CSL361 Problem set 10: Steepest descent and
Conjugate gradients

November 9, 2009

1 Necessary and sufficient conditions for relative

minimum

1. (First-order necessary condition for a minimum) Let Q@ C R™ and let f
defined on €2 be continuous and differentiable. If z* is a local minimum
point of f over €0, then for any d € R” that is a feasible direction at
x*, show that Vf(z*)d > 0. Also, show that if z* is an interior point
of Q, then V f(z*)d = 0.

. (Second-order necessary condition for a minimum) Let 2 C R™ and
let f defined on ) be twice continuously differentiable. If z* is a local
minimum point of f over (2, then for any d € R” that is a feasible
direction at x*, show that

(a) Vf(z*)d > 0.
(b) if Vf(2*)d = 0, then dTV2f(z*)d = d” H(f(z*))d > 0.

Also, show that if z* is an interior point of €2, then V f(z*)d = 0, and
Vd, dTV2f(2*)d > 0.

. (Second-order sufficient condition) Let f be twice continuously differ-
entiable in a region in which z* is an interior point. Suppose also
that

(a) Vf(z*)d =0.
(b) d'V2f(x*)d = d"H(f(z*))d > 0.

Then z* is a local minimum of f.
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1.

Convex sets and convex functions

Let fi1 and fy be convex functions defined on a convex set 2. Show
that

(a) fi1+ f2is convex on €

(b) af is convex on € for any a > 0.

Let f be a convex function defined on a convex set 2. Show that the
set o ={z:2€Q, f(z) <z} is convex for every real number c.

Suppose f is continuous and differentiable. Show that f is convex on
a convex set Q if and only if f(y) > f(z) + Vf(z)(y — ), Vz,y € Q.

Let f be twice continuously differentiable. Then show that f is a
convex function over a convex set {2 containing an interior point if and
only if the Hessian matrix of f is positive semidefinite throughout €.

Let f be a convex function defined on a convex set 2. Show that the
set I' where f attains its minimum is convex, and any local minimum
of f is a global minimum.

Let f be a convex function defined on a convex set 2. If there is a
point * € €, such that Yy € Q, Vf(z*)(y —2*) > 0, then show that
z* is a global minimum of f over €2,

Let f be a convex function defined on a bounded, closed, convex set
Q. Show that if f has a maximum in €, it is achieved at an extreme
point of €.

Steepest descent

. Suppose f is a continuous and differentiable convex function defined

over a convex set Q. If r(z) = —V f(x), then show that the steepest
descent iteration defined by x4+ = zx + agr(zy), where oy is a non-
negative scalar chosen to minimize f(zy + agr(zk)), is guaranteed to
find a global minimum of f over Q if xg € .

. Consider the quadratic form f(z) = 127 Az — bTx 4 ¢. Show that

2
(a) fl(z)=3ATe+ 1Az —b
(b) If A is symmetric f'(z) = Az —b.



(c)
(d)

(A + AT) is always symmetric.

If A is positive definite and symmetric, then the solution of the
linear system z* = A~!b gives a global minimum of f.

3. If A is postive definite and symmetric), then show that for the gradient
descent procedure for the quadratic form

(a)
(b)

r(z)=f'(z) =b— Ax

z* that minimizes f, also minimizes E(z) = 1(z —2*)7T A(z — z*)
and vice-versa.
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The iterative process satisfies

(rirs)?
(r,{A—lrk) (rgArk)

E(zp1) = <1 - ) E(zy)

If Ay and A, are the largest and smallest eigenvalues of A, then,
for any vector z

(27 )2 N A\ Ay,
(2T A=1z) (2T Ax)) = (M1 + A\p)?

Conclude that for all steps k

AL — A

E(zp) < <)\1+/\n>2 E(xy)

Conclude that if Ay = A, then steepest descent converges in one
step. But, on the other hand, if A\; >> \,, then the conver-
gence can be extremely slow. Try to visualize the two situations
geometrically. (It may be worth the effort to program the two di-
mensional case in Matlab, and visualize the iterations along with
contour plots of A for different A’s).

Show that the successive search direction ;41 and r; are always
orthogonal.

Defining e; = z; — x*, show that if e; is an eigenvector of A, then
so is r; = —Ae; = —\e;, and the iteration converges in one step.

