1) facilities of this scenario are i1 and i2. Moreover, ȳi1 = 1 and ȳiv = 0 for all v > 1 and

therefore t = 1. Also, in this case, j2,1 = j2,2. We will always refer to this scenario as j2,2 (not

j2,1). Therefore i1, i2 ∈ S2(j2,2).

Consider the following cases:

• x̄itj1 < ȳit :

By the above argument, in this case there is no level 2 scenario with two type(1) facilities i.e.,

for every level 2 scenario S2(j2) such that j2 ∈ CCG1(j1), there is only at most one facility of

each type. Let is be any facility in S(j1) ∩F ′
1. Then ∆(j1, {is} + δ) = −∆(j1, {is} − δ) =

δ · dj1 · (cisj1 − citj1) if s < t and 0 otherwise.

Now, there must exist some scenario, say S2(j2,s), such that j2 ∈ CCG1(j1) and Y2(S2(j2,s))

is not 1
2 -integral. Clearly type(j2,s) = 2. By Lemma 6.13, there exists a chain Cs of facilities

such that ∆(D(S2(j2,s)), Cs + δ) = −∆(D(S2(j2,s)), Cs − δ).

– If Cs is of the form < i′s >, where i′s ∈ F ′
2 :

Then, it can be easily seen that < is > is the required chain and we are done.

– If Cs is of the form < i′s, is >, where is ∈ F ′
1, i′s ∈ F ′

2 and Y1(S(j1)) is not 1
2 -integral:

Then, it can be easily verified that < i′s, is > is the required chain and we are done.

– If Cs is of the form < i′s, is >, where is ∈ F ′
1, i′s ∈ F ′

2 and Y1(S(j1)) is 1
2 -integral:

Note that in this case Y1(S2(j2,s)) is not 1
2 -integral. Therefore, there must be at least

one other level 2 scenario, say S2(j2,r) such that j2,r ∈ CCG1(j1) and Y1(S2(j2,r)) is
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also not 1
2 -integral.

If type(j2,r) = 1, then r = 1 and i1 is the type(1) facility in S2(j2,r). Consider the

chain C =< i′s, is, i1 >. If s < t, then ∆(j1, C + δ) = −∆(j1, C − δ) = δ ·dj1 ·(ci1j1 −
cisj1). If s ≥ t, then ∆(j1, C + δ) = −∆(j1, C − δ) = δ · dj1 · (ci1j1 − citj1). Hence C
is the required chain and we are done.

Otherwise type(j2,r) = 2. By Lemma 6.12, there exists a chain Cr of facilities in

S2(j2,r) such that ∆(D(S2(j2,r)), Cr + δ) = −∆(D(S2(j2,r)), Cr − δ).

∗ If Cr =< ir >, where ir ∈ F ′
1 :

It can be verified that < i′s, is, ir > is the required chain by examining the cases

when (a) s, r < t, (b) s, r ≥ t, (c) s < t, r ≥ t and (d) s ≥ t, r < t separately.

∗ If Cr =< ir, i
′
r >, where ir ∈ F ′

1 and i′r ∈ F ′
2 :

Consider the chain C =< i′s, is, ir, i
′
r >.

If s, r < t, then ∆(j1, C + δ) = −∆(j1, C − δ) = δ · dj1 · (cirj1 − cisj1).

If s, r ≥ t, then ∆(j1, C + δ) = −∆(j1, C − δ) = 0.

If s < t, r ≥ t, then ∆(j1, C + δ) = −∆(j1, C − δ) = δ · dj1 · (citj1 − cisj1).

If s ≥ t, r < t, then ∆(j1, C + δ) = −∆(j1, C − δ) = δ · dj1 · (cirj1 − citj1).

Therefore in all cases ∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ). This implies

that the LP solution is a non-optimal or non-vertex solution – contradiction. Thus,

this case is not possible.

• x̄itj1 = ȳit :

There must be some scenario, say S2(j2,s) such that j2,s ∈ CCG1(j1), and Y2(S2(j2,s)) is not
1
2 -integral. By Lemma 6.13, there exists a chain Cs of facilities such that

∆(D(S2(j2,s)), Cs + δ) = −∆(D(S2(j2,s)), Cs − δ).

– If Cs is of the form < i′s >, where i′s ∈ F ′
2 :

It can be easily seen that < i′s > is the required chain and we are done.

– If Cs is of the form < i′s, is >, where is ∈ F ′
1 and i′s ∈ F ′

2 :

Consider the following cases:
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∗ s > t and Y1(S(j1)) is not 1
2 -integral:

It can be easily seen that < i′s, is > is the required chain and we are done.

