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3.1
Introduction

3.1.1 Randomized Algorithms

The technique of randomizing an algorithm to improve its efficiency
was first introduced in 1976 independently by Rabin and Solovay & Strassen.
Since then, this idea has been used to solve myriads of computational problems
successfully. Today randomization has become a powerful tool in the design
of both sequential and parallel algorithms.

Even though the idea of randomization is at least as old as Hoare’s quick-
sort algorithm, these previous approaches assume a distribution on the space
of all possible inputs, which may not be a valid assumption at all. For exam-
ple, Hoare’s quicksort algorithm may run for a long period of time on certain
inputs. However the number of such bad input permutations is only a small
fraction of the possible inputs. If we assume (which indeed Hoare does) that
each input permutation is equally likely to occur, then quicksort algorithm
is quite practical because with very high probability the given input permu-
tation will not be a bad one and hence the algorithm will terminate quickly.
But, Hoare’s assumption of a uniform distribution on the input space is ques-
tionable, since the input distribution may vary quite unpredictably. Rabin
and Solovay & Strassen rectify this problem by introducing randomization
into the algorithm itself.

Informally, a randomized algorithm is one which bases some of its deci-
sions on the outcomes of coin flips. We can think of the algorithm with one
possible sequence of outcomes for the coin flips to be different from the same
algorithm with a different sequence of outcomes for the coin flips. Therefore,
a randomized algorithm can be viewed as a family of algorithms. For a given
input, some of the algorithms in this family may run for indefinitely long pe-
riods of time. The objective in the design of a randomized algorithm is to
ensure that the number of such bad algorithms in the family is only a small
fraction of the total number of algorithms. If for any input we can show that
at least (1—¢) (e being very close to 0) fraction of algorithms in the family will
run quickly on that input, then clearly, a random algorithm in the family will
run quickly on any input with probability > (1 — €). In this case we say that
this family of algorithms (or this randomized algorithm) runs quickly with
probability at least (1 — €) where € is called the error probability. Observe
that this probability is independent of the input distribution.

To give a flavor for the above notions, we now give an example of a
randomized algorithm. Given a polynomial of n variables f(z1,...,z,) over



a field F, it is required to check if f is identically zero. We generate a random
n—vector (ry,...,r,) (r; € F,i = 1,...,n) and check if f(ry,...,m,) = 0.
We repeat this for k& independent random vectors. If there is even one vector
for which f evaluates to a non zero value, then clearly f is nonzero. If f
evaluated to zero on all the k vectors tried, we conclude f is zero. It can
be shown that the probability of error in our conclusion will be very small if
we choose a sufficiently large k. In comparison, the best known deterministic
algorithm for this problem is much more complicated and has a much higher
time complexity.

Advantages of Randomization

Two of the most important advantages of using randomized algorithms
are their simplicity and efficiency. A majority of the randomized algorithms
found in the literature are simpler and easier to understand than the best
deterministic algorithms for the same problems. The reader may have already
got some feel for this from the above given example of testing if a polynomial
is identically zero. Randomized algorithms have also been shown to yield
better complexity bounds.

A skeptical reader at this point might ask: How dependable are random-
ized algorithms in practice, after all there is a non zero probability that they
may fail? Most readers are also aware that there is a probability (however
small it might be) that the hardware itself might fail. So, if we design a fast
algorithm for a problem with an error probability < 2~* for some integer k
independent of the problem size, we can reduce the error probability far below
the hardware error probability by making k large enough.

Different types of randomized algorithms

Two types of randomized algorithms can be found in the literature:
1) algorithms that always produce the correct output but may run for an
indefinite period (that is the running time is a random variable). These are
called Las Vegas algorithms; and 2) those that run for a specified amount of
time and whose output will be correct with a specified probability. These are
called Monte Carlo algorithms. Primality testing algorithm of Rabin is of the
second type.

The error of a randomized algorithm can either be 1-sided or 2-sided.
Consider a randomized algorithm for recognizing a language. The output of
the algorithm is either yes or no. There are algorithms which when saying yes
are always correct, but when saying no may have produced a wrong answer.



Such algorithms are said to have 1-sided error. Algorithms that have non zero
error probability on both possible outputs are said to have 2-sided error.

Randomization in Parallel Algorithms

The ever-decreasing low cost of hardware nowadays has prompted com-
puter scientists to design parallel machines and algorithms to solve problems
very efficiently. In an early paper Reif proposed using randomization in par-
allel computation. In this paper he also solved many algebraic and graph
theoretic problems in parallel using randomization. Since then a new area
of research in computer science has evolved that tries to exploit the special
features offered by both randomization and parallelization.

3.1.2 Model of Computation

A large number of parallel machine models have been proposed. Some
of the more widely accepted models are: 1) fixed connection machines, 2)
shared memory models, 3) the boolean circuit model, and 4) the parallel
comparison trees. For all the algorithms in this chapter, we assume the shared
memory model. In the randomized version of these models, each processor is
equipped with a random number generator which can produce independent
random bits in unit time. This is in addition to the computations allowed
by the corresponding deterministic version. The time complezity of a parallel
machine is a function of its input size. More precisely, time complexity is a
function g(n) that is the maximum over all inputs of size n of the time elapsed
when the first processor begins execution until the time the last processor stops
execution.

Just like big-O function serves to represent the complexity bounds of

deterministic algorithms, O serves to represent the complexity bounds of ran-
domized algorithms.
Notation We say a randomized algorithm has a resource (time, space etc.)
bound of O(g(n)) if there exists a constant ¢ such that the amount of resource
used by the algorithm (on any input of size n) is no more than cag(n) with
probability > 1 — 1/n®. We shall refer to these bounds as high probability
bounds.

We say a parallel algorithm is optimal if its processor bound P, and time
bound T;, are such that P, T,, = 6(5 ) where S is the time bound of the best
known sequential algorithm for that problem.

In shared memory models, a number (say P) of processors work syn-
chronously communicating with each other with the help of a common block



of memory accessible by all processors. Each processor is a random access
machine. Each step of the algorithm is an arithmetic operation, a compari-
son, or a memory access. Several conventions are possible to resolve read or
write conflicts that might arise while accessing the shared memory. FEREW
PRAM is the shared memory model where no simultaneous read or write is
allowed on any cell of the shared memory. CREW PRAM is a variation which
permits concurrent read but not concurrent write. And finallyy, CRCW PRAM
model allows both concurrent read and concurrent write. Each processor has
a unique identifier (or id for short) which is a log P bit integer where P is
the number of processors. We also assume that each processor has access to
O(logn) bit random numbers in unit time.

3.1.3 Problems of Interest

In this chapter we consider the following problems: Selection, Sorting,
and Convex hulls. These are very important fundamental problems in com-
puter science which is reflected by the vast amount of literature devoted to
these problems.

The problem of selection is to find the ith smallest key in a given se-
quence of keys (for some specified 7). The problem of sorting is to rearrange
the given sequence of keys in either descending order or ascending order.

DEFINITION

A convex hull of a set S of points is the smallest convex set containing
S. A planar convex hull is the convex hull of a set of points in two
dimensional space.

We shall describe a parallel algorithm for constructing planar convex
hulls. The algorithm can actually be extended to three dimensions with some
additional effort; however we have confined ourselves to two dimensions to
make the presentation simpler. The problem of sorting and construction of
convex hulls are closely related. Specifically, any lower bound for sorting is
also a lower bound for constructing convex hulls. Moreover, in the sequential
context the algorithms for the problems share an interesting relationship. The
techniques for sorting like mergesort and insertion sort can be extended almost
directly for convex hulls.



3.2
Random Sampling Lemmas for Sorting and
Selection

3.2.1 Selection

Let X = {ki1,k2,...,k,} be a set of n distinct keys. Let < be a total
ordering over X. The problem of selection is to find the ith smallest key in
X (for some specified i < n). Let the rank of any key in X be the num-
ber of keys less than this key plus one. A trivial sequential algorithm for
selection computes the rank of each key and finds the one with rank i. Such
an algorithm makes n? comparisons. But there are both deterministic and
randomized algorithms that make only O(n) comparisons. The constant in
the time bound of the randomized algorithm is optimal, whereas no such de-
terministic algorithm is known. The power of randomization in algorithms
design is also illustrated by the extremal selection algorithm given in the next
section.