For a more general case, express e; as a linear combination of
eigenvectors of A and relate the steepest descent iteration with
power iteration and Rayleigh quotient.



(k) Show that the steepest descent recurrence for the quadratic case
can be given as

ro = b — Al’o
T%Tk
. —
rz:Ark

Thel = Tk — QAT

Argue that for sparse matrices the above iteration can be imple-
mented easily if there is an efficient procedure for matrix-vector
multiplication.

4. Suppose f is defined on R", has continuous second partial derivatives,
and has a local minimum at x*. Also assume that the Hessian matrix
of f at x* has smallest eigenvalue A, and largest eigenvalue A;. If
{z} is a sequence generated by steepest descent and it converges to
x*, then show that the sequence of objective values {f(zy)} converges

to f(z*) linearly with a convergence rate no greater than (i;iz) .

4 Conjugate directions

Consider the quadratic, positive definite case. Suppose dy,dq,...,d,_1 are a
set of n directions that are A-orthogonal, or conjugate, such that dI Ad; = 0.
Show the following:

1. If the iteration is z; 11 = z; + «;d;, then the value of a; which satisfies
the requirement d Ae; 1 = 0 (the error e;;; has no component aligned
to d;) is

_ d,LTAe, _ dZTT’i

dFAd;  dF Ad,

Q; =

2. The orthogonality requirement d Ae;11 = 0 is equivalent to find-
ing the minimum point along the direction d;; and to the condition
_7"1'T+1di = 0.

3. If eg = Z;:& 0jdj, then 6, = —ay. Thereby conclude that the conju-
gate directions iteration computes the solution z* in exactly n steps.

4. Also, the error after i steps, e; = Z;”:_il 0;d;



5. If we start with n linearly independent vectors ug, 41, . . ., U,—1 vectors,
then the following conjugate Gram-Schmidt process can generate the

required conjugate vectors do,d1, ..., dp—1
do = g
- .
di = wi+ Y _oBidr, i >k
ulAd; . .
ﬁl] = _dZTAdj77’>]

6. Convince yourself that in the above procedure all the old search vec-
tors must be kept in memory to construct each new one, and O(n?)
operations are required to generate the whole set.

7. If we define D; = span{dp,dy,...,d;—1}, then show that the residual
r; is orthogonal to D, i.e., diTrj = uiTrj =0 for ¢ < j.

8. Also, show that dZTri = uZTn

9. Show that r;11 = r; — o; Ad;.

5 Conjugate gradients

If in the conjugate directions procedure, we make the setting u; = r;, then
show the following:

1. rl'r; =0 for i # j; and

D; = span{ro,ri,...,7i—-1}
= span{do, Ado, A2d0, e ,d[)}
= span{rg, Arg, A%rg, ..., 70}

2. Convince yourself that because d;—1 € D;, each new subspace D, is
formed from the union of the previous subspace D; and AD;.

3. Also convince yourself that r;;1 orthogonal to D;41 (dZTrj = uzTrj =0

for i < j) implies that r;y; is A-othogonal to D;. Gram-Schimdt
conjugation becomes easy, because ;11 is already A-othogonal to all
the previous search directions except d;.

T.TAd]

4. Use the expressions (3;; = — i and 741 = rj — ajAd; to show that
7 J
arir ifi =j
T',LTAdj = _ail_erTi ifi=j5+1
0 otherwise



and, hence
1 riTri ses e
ﬁ” — Q1 d;rilAdifl lf L= ‘7 + 1
0 ifti>j+1

T,
i T

5. Substituting a; = ;{T v and diTri = ul-Tm, conclude that

T,
Biq = Tili
1,i—1 — —p
TiaTi—1

6. Combining everything, conclude that the conjugate gradient procedure
is

ClQZTQ:b—AQZO
T

~ dT Ad;
Tip1 = Ti + 04d;

(&7

riv1 =i — a;Ad;
T
Biay = Tir1Ti+1
il = — 5 —
;T

diy1 = rig1 + Biy1d;

7. Argue that the time compexity per-iteration is reduced from O(n?) to
O(m) where m is the number of non-zero entries in A.

6 Jacobi iteration and Newton’s method

Will be put up soon.