∗ s > t and Y1(S(j1)) is 1
2 -integral :

Note that if S2(j2,s) contains two type(1) facilities, then is = i2 (is 6= i1) and

therefore ȳisj1 = 0.

Note that, in this case
∑

v≤t x̄ivj1 =
∑

v≤t ȳiv = 1.

Therefore, there must exist another scenario, say S2(j2,r) such that j2 ∈ CCG1(j1),

r > t and Y1(S2(j2,r)) is not 1
2 -integral.

If type(j2,r) = 1, it can be verified that < i′s, is, ir > is the required chain and we

are done.

Otherwise type(j2,r) = 2. Then, by Lemma 6.12, there exists a chain Cr of facili-

ties such that ∆(D(S2(j2,r)), Cr + δ) = −∆(D(S2(j2,r)), Cr − δ).

· If Cr is of the form < ir >, where ir ∈ F ′
1 :

It can be easily seen that < i′s, is, ir > is the required chain and we are done.

· If Cr is of the form < ir, i
′
r >, where ir ∈ F ′

1 and i′r ∈ F ′
2 :

Consider the chain C = < i′s, is, ir, i
′
r >. Then, it can be verified that

∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ). This implies that the solution

returned by the LP is a non-optimal or non-vertex solution – contradiction.

Hence this case is not valid.

∗ s ≤ t :

Then, since
∑

v≤t x̄ivj1 =
∑

v≤t ȳiv = 1 and Y1(S2(j2,s)) is not 1
2 -integral, there

must exist another scenario, say S2(j2,r), such that j2,r ∈ CCG1(j1), r ≤ t and

Y1(S2(j2,r)) is not 1
2 -integral.

Note that both S2(j2,s) and S2(j2,r) have only one type(1) facility because for a

scenario S2(j2,v) having two type(1) facilities v = 2 > 1 = t.

By Lemma 6.12, there exists a chain Cr of facilities such that

∆(D(S2(j2,r)), Cr + δ) = −∆(D(S2(j2,r)), Cr − δ).

· If Cr is of the form < ir >, where ir ∈ F ′
1 :

It can be easily seen that < i′s, is, ir > is the required chain and we are done.
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· If Cr is of the form < ir, i
′
r >, where ir ∈ F ′

1 and i′r ∈ F ′
2 :

Consider the chain C = < i′s, is, ir, i
′
r >. Then, it can be verified that

∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ). This implies that the solution

returned by the LP is a non-optimal or non-vertex solution – contradiction.

Hence this case is not valid.

Lemma 6.21 Let j1 be a type(1) demand such that 1
2 < Y2(S1(j1)) < 1. Then there exists a chain

of facilities C such that ∆(D(S(j1)), C + δ) = −∆(D(S(j1)), C − δ). over C is of one of the

following forms:

1. < i2 >.

2. < i2, i1 >. Moreover, in this case Y1(S(j1)) is not 1
2 -integral.

3. < i2, i1, i
′
1 >. Moreover, in this case Y1(S(j1)) is 1

2 -integral.

Proof. Some fraction of the demand j1 (between 1
2 and 1) is assigned to facilities in the scenario

of its nearest assignable demand. Also the total sum of type(1) facilities in the nearest assignable

demand is at least 1
2 . Moreover, the distance from j1 to all these facilities is same, say c̄j1 .

There exists some level 2 scenario, say S2(j2) where j2 ∈ CCG1(j1), such that Y2(S2(j2)) is

not 1
2 -integral.

By Lemma 6.13, there exists a chain C of facilities such that ∆(D(S2(j2)), C + δ) =

−∆(D(S2(j2)), C − δ).

Consider the following cases:

• C is of the form < i2 >, where i2 ∈ F ′
2 :

It can be easily seen that < i2 > is the required chain and we are done.

• C is of the form < i2, i1 >, where i1 ∈ F ′
1, i2 ∈ F ′

2 and Y1(S(j1)) is not 1
2 -integral :

It can be verified that < i2, i1 > is the required chain and we are done.
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• C is of the form < i2, i1 >, where i1 ∈ F ′
1, i2 ∈ F ′

2 and Y1(S(j1)) is 1
2 -integral :

Since Y1(S2(j2)) is not 1
2 -integral, there must exist another scenario, say S2(j

′
2) such that

j′2 ∈ CCG1(j1), and Y1(S2(j
′
2)) is also not 1

2 -integral. Again, by Lemma 6.12, there exists a

chain C′ of facilities such that ∆(D(S2(j
′
2)), C′ + δ) = −∆(D(S2(j

′
2)), C′ − δ).