Chernoff Bounds

Frequently, in the design of randomized algorithms, many parameters of in-
terest (like run time, space used etc.) are random variables with a binomial
distribution. For example, let’s assume that the run time of an algorithm is
binomial with mean m. Can we say the run time of the algorithm is O(m)
with high probability? The answer is yes if m is sufficiently large. Intuitively,
if m is large, the area under the tail ends of a binomial distribution is negli-
gible. Chernoff bounds provide fairly tight estimates for computing the area
under the tail ends of a binomial. Before giving the Chernoff bounds, it is
illustrative to consider the following simple example.

We toss an unbiased coin 10logn times. What is the probability P that
< logn of the outcomes are tails? It is easy to see that

logn
10logn\ . _101
P = E 2 08T,

=0

ie.,
P <logn (10 log n) 2~ 10logn
logn

Using Stirling’s approximation for factorials,

P< log n2(1010g 10—91log9) log n2—1010g n



Thus P is very very small.

It turns out that if the mean of a binomial distribution X is Q(logn),
then, the probability that X is greater than O(logn) is <n~ %, for any a > 1
(the constants in Q) and O() will depend on «). Very often it is easier to
bound the random variable corresponding to the running time by a well-known
distribution rather than analyze the exact distribution.

DEFINITION

We say a random variable X upper bounds another random variable Y
(equivalently, Y lower bounds X ) if for all © such that 0 < z < 1,
Probability(X < x) < Probability(Y < x).

A Bernoulli trial is an experiment with two possible outcomes, namely
success and failure. The probability of success is p.

A binomial variable X with parameters (n,p) is the number of successes
in n independent Bernoulli trials, the probability of success in each trial being
p.

The distribution function of X can easily be seen to be

Probability(X < z) = Z <Z)Pk(1 -p)" "
k=0

Chernoff and Angluin & Valiant have found ways of approximating the
tail ends of a binomial distribution. In particular, their results can be sum-
marized as

LEMMA 3.1  Chernoff Bounds

If X is binomial with parameters (n,p), and m > np is an integer, then

Probability(X >m) < (%)m em P, (3.1)

Also,
Probability(X < [(1—e)pn]) < exp(—€e*np/2) (3.2)

and
Probability(X > [(1 +€)np]) < exp(—€e’np/3) (3.3)

for all 0 < e < 1.



3.2.2 A Simple Algorithm for Extremal Selection

Consider the problem of selection when ¢ = n, i.e., the problem of finding the
largest (or smallest) key from among a given set of n keys. In this section
we describe a randomized algorithm on an n processor CRCW PRAM that
solves this problem in O(1) time. In contrast there are known lower bounds
which establish that any deterministic algorithm for maximal selection re-
quires Q(loglogn) time on an n processor CRCW PRAM. Before we describe
the algorithm we state and prove a lemma that will be used in the algorithm.

LEMMA 3.2

Mazimum of n keys can be found in O(1/€) time using n't¢ CRCW
PRAM processors.

PROOF

We prove this for the special case when € = 1/2 and leave the general
case as an exercise problem. Let kq, ko, ..., k, be the input keys. Group
the n'*1/2 processors into \/n groups G1,Gs,...,G /n Where each group
has n processors. Each group G; (1 < i < 4/n), in parallel, computes
the maximum of 1/n elements in constant time. This can be done by
checking for each element k;, if there is a larger element in the input
than k;. Using a processor for every pair and a special ‘marker-cell’ for
every element this can be accomplished in O(1) time. The processor
comparing k; and k; writes (concurrently) into the ‘marker-cell’ i, if
it finds that k; < k;. Only one ‘marker-cell’ will not be written into
which corresponds to the maximum key. Subsequently we choose the
maximum of the y/n maxima by another application of the previous
strategy. (There are n3/? processors and only /7 keys in this phase). =

Now we present the maximal selection algorithm for n keys. In the
beginning processor i is assigned the key k;, and the set of ‘surviving keys’,
Y, is the same as X.

Step 1.1

In this step roughly n'/
domly) from Y. Each processor decides to include its key in the sample
with probability —%

_1-
an'"2

2 random keys are sampled (i.e. chosen ran-




Step 1.2

Keys that were sampled in step 1 are assigned to unique locations in a
memory block of size n3/%. Call these memory cells
M(1),M(2),...,M(n®*). For each sampled key, a random cell is cho-
sen. If that cell has not been assigned to any other key, assignment for
the key is complete. If the chosen cell has been previously assigned to
some other key, another random cell is chosen. This process is repeated
until a unique assignment has been found for the key.

Step 1.3

n processors in parallel find the maximum of M (1), M (2),..., M (n®/*)
in O(1) time using the procedure described in the proof of Lemma 3.2.
(Note: All the M(i)’s will contain —oo at the beginning of step 2.) Let
m be the maximum found.

Step 1.4

Each processor i, (1 < i < n) (with a key in Y) in parallel compares
k; with m. If k; is less than m, then k; will be dropped from (Y and)
future consideration as a potential candidate for maximum.

The surviving keys execute steps 2 and 3 once more and m found in step
3 is output as the mazimum.

Analysis  The number of keys that will be included in the sample in
step 1 is a binomial variable with parameters (n,1/(2n'/?)). Thus using
Chernoff bounds, this number is no more than n'/? with high probabil-
ity. The number of keys surviving after step 4 is no more than n'/2logn
with high probability (Exercise problem 6).

In second step, assignment for sampled keys can be found in O(1) time
with high probability (Exercise problem 6).

From these assertions, it is easy to see that the algorithm runs in 5(1)
time.

3.2.3 A Selection Algorithm
In this section we give a sequential randomized selection algorithm and
show how this can be modified to get a sorting algorithm also. We only



perform expected time analysis, though the same time bounds also hold with

high probability. Also, we can assume that the input keys are distinct. If they

are not distinct, append i (as a logn bit binary number) to the right of k;

(for 1 <4 < n). This modification of the keys does not alter either the time

or the processor bounds of the algorithms given in this chapter.
ALGORITHM Select(i, X);

begin
if X = {z} then return z;
Choose a random key k € X (called the split-
ter);
Let X1 = {z € X|z <k}and Xo =X — Xy;
if | X1| > i then return Select(i, X1)
else return Select(i — | X1|, X2)

end ;

Let T(i,n) be the expected (sequential) run time of Select. After select-
ing the splitter key, partitioning of X into X7 and X5 can be performed in n
steps. Also, the randomly chosen splitter key can be any one of the n keys
in X with equal probability. In particular, the splitter key will be the jth
smallest key of X with probability 1/n (for 1 < j < n). Thus, T'(i,n) satisfies
the following recurrence.

) = nt - | S TG jm =)+ 3 TG,)

7j=1 j=i+1

By induction we can show T'(i,n) < 2n+min(i,n—4)-+o(n). Notice that
the expectation in the above equation is over the space of all outcomes of coin
flips and not over the space of all possible inputs. It would be more desirable
to show that the asymptotic time bound is the same with high probability,
i.e., to show that the run time is no more than can with probability > 1 — nLQ
for some fixed constant c.

Markov’s inequality asserts that if T is the expected value of a random
variable T, then the probability that T exceeds kT is less than 1/k. This
implies for example that the run time of Select will not exceed 27'(i,n) with
probability > 1/2. This probability is not good enough when compared with
1— L.

nWe can modify Select slightly so as to make the same time bound hold
with high probability. The modification is to choose a random sample S of



size s from X, to find the median of S, and to use this median as the splitter
key. An exactly similar algorithm can be given for sorting also. The algorithm
can be outlined as the following.

ALGORITHM Sort(X);

begin
if | X| =1 then return X;
Choose a random subset S C X of size s;
Let k =select(|s/2],95);
return Sort({z € X|z < k}) . (k) .
Sort({z € X|z > k});

end;

The correctness of Sort is based on the following lemma:

LEMMA 3.3
Let s =n/logn. Then,

Prob. [|rank(k,X) —n/2| > Vdanlog n] <n”®

for some constant d.

The proof of lemma 3.3 is left as an exercise.

Let T(n) be the expected number of comparisons made by Sort(X).
Since selection on an input of n keys takes only O(n) comparisons, we have
for s(n) = n/logn,

T(n) <2T(n1) + n *T(n)+ O(n)

where

n1 =n/2 + Vdanlogn.

This solves to
T(n) = O(nlogn),

which asymptotically approaches the optimal number of comparisons needed
to sort n numbers.