Consider the following subcases:

– C′ is of the form < i′1 >, such that i′1 ∈ F ′
1 :

It can be verified that < i2, i1, i
′
1 > is the required chain and we are done.

– C′ is of the form < i′1, i
′
2 >, such that i′1 ∈ F ′

1, i
′
2 ∈ F ′

2 :

Consider the chain C ′′ = < i2, i1, i
′
1, i

′
2 >. Then, it can be verified that

∆(D(S(j1)), C′′ + δ) = −∆(D(S(j1)), C′′ − δ). This implies that the solution re-

turned by the LP is a non-optimal or non-vertex solution – contradiction. Hence this

case is not valid.

Adjustment of Chains for 1
2 -integrality

Note that all the chains that we consider have a special structure. The chains are in the form of pairs

of facilities of the same type with possibly the first or last or both (first and last) facilities being of

different types. More formally,

Definition Special Chain: Let C =< i1, i2, ..., it > be any chain such that:

• t is odd and

– either type(is) = type(is+1) for odd s, s 6= t and type(it) = 1

– or type(is) = type(is+1) for even s and type(i1) = 1

We call such a chain a type 1 open chain since performing the operation C+δ or C−δ changes
∑

i∈C∩F ′

1
ȳi but not

∑

i∈C∩F ′

2
ȳi. In the first case above, we say it is type 1 open from the right

and in the second case we say that it is type 1 open from the left.

• t is odd and

– either type(is) = type(is+1) for odd s, s 6= t and type(it) = 2
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– or type(is) = type(is+1) for even s and type(i1) = 2

We call such a chain a type 2 open chain since performing the operation C+δ or C−δ changes
∑

i∈C∩F ′

2
ȳi but not

∑

i∈C∩F ′

1
ȳi. In the first case above, we say it is type 2 open from the right

and in the second case we say that it is type 2 open from the left.

• t is even and

– type(is) = type(is+1) for odd s

– or type(is) = type(is+1) for even s and type(i1) = type(it)

We call such a chain a closed chain since performing the operation C + δ or C − δ does not

change
∑

i∈C∩F ′

1
ȳi or

∑

i∈C∩F ′

2
ȳi.

• t is even, type(is) = type(is+1) for even s, s 6= t and moreover type(i1) 6= type(it). We call

such a chain a type 1-2 open chain since performing the operation C+δ or C−δ changes both
∑

i∈C∩F ′

1
ȳi and

∑

i∈C∩F ′

2
ȳi by equal amounts but of opposite magnitude. If type(i1) = 1,

we say that it is type 1 open from the left and type 2 open from the right and if type(i1) = 2,

we say that it is type 2 open from the left and type 1 open from the right.

Definition Reversal Operation on Chains:

We define the reversal operation on a chain as follows: Let C =< i1, ..it > be a chain of facilities.

Then the reverse chain R(C) is the chain < it, .., i1 > where the facility order is reversed.

Definition Concatenation Operation on Chains:

We define the concatenation operation on a chain as follows: Let C =< i1, ..it > and C′ =

< i′1, ..i
′
s > be two chains of facilities. Then the concatenated chain (denoted by C+C ′) is the chain

< i1, .., it, i
′
1, .., i

′
s >.

Definition Merge operation on Chains:

Let C =< i1, i2, ..., it > and C′ =< i′1, i
′
2, ..., i

′
s > be two special chains. We define merge

operation (denoted C · C ′) on these as follows:

• If both are type w open from the left, then C · C ′ = R(C) + C′

• If both are type w open from the right, then C · C ′ = C + R(C′)

• If C is type w open from the left and C ′ is type w open from the right then C · C ′ = C′ + C
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• If C is type w open from the right and C ′ is type w open from the left then C · C ′ = C + C′

When multiple conditions are satisfied, for instance, when we merge two type 1-2 open chains, then

we apply the first applicable condition in the above order.

Note that the chain obtained by merging special chains is also a special chain.

Theorem 6.22 The solution to the LP specified in Section 6.2.4 is half-integral.

Proof. For simplicity assume that
∑

i∈F ′

1
ȳi and

∑

i∈F ′

2
ȳi are both integral. We handle the case

when this is not so later.

We first show that Y1(S) and Y2(S) are 1
2 -integral for all level 1 scenarios S . We then prove

that within any level 1 scenario for which this is true Y1(S ′) and Y2(S ′) are 1
2 -integral for all level

2 scenarios S ′ within that scenario.

First consider all the level 1 scenarios for which Y1(S) is not 1
2 -integral. Let S1,S2, ..,Sv be

these scenarios. We will prove that v = 0. Suppose otherwise. Then v ≥ 2 since the total sum of

all type(1) facilities is integral. Let C1, C2, .., Cv be the special chains returned for these scenarios

when Lemma 6.14 is invoked on these scenarios.

Note that all these special chains must be either type 1 open or type 1-2 open.

We will show that we can always combine these chains to form a closed chain.

If there are two chains, say Cx and Cy that are type 1 open then Cx · Cy is a closed chain.

Similarly, if there are two chains, say Cx and Cy that are type 1-2 open then Cx · Cy is a closed

chain.

Therefore the only case left is that there are only 2 chains such that one of them, say Cx, is type

1 open and the other, say Cy is type 1-2 open. Then Y2(Sy) is not 1
2 -integral. Therefore, there must

be another level 1 scenario, say S ′ such that Y2(S ′) is also not 1
2 -integral. Let C ′ be the special chain

obtained by invoking Lemma 6.18 on this scenario. Then either C ′ is type 2 open or it is type 1-2

open. If it is type 2 open. Then (Cx · Cy) · C′ is a closed chain. Otherwise Cy · C′ is a closed chain.

If we still do not have a closed chain then v = 0.

Now consider all the level 1 scenarios for which Y2(S) is not 1
2 -integral. Let S ′

1,S ′
2, ..,S ′

w be

these scenarios. We will prove that w = 0. Suppose otherwise. Then w ≥ 2 since the total sum of

all type(1) facilities is integral. Let C ′
1, C′

2, .., C′
w be the special chains returned for these scenarios

when Lemma 6.18 is invoked on these scenarios.

Note that all these special chains must be either type 2 open or type 1-2 open. But they cannot

be type 1-2 open because Y1(S ′) is 1
2 -integral for all the above level 1 scenarios. Therefore they

must all be type 2 open.
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We will show that we can always combine these chains to form a closed chain.

If there are two chains, say C ′
x and C′

y that are type 2 open then C ′
x · C′

y is a closed chain.

Moreover, w 6= 1, because the total sum of all the type(2) facilities is 1
2 -integral. Therefore

there must always exist a closed chain or w = 0.

Therefore in all the cases, we obtain a closed chain. We call this closed chain C. Now, note that

∆(D′, C + δ) = −∆(D′, C − δ).

This implies that the solution to the LP is either non-optimal or non-vertex – contradiction. Hence

there is no level 1 scenario S such that Y1(S) is not 1
2 -integral or Y2(S) is not 1

2 -integral.

We can show that within any level 1 scenario for which Y1(S) and Y2(S) are 1
2 -integral Y1(S ′)

and Y2(S ′) are 1
2 -integral for all level 2 scenarios S ′ within that scenario. This follows by exactly

the same arguments applied on the contained level 2 scenarios and the chains returned by applying

Lemmas 6.12 and 6.13 instead of Lemmas 6.14 and 6.18 wherever applicable.

Now, since within each level 2 scenario there is only one type(2) facility, it must be 1
2 -integral.

Also there are at most two type(1) facilities within any level 2 scenario. If there is only one type(1)

facility, then it is 1
2 -integral. If on the other hand, there are two type(1) facilities, then we know that

for one of these facilities, say i1, ȳi1 = 1 so that the other facility must be 1
2 -integral also.

When
∑

i∈F ′

t
ȳi is not integral for some type t, we simply add another level 1 scenario very far

away from other scenarios that contains a facility of that type, say it. We open it to the least extent

possible such that
∑

i∈F ′

t
ȳi becomes integral (note that this does not violate constraint (6.21) of the

LP). Note that this facility is not used by any demand and therefore can be freely adjusted, i.e., this

scenario can always return a chain < it > without affecting the cost of the solution. We can then

use this scenario in our adjustment of facilities across scenarios as described above.

Hence the LP solution is half-integral.

6.2.6 Rounding to an integral solution

Let F̄j denote the facilities used by demand j. Let C̄∗
j =

∑

i∈F̄j
cij x̄ij .

Note that since the solution is 1
2 -integral, cij ≤ 2C̄∗

j for all i ∈ F̄j . Therefore, it does not matter

which of the facilities in F̄j a demand j is assigned to in the integral solution as long as we can fully

open that facility, as the cost only increases by at most a constant factor.

We now consolidate the demands again. We consider the demands in order of increasing C̄∗
j

values. For each demand j, if there exists another demand, say j ′ considered already (i.e., C̄∗
j′ ≤ C̄∗

j )



120 CHAPTER 6. K-MEDIAN PROBLEM WITH PRIORITIES IN METRIC SPACES

which is of the same or smaller type and C̄∗
j ≥ cjj′/8, then we merge j with j ′. Note that this only

increases the cost of the solution by a constant factor. It is easy to see that an integral solution to

this modified problem instance can be used to obtain an integral solution to the problem instance

before consolidation of demands by loosing at most a constant factor in our approximation.