It can be proven that the order of time bounds of both Sort and modified
Select remains unaltered even with high probability.



3.3
General and Integer Sorting

Given a sequence of keys ki, ko, ..., ky, the problem of sorting is to re-
arrange this sequence either in ascending order or descending order. Sorting
is of vital importance in computer science since almost every application pro-
gram calls for a sorting sub routine. There are a large number of optimal
sequential algorithms for sorting. Examples include merge-sort, quick-sort,
heap-sort etc. The run times of all these algorithms are O(nlogn). All these
algorithms assume no prior information about the keys being sorted. On the
other hand if we know some structure about the keys, sorting becomes easier.
For example if the keys to be sorted are integers with O(logn) binary bits
each, sorting can be performed in O(n) time, using the radix sort algorithm.

DEFINITION

Keys with no known structure will be called general keys, and keys that
are integers with at the most O(logn) bits will be called integer keys.

Ajtai, Komlos and Szemeredi proposed the first non-trivial deterministic O(logn)
depth parallel sorting network for sorting general keys. Subsequently Leighton
improved their algorithm so that it ran on a sorting network with O(n) pro-
cessors in O(logn) time (or depth). The constant in this time bound is quite
large. Following this, Cole gave a PRAM algorithm that was optimal with a
small constant in the time bound. Cole’s algorithm is less complicated than
the previous algorithm but uses non-trivial pointer updating mechanism. For
this reason it is not suitable for interconnection network models. In this
section we describe a simple (and optimal) randomized algorithm for general-
sort. A noteworthy feature of this algorithm is that it can be extended (with
some variations) to run in the interconnection networks with similar asymp-
totic behavior; however the description of this implementation falls outside
the scope of this chapter. We shall also describe an optimal algorithm for
sorting integer keys in the range [1,n]. The algorithm INTEGER_SORT uses
n/logn processors and runs in O(logn) time.

3.3.1 Preliminary Results

Prefix Circuits

DEFINITION



Let 3 be a domain and let o be an associative operation that takes O(1)
sequential time over this domain. The prefix computation problem is
defined as given input (X(1),X(2),...,X(n)) € X", compute outputs
(X(1), X(1)oX(2), ..., X(1)oX(2)o...0X(n)). When the o operation
is the ordinary summation, it is called the prefiz sum problem.

There are many optimal algorithms to solve this problem on various
models. In particular,

LEMMA 3.4

Prefiz computation can be performed using n/logn processors and O(logn)
time on any PRAM.

Prefix sum can be computed optimally in time less than logn provided
the elements are only integers of O(logn) bits. Cole and Vishkin have proved
the following

LEMMA 3.5

Prefiz sum computation of n integers (O(logn) bits each) can be per-
formed in O(logn/loglogn) time using nloglogn/logn CRCW PRAM
Processors.

DEFINITION

A sorting algorithm is said to be Stable if equal elements remain in the
same relative order in the sorted sequence as they were in originally.
In more precise terms, given input ki, ks, ..., ky,, the algorithm outputs
a sorting permutation o of (1,2,...,n) such that for all i,j € [n], if
ki = k;j and i < j then (i) < o(j). A sorting algorithm that is not
guaranteed to output a stable sorted sequence is called Non-Stable.

It is well known that Stable INTEGER_SORT of n keys can be done in time
O(n) by a deterministic sequential RAM.
Notation Throughout this chapter we let [m] stand for {1,2,...,m}.



An Assignment Problem

Let @ be aset {1,2,...,n} of nindices where each index belongs to exactly one
of m groups G1,G2,...,Gy,. Let g; denote the number of indices belonging
to group G;,i = 1,...,m. Given a sequence N(1),N(2),...,N(m) where
>, N@) = O(n) and N(i) is an upper bound for g;,i = 1,2,...,m.
The problem is to find a permutation of (1,2,...,n) in which all the indices
belonging to G appear first, all the indices belonging to G2 appear next, and
so on. (Assume that given an index 4, the group G, that i belongs to can be
found in O(1) time).

For example, if n = 5, m = 2, G1 = {2,5}, G2 = {1,3,4}, then
(5,2,1,3,4) and (2,5,3,1,4) are (two of the) valid answers. It is a trivial task
to design a linear time algorithm for the above problem.

LEMMA 3.6  Assignment Lemma

The above assignment problem can be solved in 6(10g n) parallel time
using n/logn PRAM processors.

PROOF

The following algorithm achieves the bound stated in the lemma. We
use a shared memory of size 23 ", N(i) (= L, say). This memory is
divided into m blocks B, Bs,..., By, the size of B; being 2N (i). A
unique assignment for the indices belonging to G; will be found in the
block B;, for i =1,2,...,m.

Each one of the P (= n/logn) processors is given logn successive in-
dices. More precisely, processor m is given the indices (m — 1)logn +
1, (m—1)logn+2, ..., wlogn, for 7 = 1,2,..., P. There are three
phases of the algorithm. In the first phase, boundaries of the m blocks
are computed. In the second phase every processor sequentially finds
unique assignments for the logn indices given to it in their respective
blocks. In the third phase, a prefix sum computation is done to elim-
inate the unused cells and the position of each index in the output is
computed. Details follow.

Step 2.1

P processors collectively do a prefix sum of (N (1), N(2),...,N(m))
and hence compute the boundaries of blocks in the common mem-
ory.



Step 2.2
Each processor 7 is given a total time of dlogn (d being a constant
to be fixed) to find assignments for all its indices sequentially.

7 starts with its first index (call it) {. If Gy is the group that !
belongs to, m chooses a random cell in By and tries to write its id in
it. If the chosen cell did not contain the id of any other processor
and 7 succeeds in writing, then that cell is assigned to I. The
probability of success in one trial is > 1/2. If & has failed in this
trial then it tries as many times as it takes to find an assignment
for [ and then it takes up the next index.

After dlogn steps, even if there is a single processor that has not
found assignments for all its keys, the algorithm is aborted and
started anew.

Step 2.3

Each processor m writes a 1 in each of the cells that have been
assigned to its indices. Unassigned cells in the common memory
will have 0’s. P processors perform a prefix sum computation
on the contents of the memory cells (1,2,...,L). Finally, every
processor reads out from the prefix sum the position of each one
of its indices in the output.

Analysis  Steps 1 and 3 can be completed in O(logn) time in
accordance with lemma 3.4. In step 2, the probability that a par-
ticular processor 7w successfully finds an assignment for one of its
keys in a single trial is > 1/2. Let Y be the random variable equal
to the number of successes of 7 in dlogn trials.We require Y to
be > logn for every processor. Clearly Y is lower bounded by a
binomial variable with parameters (dlogn,1/2). It follows from
the Chernoff bounds (equation 3) that the probability that there
will be at least a single processor which has not found assignments
for all of its indices after dlogn trials can be made < n~¢ for any
a > 1, if we choose a proper constant d.

Therefore the whole algorithm runs in time O(logn). This completes
the proof of lemma 3.6 .



3.3.2 Preparata’s GENERAL_SORT algorithm

Preparata’s algorithm is nearly optimal and runs on CREW PRAM. Tt
uses nlogn processors and runs in time O(logn). One of the subroutines
used is an O(loglogn) time algorithm of Valiant for merging two n element
sorted sequences using n processors. The problem of merging two sorted
sequences is to obtain a sorted sequence of elements of both the sequences.
A trivial sequential algorithm can achieve this task in linear time. Details of
Preparata’s algorithm follows.

Step 3.1
If the problem is of constant size, solve it directly and quit.

Step 3.2

Partition the given n keys into logn parts, with n/logn keys in each
part. Sort each part recursively and separately in parallel, assigning n
processors to each part. Let S1,S2,..., S0z n be the sorted sequences.

Step 3.3

Merge S; with S; for 1 < 14,5 <logn in parallel. This can be done by al-
locating n/logn processors to each pair (i, j). That is, using nlogn pro-
cessors this step can be accomplished in O(loglogn) time using Valiant’s
algorithm. As a by product of this merging step, we have computed the
rank of each key in each one of the S;’s (1 < i <logn).

Step 3.4

Allocate logn processors to compute the rank of each key in the original
input. This is done in parallel for all the keys by adding up the logn
ranks computed (for each key) in step 3. This can be done in O(loglogn)
time (lemma 3.4). Finally, the keys are written out in the order of their
ranks.