The following observations follow from the consolidation of demands described above.

Observation 6.7 F̄j ∩ F̄j′ = φ for any two demands j, j ′ of the same type.

Observation 6.8 A type(2) demand only shares facilities with at most one type(1) demand.

Lemma 6.23 By loosing at most a constant factor, the 1
2 -integral solution to the LP obtained in the

previous section can be modified to an integral solution.

Proof. We start by reassigning demands to use fully open facilities wherever possible.

Consider a type(2) demand. If it uses two facilities and one of them is fully open, then we can

simply reassign it completely to this facility. If it uses two type(2) facilities, we can combine them

to the one that is closer to the demand, making it integral. Note that these facilities are not used

by any other demand. Similarly, if it uses two type(1) facilities, we can combine them to the one

that is closer to the type(1) demand. Thus we are only left to deal with type(2) demands that are
1
2 -assigned to a type(1) facility and a type(2) facility.

Now consider a type(1) demand. If it is assigned to two type(1) facilities and one of them is

fully open, then we can simply assign it completely to this facility. If it uses two type(1) facilities

and at least one of them is not used by any other (type(2)) demand, then we can combine them to

one facility. If exactly one of them is infact used by another type(2) demand, then we fully open

the corresponding type(1) facility and we also reassign that type(2) demand to fully utilize this

facility. Now we are only left to deal with type(1) demands that are 1
2 -assigned to two type(1)

facilities, where both these facilities are shared with type(2) demands. Moreover each of these

type(2) demands is 1
2 -assigned to another type(2) facility. We simply modify the solution to fully

open the type(1) facility that one of these type(2) demands is assigned to and the type(2) facility

that the other type(2) demand is assigned to.

Note that while performing the above adjustments, it is possible that we are left with some
1
2 -open facilities that are unused by any demand.

Now we are only left to deal with type(2) demands that are 1
2 -assigned to a type(1) facility and

a type(2) facility where the type(1) facility is not shared with a type(1) demand. For every pair
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of such scenarios, we simply modify the solution to fully open the type(1) facility for one of these

scenarios and the type(2) facility for the other scenario. We repeatedly apply this reassignment till

there is at most one such scenario. If there is one such scenario, then since the sum of all the type(1)

(and type(2)) facilities is integral, it must be that there are unutilized facilities of each type. We

borrow from one of these unused facility types and open the corresponding facility type fully in the

scenario and reassign the demand to fully utilize this facility.

Note that any demand j, is reassigned at most once – to a fully open facility within a distance

of at most 2C̄∗
j . Therefore, the total cost increases by at most a factor of 2.

Putting together our discussions, we get the following algorithm. We solve the LP relaxation

of the natural integer programming formulation specified in Section 6.1. We then consolidate de-

mands in this fractional solution as specified in Section 6.2.1 and then modify the assignments in

this fractional solution as specified in Section 6.2.3 to obtain a fractional solution that satisfies the

Structure property. We then formulate a modified LP for this more structured instance as specified

in Section 6.2.4. The solution to this modified LP is half-integral as shown in Theorem 6.22. We

finally round it off to an integral solution as specified in Lemma 6.23. This integral solution can

now be used to obtain an integral solution to the original LP by loosing at most a constant factor

of approximation when separating out the demands that were consolidated together, leading to the

following result.

Theorem 6.24 There exists an algorithm that solves the priority k-median problem with two prior-

ities within a constant factor of approximation in polynomial time.

The approximation ratio obtained using our algorithm is fairly large (in the region of a few hun-

dreds). We have not attempted to minimize it. With more careful analysis, we believe that it can be

lowered significantly.

6.3 Open Problems and Concluding Remarks

It would be interesting to know if there is a constant factor approximation algorithm or a large

integrality gap for the given LP for the prioritized k-median problem when there are exactly 3

priorities.

The natural integer program formulation for the facility location problem is a variation of the

integer program for the k-median problem that incorporates facility costs instead of bounding the

number of facilities to open. Our integer program formulation for k-median with priorities can also
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be easily modified to a formulation for the facility location with priorities problem. We can then

similarly consolidate demands and facilities to create scenarios that form a nice nested structure

and then formulate another linear problem for this seemingly simpler problem and show that it

is unimodular, resulting in an integral solution. However, the approximation ratio obtained using

this method is unlikely to be better than the approximation ratio obtained using previously known

algorithms for this problem [59].
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