Analysis  Let T'(n) be the run time of the above algorithm using n logn
processors. Clearly, step 1 takes T'(n/logn) time. Put together, steps 2
and 3 take O(loglogn) time. Thus we have,

T(n) = T(n/logn) + O(loglogn),

which solves to T'(n) = O(logn). Also, the number of processors used
in each step is nlogn.



We summarize as follows:

THEOREM 3.1

n general keys can be sorted in O(logn) time using nlogn CREW PRAM
processors.

COROLLARY 3.1

n general keys can be sorted in O(tlogn) time using nlogn/t CREW
PRAM processors.

3.3.3 Integer Sorting

In this section we present an algorithm INTEGER_SORT for sorting integer
keys in the range [n]. This algorithm employs n/logn processors and runs in
time O(logn).

Summary of the Algorithm

The main idea behind our algorithm is radix sorting. As an example of radix
sorting, consider the problem of sorting a sequence of two-bit decimal inte-
gers. One way of doing this is to sort the sequence with respect to the least
significant bits (LSB) of the keys and then to sort the resultant sequence
with respect to the most significant bits (MSB) of the keys. This will work,
provided that in the second sort keys with equal MSBs will remain in the
same relative order as they were in originally. In other words, the second sort
should be stable.

Given keys ki, k2, ..., k, € [n], where each key is a log n-bit integer, we
first (non-stable) sort this sequence with respect to the (logn — 3loglogn)
LSBs of the keys. (Call this sort Coarse_Sort). In the resultant sequence we
apply a stable sort with respect to the 3loglogn MSBs of the keys. (Call this
sort Fine_Sort).

Even though the sequential time complexity of stable sort is no different
from that of non-stable sort, it seems that parallel stable sort is inherently
more complex than parallel non-stable sort. This the reason why we partition
the bits of the keys unevenly.

In Coarse_Sort, we (non-stable) sort a sequence of n keys, each key
being in the range [1,n/log® n] and, in Fine_Sort we (stable) sort n keys in



the range [1, log® n]. In more formal terms, algorithm INTEGER_SORT can
be summarized as follows.

Let D =n/log®n and k! = |k;/D] and k! = k; — k! + D for all i € [n].
Coarse_Sort. Sort k', kY,...,kl € [D]. Let o be the resultant permutation.
Fine_Sort. Stable-sort kllr(l)’kllr(2)’ .. .,kff(n) € [log®n]. Let p be the resul-
tant permutation.

Output. The permutation p.o, the composition of p and o.

In the next two sections, we describe Fine_Sort and Coarse_Sort respec-

tively.

Fine_Sort

We give a deterministic algorithm for Fine_Sort. First we will show how to
stable-sort n keys in the range [log n] using n/ log n processors in time O(logn)
and then apply the idea of radix sorting to prove that we can stable-sort n
keys in the range [(logn)®(")] within the same resource bounds.

LEMMA 3.7

n keys k1, ka, ..., kn € [logn] can be stable-sorted in O(logn) time using
P =n/logn processors.

PROOF

In Fine Sort algorithm, each processor 7 is given logn successive keys.
FEach one of the P processors starts by sequentially stable-sorting the
keys given to it. Then, collectively, the P processors group all the keys
with equal values. (There are logn groups in all). Finally, they output a
rearrangement of the given sequence in which all the 1’s (i.e., keys with
a value 1) appear first, all the 2’s appear next, and so on. Throughout
the algorithm the relative order of equal keys is preserved. More details
follow.

To each processor m € [P] we assign the key indices J(m) = {j|(7 —
1)logn < j < min(n,mlogn)}. There are three steps in the algorithm.

Step 4.1
Each processor m sequentially stable-sorts the keys {k;|j € J(m)}
in time O(logn), and hence constructs logn lists Jr, = {j €

J(m)|k; = k} for k € [logn]. Elements in J j are ordered in the
same relative order as in the input.



Step 4.2
The P processors collectively perform the prefix sum of

(|J1als | 2,105 - -5 TPl

|J1,2|7|J2,2|7"'5|JP,2|5

|J1,q|7|J2,q|a"':|JP,q|)
where ¢ = logn. Call this sum

(5171,52’1, P ,SP’l,
S1,2,52,2,-..,8P2,

Sl,q; S2,qa Tt SP,q)'

Step 4.3

Each processor 7 sequentially computes the position of each one of
its keys in the output using the prefix sum. The position of keys
in the list J;; willbe Sz_1;+ 1,81+ 2,...,5:,.

Analysis Tt is easy to see that steps 1 and 3 can be performed
within the stated resource bounds. Step 2 also can be completed
within the stated resource bounds as stated in lemma 3.4

This concludes the proof of Lemma 3.7. .

LEMMA 3.8

If n keys in the range [R] (for any R = n°")) can be stable-sorted in
O(logn) time using P = n/logn processors, then n keys k1,ka, ..., kn €
[R?] can be stable-sorted in time O(logn) using the same number of
processors.

PROOF
Let k} = |k;/R] and k' = k; — k} x R for every i € [n]. First, stable-sort

7, kY, ...,k obtaining a permutation o. Then stable-sort k;(l) , k;@), ..
obtaining a permutation p. Output p.o. Clearly both these sorts can be

completed in time O(logn) using P processors. .

Lemmas 3.7 and 3.8 immediately imply the following

!
) Vo(n)



LEMMA 3.9

n integer keys in the range [(logn)°M] can be stable-sorted in time
O(logn) using n/logn processors.

Coarse_Sort

In this sub-section we fix a key domain [D] where D = n/log®n. We as-
sume for the sake of convenience, log®n divides n. Let the input keys be
k1,k2,...,k, € [D]. Define the index sequence for each key k € [D] to be
I(k) = {ilki = k}. The randomized algorithm for Coarse_Sort to be pre-
sented in this sub-section employs P = n/logn processors and runs in time
O(logn). The sorted sequence is non-stable.

The main idea is to calculate the cardinalities of the index sequences
I(k), k € [D] approximately, and then to use the assignment algorithm in the
proof of lemma 3.6 to rearrange the given sequence in sorted order.

LEMMA 3.10  Estimation Lemma

Given as input k1, ka, . . ., kn, € [D] we can compute N(1), N(2),...,N(D)
in O(logn) time using P = n/logn processors such that 3 ;e p) N (i) =
O(n) and furthermore, with very high likelihood N (k) > |I(k)| for each
k € [D].

PROOF

The following sampling algorithm serves as a proof.

Step 5.1

Each processor m € [Dlogn] in parallel chooses a random index
sy € [n]. Let S be the sequence {s1,52,...,5D10gn}-

Step 5.2

The P processors collectively sort the keys with the chosen in-
dices. That is, they sort ks,,ks,, ..., Ksp,,,, and compute index

sequences Ig(k) = {i € S|k; = k} (for each k € [D]).

Step 5.3
D of the P processors in parallel set N (k) = d(log® n) maz(|Is(k)|,logn)



for k € [D], d being a constant to be fixed in the analysis. Output
N(1),N(2),...,N(D).

Analysis  Trivially, steps 1 and 3 can be performed in O(1) time.
Step 2 can be performed using Preparata’s GENERAL_SORT algo-
rithm in O(logn) time. (Notice that we have to sort only n/log” n
keys in step 2). It remains to be shown that N(¢)’s computed by
the sampling algorithm satisfy the conditions in lemma 3.10.

If |I(k)| < dlog®n, then always N(k) > dlog®n > |I(k)|. So suppose
|I(k)| > dlog® n. Then it is easy to see that |Is(k)| is a binomial variable
with parameters (ﬁé—", ‘I(n—k)l) The Chernoff bounds (see lemma 3.1,

equation 2) imply that for all @ > 1, there exists a ¢ such that

Prob. (|Is (k)| < calI(k)|/log’n) < L.
Therefore, if we choose d = (ca)™! then N (k) > |I(k)| (for every k €
[D]) with probability > 1 — n~%. The Chernoff bounds (lemma 3.1,
equation 3) also imply that for all @ > 1 there exists a h such that
N (k) < (ha)|I(k)| (for every k € [D]) with probability > 1 —n~.
The bound on ;) N (k) clearly holds since

>Nk < Y dlog’n[|Is(k)| +logn]
k€[D] ke[D]
= dlog’ nD +dlog’n » _ |Is(k)l
ke[D]
= dn+dlog?nDlogn = 2dn

This concludes the proof of lemma 3.10 .

Having obtained the approximate cardinalities of the index sets, we ap-
ply the assignment algorithm. The set @ is the set of key indices, namely
{1,2,...,n}. An index i belongs to group G, if the value of the key with
index ¢ is +'. Under this definition, group G; is the same as index sequence
I(5), j = 1,2,...,D. Since we can find approximate cardinalities of these
groups (lemma 3.10), we can use the assignment algorithm to rearrange the
given sequence in sorted order. Thus we have the following



LEMMA 3.11

n keys ki, ko,...,k, € [D] can be sorted in time O(logn) time using
n/logn processors.

Lemmas 3.9 and 3.11 together with the algorithm summary in section 3
prove the following

THEOREM 3.2

n integer keys in the range [n] can be sorted in O(logn) time using
n/logn CRCW PRAM processors.

3.3.4 Reischuk’s Algorithm for GENERAL SORT

The original algorithm of Reischuk for sorting general keys was recursive and
hence the analysis was tedious. We give a non-recursive version of his algo-
rithm. This algorithm will use n processors and run in time O(logn). The
underlying constant is small. The basis for this algorithm is Preparata’s sort-
ing scheme.

Reischuk’s algorithm runs in the same time bound as Preparata’s (with
high probability), but using only n processors. The idea is to randomly sample
N = log%n keys from the input and sort these using a non optimal algorithm
like Preparata’s. The sorted sample partitions the original problem into N
independent subproblems of nearly equal size, and hence all these subproblems
can be solved easily. These ideas are made concrete in the following algorithm.

Step 6.1

N = n/(log*n) processors randomly sample a key (each) from X =
ki, ks, ..., kn, the given input sequence.

Step 6.2

Sort the N keys sampled in step 1 using Preparata’s algorithm. Let
l1,1ls,...,In be the sorted sequence.

Step 6.3

Let X1 = {k€X|k Sll}; X; = {ke X|li_1 <k< lz}, 1=2,3,...,N—
1; Xy = {k € X|k > ly}. Partition the given input X into X;’s as



defined. This is done by first finding the part each key belongs to (using
binary search in parallel). Now partitioning the keys reduces to sorting
the keys according to their part numbers.

Step 6.4
For 1 <4 < N in parallel do: sort X; using Preparata’s algorithm.

Step 6.5
Output sorted(X3), sorted(X3z),. .., sorted(Xy).

Analysis  Step 2 can be done using Nlog N < Nlogn processors in
O(log N) = O(logn) time (theorem 3.1). In step 3, partitioning of X
can be done using binary search and the INTEGER_SORT algorithms.
Thus step 3 can be performed in 6(10g n) time, using < m processors.
With high probability there will be no more than O(log’n) keys in
each of the X;’s (1 < i < N). Proof of this fact is left as an exercise.
Within the same processor and time bounds, we can also count |Xj|
for each . In step 4, each X; can be sorted in O(log|X;|) time using
| X;|log | X;| processors. Also X; can be sorted in (log|X;|)? time using
| X;| processors (see corollary 3.1). Thus step 4 can be completed in
(max; log | X;|)? time using n processors. If max;|X;| = O(log® n), step
4 takes O((loglogn)?) time.

Thus we have proved the following

THEOREM 3.3

We can sort n general keys usingn CRCW PRAM processors in 0 (logn)
time.

34
Recursive Parallel Divide and Conquer

Although we presented a non-recursive version of Reischuk’s parallel
sorting algorithm, it is instructive to analyze the recursive version of his algo-
rithm. This will be used later for more general situations where the algorithms



are recursive by nature. In Reischuk’s original algorithm, |/n| keys were cho-
sen randomly such that each key was chosen with probability ﬁ These keys
(called splitters) were then sorted using pairwise comparisons from which their
ranks can be computed easily. The latter can be done in O(logn) time very
easily and we can do the pairwise comparisons simultaneously in constant
time by using one processor for each comparison. These splitters partition
the n input keys into |y/n]| + 1 buckets. For each key we can determine the
appropriate bucket by a simple binary search using one processor for each key
(using simultaneous reads). If we let n; denote the size of the i — th bucket
then we claim the following:

LEMMA 3.12

The probability that for any i, n; is larger than c\/nlogn is less than
1

1) -

PROOF

We shall show that for any key (whether or not it is in the sample),
the probability that it is more than ¢y/nlogn away (in rank) from the
next sampled key on its right is less than ———. This follows from the

=1
fact that each key was chosen with probability —= and hence the above

vn

cyv/nlogn
event can happen with probability less than (1 - ﬁ)

. For large

n this can be bounded by # Hence the probability that it can happen
for any element is less than ;. Consequently the distance (in rank)
between two sampled elements is less than cy/nlogn with probability at
least ﬁ Letting c to be 3, we can write down the recurrence for the

expected running time of the algorithm as:

T(n) < (1~ 5)T(3v/logn) + 5 T(n — [Vl +1)

By induction it can be shown that T'(n) < O(logn) and we leave it as
an exercise problem. .

To derive high probability bounds, we shall actually derive a more gen-
eral bound. This will be used repeatedly for analyzing algorithms in future.
We shall also make use of the fact that Reishchuk’s algorithm would execute
in the same asymptotic time bound even if the number of sampled keys is [n¢]
for any fixed €, 0 < € < 1/2. Note that in general, the probabilistic bound
of lemma 3.12 holds for partitions of sizes O(n'~¢logn) (the lemma was for



the case € = 1/2). For convenience, we shall use the bound O(n®) where
€0 > 1 —e. Thus at depth i from the root, the size of a sub-problem can be
bounded from above by n‘o.

It may be helpful to view the algorithm as a tree where a node represents
a subproblem and its children represent the recursive calls made by this node.
For example, the root represents the procedure Sort[1..n] which has [n€] + 1
children procedure calls each of size at most n!~¢logn. The leaves of this tree
represent problems of size less than a pre-determined threshold, say log” n for
some fixed integer r. At this stage the problem size is so small that we can
use a direct sorting procedure like Batcher’s sort to sort in time O(loglogn)
thereby adding a factor of o(logn). Our objective is to show that all the leaf-
level procedures are completed in O(logn) time with high probability. For
this it suffices to show that a particular leaf-level procedure is completed in
O(logn) time. This leaf-node defines a fixed path from the root to the leaf
such that the problem sizes at successive nodes of this path are decreasing.
For this let us denote the node at depth i from the root as V;, the problem-size
as n; and the time taken at N; by T;. We claim the following;:

LEMMA 3.13

Prob|[T; > k - €scalogn] < gcacylogn
where ¢ and o are integers and k is a constant.

PROOF

From the previous claim and the comment in the previous paragraph,
Prob[niy1) > n{°] < 25 for an appropriately chosen constant 0 < € <
1. We can verify this in O(logn;) time (using prefix sum) and we repeat
the sampling until n;1y) < ng°. If klogn; is the time for each itera-
tion (of the sampling algorithm) then we can immediately conclude the
following:
Prob[T ;1) > kealogn;] < 27 log i

If n; = 20198 ™ then we arrive at the required inequality. From our
resampling scheme we have guaranteed that n(;y1) < 2¢€0108™ 56 we have
to prove that the claim is true when n; is strictly less than 2¢010g

Let n; = 2/ 108" where g > 1. Substituting this value of n; in the
previous inequality we get:

Prob[T(;;1) > kca(1/a)el logn] < 9—ca2(1/a)e; log ns



The above inequality implies that
Prob[T ;1) > kea(|a]/a)ellogn] < 9-ca2(la]/a)e; log n:

Since 2|a]/a > 1 for any a > 1, the lemma follows. .

We are now ready to prove the main result of this section:

THEOREM 3.4
Given a process-tree which has the property that a procedure at depth i
from the root takes time T; such that

P[Tz > kcalogn(eo)"]s 2—(eo)icalogn

then, all the leaf-level procedures are completed in O(log n) time.
PROOF

Setting t; = k(eo)’ logna(c — ¢,), where ¢, is some constant, we obtain
Prob[T; > kaclog n(e)’ + t; ] < 9~ (c0)’calogn < g tilk

If T is the total time for this worst case chain of nested calls and m =
1/(1-€p), the probability that it takes more than mkalognc, + t, is less
than the sum of the probability of events where ). t; =t45,0<j < p.
Here p = mkalognc,. We shall compute the probability that D, ¢; = ¢
and multiply by u.

Hzti:tQ_ti < Y27tk gver tOUoglogn) typles.

Thus Prob[T > kmalognc, + t] < p2~t/k+0og tloglog® n)

Using t > kma(c — ¢,) logn, for large values of n and m > 1, we can
rewrite the above expression as

Prob[T > kmaclogn] < p2~em(e—ce)logn

For ¢ > 4c,, i.e. ¢— ¢, > 3/4c, we have the following required bound,
Prob[T > alogn] < p2~ G/Mealogn < pcra

assuming that k, m and c are larger than 1. .



3.5
Higher dimensional Problems: Convex Hulls

We shall now try to apply the techniques developed in the previous
section to a specific geometric problem on the plane. For this purpose we
have chosen the problem of constructing two-dimensional convex hull of point
sites. Although optimal O(logn) time parallel algorithms have been known
for some time, its close relation to sorting makes it a natural candidate for the
methods developed in the earlier part of this chapter. Moreover, the additional
methods that will be developed for this problem are applicable to more general
situations and the reader will be referred to the relevant literature at the end
of this chapter.

3.5.1 A straightforward extension

We shall actually look at its dual problem, namely, the intersection of
n half-planes. For readers unfamiliar with this transform, a brief sketch is
included under Notes and References at the end of the chapter. Without loss
of generality we can assume that the origin lies in its interior (we can ensure
that the origin lies in the interior of the primal problem from which this
property will hold trivially). Following on the lines of the sorting algorithm,
we choose a random subset of |n¢| half-planes where 0 < € < 1. We can
construct their intersection in O(logn) time using a brute-force method like
checking for each pairwise intersection, if it is a vertex of the convex hull. Let
hg, h1, .. be the vertices of the convex-hull in a cyclic order (there can be at
most [n¢| of them). Consider the triangles (will also be referred to as sectors)
of the form O,hq, hs. These will be intersected by a number of half-planes
that were not chosen in the sample. The output convex hull is the union of
the boundaries formed by the intersection of the half-planes inside each of the
sectors. This gives a recursive procedure for constructing the convex hull. For
each sector, we determine the half-planes intersecting the region and then call
the algorithm recursively for each of the sectors.

To determine the sectors that a half-plane intersects we can use a very
simple procedure due to Chazelle and Dobkin which uses Fibonacci search on
a bimodal sequence to determine extremal points. The distances of the ver-
tices of a convex n-gon from a line form a bimodal sequence and the closest
vertex (including the intersecting points) can be determined using Fibonacci
search which is similar to a binary search on the cyclic sequence of the ver-
tices. The interested reader is encouraged to look up the reference mentioned



in the last section for further details of this search procedure. Using one pro-
cessor for every half-plane, in O(logn) time we can determine the edges of
the convex hull that the half-plane intersects which gives us the information
of the bounding sectors that this half-plane intersects. Because of convexity,
it intersects all the sectors that lie in between. Note that we can very easily
determine the number of sectors that it intersects in the same time (without
explicitly listing the sectors).

In essence, the algorithm appears to be identical to that of parallel
sorting. To prove any interesting result we have to determine how quickly
the sub-problem sizes are decreasing. However there is an obvious difference,
namely the total size of the subproblems may not be bound by the parent’s
problem size. This happens because a half-plane can intersect more than one
sector which results in fragmentation. This is crucial for the processor’s bound
and large fragmentation could ruin the possibility of an optimal algorithm (i.e.
one in which the PT product is O(nlogn)). Below we prove some results on
the problem size and obtain a bound on fragmentation. For simplicity of the
arguments we shall assume that no three lines have a common intersection
point.

LEMMA 3.14

The probability that the mazimum number of half-planes intersecting any

sector exceeds 2(c + 2)n'~¢logn is less than n~¢.

PROOF

Consider all the O(n?) pairwise intersections defined by the lines bound-
ing the half-planes. Draw the segments joining O and each of these
intersections and consider the ordered intersections of lines (represent-
ing the boundaries of half-planes) on this segment. For any given seg-
ment the probability that the number of intersections exceeds (¢ +
2)n'=¢logn before the first (counting from Q) sampled half-plane is

1—e
less than (1 — nll_e)(c+2)n 187 hich is less than n—(¢+2) for large n.
Thus the probability that this event happens for any segment is less
than n~°. This implies the lemma since any half-plane intersecting the

sector intersects at least one of the two bounding segments. .

LEMMA 3.15



The expected value of the sum taken over all the sectors of all the half-
planes intersecting a sector is O(n).

PROOF

From the proof of the previous lemma, it is clear that if the number of
halfplanes intersecting a segment is greater than n!~¢, then the expected
number of half-planes obeys a geometric distribution. The probability
of success is 1/n'~¢ which is the probability of being selected in the
sample. So the expected number of half-planes that we do not select in
the ordered list of half-planes (starting from O) before we select the first
half-plane is n'~¢. Using the property that the expectation of the sum
of random variables is the sum of the individual expectations, we arrive
at the required bound. In our case we are interested in the sum of n¢
random variables. Note that in the proof there is no conditioning on the
set of half-planes chosen; rather it is on the number of such planes chosen.
Technically the number of such planes chosen is a random variable whose
expected value is n€. The reader is encouraged to solve Exercise 14.

In the parallel setting if we use as an abstract representation of a recur-
sive algorithm the tree as described in the previous section, the running time
of the algorithm is proportional to the longest path (in time) from the root
to a leaf. Thus at any given node we are interested in the recursive call that
takes the the longest time. Given that we only have a bound for the expected
time taken by the child-procedures, and there are n¢ of them, we cannot derive
any useful tail estimates. The reason that we could derive interesting bound
for the sorting algorithm is because we were able to get tail estimates (of the
problem size exceeding a certain size). However, for sequential algorithms one
may obtain bounds on the ezpected running time by the using the linearity
property of expectations. We shall come back to this issue at the end of the
chapter.

The bound on the total size of the subproblems is not known to hold
with high-probability. However, we can claim the following;:

LEMMA 3.16

For some suitable constant kiorqr and large n, the following conditions
hold with probability at least 1/2:

(i) The mazimum number of half-planes intersecting any sec-
tor is less than 2n'~¢logn



(i) The sum of half-planes taken over all the sectors of the
number of half-planes intersecting a sector is less than kiypqin-

DEFINITION

We shall call a random sample good if the above conditions are satisfied
and bad otherwise.

PROOF

From Lemma 3.15 and Markov’s inequality we can choose kiotq; sSuch
that the probability that (ii) fails is at most 1/3 (i.e. kn is thrice the
mean). For sufficiently large n, 1/n + 1/3 is less than 1/2. Thus the
probability that both (i) and (ii) are satisfied is at least 1/2. .

3.5.2 Resampling and Polling

As a consequence of the previous claim, if we repeat the sampling al-
gorithm rlogn times, the probability that the conditions are not satisfied
during all the tries is less than n~". That is if we choose independently
p(n) = O(logn) sets of samples, one of them is good with very high likeli-
hood. However, to determine if a sample is ‘good’, we would have to carry
out the search procedure O(logn) times each of which requires O(logn) time
(such a method was described earlier). Instead, we try to estimate the the
number of half-planes intersecting a sector C; using only a fraction of the input
half-planes. For example, we can choose ¢g - n/ logdn for some fixed integer
d > 2 and a constant ¢y (the actual value will be determined from the required
success probability of the algorithm) of the input half-planes randomly for the
jth sample, R;. Let X{ be the number of half-planes intersecting sector C;
corresponding to sample R;, 1 < j < blogn where b is fixed integer greater
than 0 which is determined from the success probability of the algorithm. Af.'
be the number of half-planes intersecting C; out of the n/ log? n randomly cho-
sen input half-planes for the same sample. Clearly, A{ is a binomial random
variable with parameters co - n/log? n (number of trials) ij /n (probability
of success). Assuming that Xz.j is greater than ¢ -log?*! n, for some constant
¢, we will apply Chernoff bounds to tightly bound the estimates within a
constant multiplicative factor. Since we do it only for 1/ logdn of the input
half-planes, the total number of operations for the O(logn) random subsets



can be bounded by O(nlogn) (as we show in the next section). Note that X Z]
< ¢ log?! n, is an easy case since n¢- ¢ log?t' n = o(n).

3.5.3 Probabilistic analysis of Polling

More formally, by invoking Chernoff bounds, for any a > 0 (a is a
function of ¢g), there exists a ¢;, independent of n, Prob(4] < ac X/ log® n)

< 1/n® and Prob(4? > cyacy - X7 /log?n) < 1/n%* < 1/n® (for ¢y > 1).
From the last two inequalities, XZ is bounded by L = Af logd n/cocaa from

below, and by U7 = AZ: logd n/cia from above. With appropriate changes in
the constants, this condition holds with high likelihood (as defined in section
2.1) for all X7 simultaneously. We do the procedure (described in the next
section) simultaneously for all the samples R; and choose the sample Ri°
using the following simple test:

ALGORITHM 3.1

Finding a good sample using Polling

Input: Samples R; ... R,, where m = O(logn).

Output: A good sample R'-.

Notation: Let N7 = 3" Al and the let actual number of intersections be
denoted by T7 and the upper and lower bounds obtained from N7
by UJ and L’ respectively.

(clearly good)

If kiotan > U’ then accept sample R/ (since kyotqn > U >
T9),

(clearly bad)

if kiopqn < L7 then the sample is ‘bad’ (since kyotqn < LI <

1),
(choose the best)

if L7 < kiorun < UJ, then accept the sample R’ for which N7°
is minimum. Since both kiprein and TY° lie in this interval this
guarantees that 77> < c3 - kyorn where c3 = U’ /L7 which is a
constant.



Recall, that from our earlier discussion at least one of the samples would
satisfy conditions 1 or 3 with very high likelihood. We summarize as following

LEMMA 3.17  Polling lemma

Using the previous procedure we can obtain a sample that is ‘good’ with
high probability.

The more careful reader would have noticed there is a technical incon-
sistency with the above claim. From our definition of a good sample, the
sum of the half-planes should be less than k;ytq; - 7, where as the output of
the Polling algorithm could be larger by a factor of c3. Strictly speaking, one
needs to modify the definition to accommodate an extra factor c3. However, it
should be clear that we have succeeded in our objective of choosing a sample
for which the sum of subproblems is O(n) with high probability. The above
procedure can be used in a more general situation where we need ‘good’ sam-
ples with very high likelihood from samples that only expect to be ‘good’.
Moreover, according to our previous discussion, the extra amount of overhead
does not affect the asymptotic work done by the algorithm, because it uses
only a fraction of the input to test the samples.

3.5.4 Bounding the number of processors

Until now we had focused on getting a ‘good’ sample with high proba-
bility which will ensure that the sum of the sizes of sub-problems is within a
constant factor of size of the parent problem. But this only guarantees that
over O(loglogn) levels of recursive calls, the sum of the sizes of the subprob-
lems will be O(n log” n) for some constant b. This implies that either we use
n logb n processors or settle for a corresponding trade-off in the running time.
Clearly, we need some stronger observations to prevent this proliferation over
every level of recursive calls.

For this we shall use geometric properties of the specific problem. After
getting a ‘good’ sample we would do some further processing to bound the sum
of sizes of the sub-problems by the exact size of the parent problem. This will
prevent proliferation in the problem size over successive recursive calls. This
filtering procedure is a kind of post-processing step after random-sampling.
The input size is at most a constant factor times the input size (guaranteed



by the polling algorithm) of the problem while the output is no more than
the input size.

In case of two-dimensional convex hulls, we make use of the following
filtering scheme. For any sector, we identify the half-planes that intersect it.
Some of them may be part of the output while some of them may not show
up in the output (in that sector). Since the output size is bounded by the
input size, our objective is to eliminate all the half-planes from a sector that
do not show up in the output. There are the following cases to consider.

Case 1: If a half-plane is occluded completely by another half-
plane within a sector (see Figure 3.1 a), then we can discard these
half-planes by the following strategy. For every half-plane inter-
secting a sector, consider the points of intersection with the two
boundaries of the sector. Sort these intersection points in increas-
ing order starting from O. At the end of this step we have two
sorted lists. For every half-plane consider a tuple of the form
(zi,y;) where x; and y; are respectively the ranks of the the sorted
intersection on the boundaries. A half-plane H; is completely oc-
cluded by another half-plane H; if and only if 2; > z; and y; > y;.
In other words, if we compute the maximal elements of the tuples,
then the elements that are not a part of this set can be left-out
from further calls of recursion. This is the easy case.

Case 2: A half-plane may be occluded due to the combined action
of two half-plane (see Figure 3.1b). In this case notice that in all
other sectors that this half-plane intersects it will be eliminated
by the previous case.

Case 3: If a half-plane is visible in at most one sector, it will
clearly be eliminated from all other sectors by case 1 (by convex-
ity arguments).

Case 4: If a half-plane is visible in more than one sector, then in
all but two sectors it will eliminate all other half-planes by case 1
and moreover we do not have to call the algorithm in these sec-
tors (since we know the output). This half-plane can contribute
to vertices of the output hull in at most two sectors. During sub-
sequent recursive calls on these two sectors at most one copy will
be retained in each.

From a global view-point, at any stage of the algorithm, we retain at most two
copies of a half-plane. If we let an output vertex to be represented by the two
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Figure 2: (a) illustrates case (a) - line a is

completely occluded by b. (b) illustrates

case (b). Line c¢ is occluded by lines d and e
but not by any one of them completely. Also it
is clear that in all other comnes line ¢ will
be eliminated by case (a).



intersecting lines, a half-plane can appear in at most two such tuples, which
we can denote by the left-vertex (I,) and the right-vertex (r,). The output
size is defined as twice the number of vertices. (Thus if a sector does not have
a vertex the output size is 0 implying that an edge traverses the sector and
hence we have already determined the convex hull in that sector). Assume
that we have 2n processors for the algorithm. Then our processor-allocation
strategy is as follows:

For each half-plane that we know to be visible in more than one sector allo-
cate one processor each to the bounding sectors on the left and right. These
processors can be charged to [, and r, respectively. Note that in subsequent
recursive calls at most one processor will be allocated for I, and r,.

For each half-plane that we have not been able to determine its visibility in
the current recursive call, allocate two processors. From our previous obser-
vations, these half-planes can appear in at most one sector.

To summarize, we have achieved the following;:

¢ The total number of processors is always bounded by 2n.

e For any subproblem (at any recursive call), the number of pro-
cessors is greater than or equal to the output-size of that sector.
This ensures that we do not have to rebalance processors between
these sub-problems as the algorithm proceeds recursively.

We now have a parallel algorithm for constructing a convex hull in two
dimensions which satisfies the properties of parallel sorting algorithm, namely
lemma 3.12 (although we had to work much harder to get to it). Hence by
invoking Theorem 3.1, we can claim that the above algorithm runs in O(logn)
using n processors in a CREW PRAM model.

Let us recapitulate the main steps of the algorithm for 2-D convex hulls
described in the last section in a more general context of divide-and conquer
strategy

(1) Select O(log n) subsets of random objects (in case of 2-D hulls
these were half-planes) each of size |n¢| for some 0 < € < 1.

(2) Select a ‘good’ sample using Polling

(3) Divide the original problem into smaller sub-problems (the
maximum size can be bounded by O(n!~¢logn)) using the ‘good’
sample.

(4) Use a Filtering scheme to bound the sum of the sub-problem



size by some fixed measure like the output size or input size. This
step is problem dependent and uses the specific geometry proper-
ties of a problem. The purpose is to bound the number of proces-
sors.

(5) If the size of a sub-problem is more than a threshold (usu-
ally it is chosen to be O(log® n) for some constant k), then call
the algorithm recursively else solve the problem using some direct
method.

The above general strategy has been used successfully to obtain effi-
cient algorithms for a number of fundamental problems like triangulation and
convex-hulls in three dimensions. However the implementation of some of
these steps depend heavily on the specific problem. The probabilistic bounds
used in step 3 have to be proved for the specific problem. In this regard,
Clarkson presented bounds for very general situations which are applicable
to a certain extent; however we have chosen to present alternate arguments
which are simpler. Moreover, the procedure used for dividing the subprob-
lems would naturally depend on the problem at hand. Perhaps the step that
is most specific to a problem is the Filtering step where we have to use the
geometry of the problem.

Notes and References

Selection and Sorting were among the first problems that captured the
attention of researchers in parallel algorithms. One of the earliest significant
results was obtained by Valiant [V75]. He proved a lower bound of Q(log logn)
for extremal selection which we overcame by use of randomization. Beame
and Hastad [BH87] proved a lowerbound of Q(logn/loglogn) for general se-
lection as long as one uses a polynomial number of CRCW PRA M processors.
For some special cases (Exercise 16), the lower bound can be circumvented
([S90]). The first optimal O(logn) time algorithm for selection was presented
by Reischuk [R81] (Exercise 4) adopting the sequential algorithm of Floyd
and Rivest [FR75]. These techniques were extended by Rajasekaran to obtain
an optimal randomized selection algorithm for the hypercube [R90].

The first optimal O(logn) time PRAM sorting algorithm was obtained
by Reischuk [R81] using random-sampling. The basic methodology was adapted
for the Flashsort algorithm by Reif and Valiant [RV87] around the same time



as the celebrated AKS network was proposed by Ajtai, Komlos and Szemeredi
[AKS83]. Leighton [L84] reduced the processor complexity in AKS to obtain
a truly optimal deterministic algorithm. However the AKS has suffered due
to astronomical constants involved in the construction the underlying network
which is an expander graph. More recently Cole [C86] designed an elegant
O(logn) time sorting algorithm which has virtually settled the problem of
sorting on PRAM models; however Flashsort continues to remain the most
practical algorithm for networks. The optimal sub-logarithmic algorithm for
prefix-sum stated in lemma 3.5 was discovered by Cole and Vishkin [CV86].
The first optimal sub-logarithmic time algorithms for General sorting and
integer sorting were provided by Rajasekaran and Reif [RR89].

The presentation of our general sorting algorithm uses ideas drawn from
a lot of the earlier work and was given in Rajasekaran and Reif [RR87]. [RR87]
also provides a survey of parallel selection and sorting algorithms. The first
optimal algorithm for integer sorting in the range [n] was given in [RR89).
Integer sorting in range [n?] continues to remain a challenging problem al-
though significant progress has been achieved recently (by Bhatt et al. [B89],
and by Rajasekaran and Sen [RS87]).

The algorithms for general-sorting and convex hulls presented in this
chapter are not only optimal in PT bounds but are also optimal in the time
bounds for the model (CREW) used. However, for the stronger CRCW
model one can actually improve some of the algorithms to obtain an optimal

time bound of @(Tg’]g(g—n). This is discussed in [RR&9].

Use of randomized methods for parallel computational geometry was
introduced by Reif and Sen [RS87]. In Reif and Sen [RS89], they provide fur-
ther applications of these methods to three-dimensional convex hulls and 2-D
Voronoi diagrams. Random sampling in computational geometry has proved
to be very useful especially in a sequential context. Clarkson [CL88] intro-
duced the use of random sampling to computational geometry and derived
similar bounds for a more general setting using more involved techniques.
He had also given numerous applications of these very general probabilistic
bounds. In his case, however he was dealing with the sequential algorithms
and so he could derive bounds on the expected running time of the algorithms
as the sum of the expected time for individual steps.

Another direction for research in randomized algorithms is to minimize
the use of random bits in the algorithms. This is especially crucial in practical
situations where it is often difficult to generate truly random bits (as opposed
to pseudo-random bits). Using techniques of Chor and Goldreich [CG89],



Karloff and Raghavan [KR88] were able to show that Reischuk’s algorithm
can be made to run in the same asymptotic bounds using only O(logn) purely
random bits. Their methods were further extended by Reif and Sen [RS89] to
show that some of the algorithms in computational geometry (including the
convex-hull algorithm) can be implemented using O(log® n) bits.

The dual transform

The convex-hull problem has a very interesting dual problem, namely
the intersection of half-spaces. This dual transformation D maps a point in
E4 to a non-vertical hyperplane in E¢ and vice-versa. Let p = (1,72, ..., Tq)
be a point in E?. Then D(p) is the hyperplane 1 = 72y +Tox2 + ....mgx4 and
vice-versa such that a hyperplane h not containing the origin is mapped to a
point p for which D(p) = h.

The transform D is extended to sets of points (hyperplanes) in a natural
way. Let P be a convex polytope with non-empty interior intP and assume
that the origin O is contained in P. Then D(P) is an infinite set of hyperplanes
that avoid some convex region around O. The dual of P is defined as

P = closure( ﬂ hPo%)
heD(P)

where hP°® denotes the half-space containing the origin.

It can be verified that, given a set of points S, the vertices of the convex
hull are the dual transform of the facets of the intersection of the half-spaces
D(S) This property has been exploited very often so that the same algorithm
can be used for both convex-hulls and intersection of half-spaces.

3.6
Exercises

3.1 Prove Lemma 3.2 for any fixed e.
3.2 Prove Lemma 3.3.

3.3 Given a two-sided biased coin (i.e., the probability of a head is not 1/2). How
will you use it to simulate an unbiased coin? Also, how will you simulate an
n-sided coin using a 2-sided coin?

3.4 (Parallel Selection). Using the bounds of lemma 3.3, design a simple algo-
rithm for choosing the k-th largest element for any 1 < k < n. Prove that



3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

your algorithm runs in 510g n) time using n/logn EREW PRAM proces-
sors, i.e. it is PT optimal.

Hint: In the first phase, select two elements such that the required element
is smaller than one and larger than the other. Show that the total number
of elements that lie between these two elements is O(n®) for some € < 1 with
high probability.

Let A[l..n] be an array of n elements. An element = of A is said to be a
semi-magority elementif |{i : A(i) = x}| > 7. Give an O(log n) time n/logn
EREW PRAM processor algorithm to find all the semi-majority elements of
A.

Prove the claims about the size bounds after steps 3 and 4 of the algorithm for
maximal selection. Do the same for step 3 of the General sorting algorithm.

Given a coin for which the probability of getting a head is at least o, 0 < a <
1, prove that there is a constant ¢ (¢ > 1) such that with high probability,
there are at least log n heads if the coin is tossed %ub times.

You roll an N sided dice. If you get n (1 < n < N), you roll an n-sided dice.
What is the expected number of times you have to roll to get a 1?7 Use this
result to derive an expected time bound for Quicksort.

Let S1,S,...,Sk (where k = (logn)°®) be sets of integers in the range
[1,n(log n)°M)]. Given also that Zle |S;| = n. Present an O(logn) time
CRCW PRAM algorithm that sorts all the k sets using n/logn processors.

Given n integers in the range [1,n°(®)]. If the computer word length is n°,
for some fixed 0 < € < 1, how will you sort these keys in O(logn) time using
n/logn CREW PRAM processors?

If each one of n integers is picked randomly and uniformly from the range
[1,n°M)], how will you sort them using n/logn CRCW PRAM processors
such that for a large fraction of all possible inputs the algorithm terminates
in 5(10g n) time?

Hint Make use of the integer sorting algorithm.

Given n keys (not necessarily integers) with many duplications such that the
number of distinct keys is (logn)°). Present an O(logn) time, %Egl—ffﬂ
CRCW PRAM processor algorithm to sort this input.

Consider a probabilistic experiment where there are IV events of interest
each of which has a success probability of % independent of eachother. We
consider the experiment to be successful if all the NV events are successful.
What can you say about the success probability of the experiment if you



have O(log N) independent runs of the experiment ? Can you obtain any
meaningful bound as we could do with Polling ?

3.14 Let X;, be a family of random variables (not necessarily independent) such
that the mean of each X; is less than y. Suppose Y = 2?21 X; where nis a
random variable (integral valued) with mean N. Show that the expectation
of Y can be bound by NV - u. Y is called a random sum; it is the sum of a
random number of random variables.

Hint : Use the method of conditional expectation.

3.15 Present an o(n) algorithm to compute an approzimate rank of a given element
z in a set of n keys. An approximate rank of any element z is an integer
in the range [r — dn,r + dn], where r is the true rank of = and ¢ is a fixed
number (0 < § < 1).

3.16 ™ An approzimate median of a given set of n elements is an element of the set
whose rank is yn for some fixed 0 < v < 1 (v is independent of n). Describe
a parallel algorithm to choose such an element that runs in O(1) time using
n CRCW processors. Your algorithm should succeed with probability > 1/2,
i.e., the output element of your algorithm should satisfy the property of an
approzimate median with this probability.
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