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1.1 Introduction

Let G = (V, E) be an undirected weighted graph on n = |V| vertices and m = |E| edges.
Length of a path between two vertices is the sum of the weights of all the edges of the path.
The shortest path between a pair of vertices is the path of least length among all possible
paths between the two vertices in the graph. The length of the shortest path between two
vertices is also called the distance between the two vertices. An a-approximate shortest
path between two vertices is a path of length at-most « times the length of the shortest
path.

Computing all-pairs exact or approximate distances in G is one of the most fundamen-
tal graph algorithmic problem. In this chapter, we present two randomized graph data-
structures for all-pairs approximate shortest paths (APASP) problem in static and dynamic
environments. Both the data-structures are hierarchical data-structures and their construc-
tion involves random sampling of vertices or edges of the given graph.

The first data-structure is a randomized data-structure designed for efficiently computing
APASP in a given static graph. In order to answer a distance query in constant time, most
of the existing algorithms for APASP problem output a data-structure which is an n x n
matrix that stores the exact/approximate distance between each pair of vertices explicitly.
Recently a remarkable data-structure of o(n?) size has been designed for reporting all-
pairs approximate distances in undirected graph. This data-structure is called approzimate
distance oracle because of its ability to answer a distance query in constant time in-spite of
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its sub-quadratic size. We present the details of this novel data-structure and an efficient
algorithm to build it.

The second data-structure is a dynamic data-structure designed for efficiently maintaining
APASP in a graph that is undergoing deletion of edges. For a given graph G = (V, E) and a
distance parameter d < n, this data-structure provides the first o(nd) update time algorithm
for maintaining a-approximate shortest paths for all pairs of vertices separated by distance
< d in the graph.

1.2 A Randomized Data-Structure for Static APASP : Ap-
proximate Distance Oracles

There exist classical algorithms that require O(mn logn) time for solving all-pairs shortest
paths (APSP) problem. There also exist algorithms based on fast matrix multiplication
that achieve sub-cubic time. However, there is still no combinatorial algorithm that could
achieve O(n3~¢) running time for APSP problem. In recent past, many simple combinatorial
algorithms have been designed that compute all-pairs approximate shortest paths (APASP)
for undirected graphs. These algorithms achieve significant improvement in the running time
compared to those designed for APSP, but the distance reported has some additive or/and
multiplicative error. An algorithm is said to compute all pairs a-approximate shortest
paths, if for each pair of vertices u,v € V, the distance reported is bounded by ad(u,v),
where §(u,v) denotes the actual distance between v and v.

Among all the data-structures and algorithms designed for computing all-pairs approxi-
mate shortest paths, the approximate distance oracles are unique in the sense that they
achieves simultaneous improvement in running time (sub-cubic) as well as space (sub-
quadratic), and still answers any approximate distance query in constant time. For any
k > 1, it takes O(kmn'/*) time to compute (2k — 1)-approximate distance oracle of size
O(kn'*t1/k) that would answer any (2k — 1)-approximate distance query in O(k) time.

1.2.1 3-approximate Distance Oracle

For a given undirected graph, storing distance information from each vertex to all the ver-
tices requires 6(n?) space. To achieve sub-quadratic space, the following simple idea comes
to mind.

From each vertezx, if we store distance information to a small number of vertices, can

I: we still be able to report distance between any pair of vertices ?

The above idea can indeed be realized using a simple random sampling technique, but at
the expense of reporting approximate, instead of exact, distance as an answer to a distance
query. We describe the construction of 3-approximate distance oracle as follows.

1. Let R C V be a subset of vertices formed by picking each vertex randomly
independently with probability v (the value of v will be fixed later on).

2. For each vertex u € V, store the distances to all the vertices of the sample set R.

3. For each vertex u € V, let p(u) be the vertex nearest to u among all the sampled
vertices, and let S, be the set of all the vertices of the graph G that lie closer
to u than the vertex p(u). Store the vertices of set S, along with their distance
from u.

For each vertex u € V, storing distance to vertices S, helps in answering distance query
to vertices in locality of u, whereas storing distance from all the vertices of the graph to all
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® Sampled vertices

FIGURE 1.1: v is farther to « than p(u), bounding 6(p(u),v) using triangle inequality

the sampled vertices will be required (as shown below) to answer distance query for vertices
that are not present in locality of each other. In order to extract distance information in
constant time, for each vertex u € V, we use two hash tables (see [4], chapter 12), for storing
distances from u to vertices of sets S, and R respectively. The size of each hash-table is
of the order of the size of corresponding set (S, or R). A typical hash table would require
O(1) expected time to determine whether w € S, and if so, report the distance d(u,w).
In order to achieve O(1) worst case time, the 2 — level hash table (see Fredman, Komlos,
Szemeredi, [8]) of optimal size is employed.

The collection of these hash-tables (two tables per vertex) constitute a data-structure that
we call approximate distance oracle. Let u,v € V be any two vertices whose intermediate
distance is to be determined approximately. If either u or v belong to set R, we can report
exact distance between the two. Otherwise also exact distance §(u,v) will be reported if v
lies in S, or vice versa. The only case, that is left, is when neither v € S, nor u € S,. In
this case, we report 6(u,p(u)) + d(v, p(u)) as approximate distance between u and v. This
distance is bounded by 36(u,v) as shown below.

6(u,p(u)) +6(v,p(w)) < 6(u,p(u)) + (8(v,u) + 6(u,p(u))) {using triangle inequality }
= 26(u,p(u)) + d(u,v) {since graph is undirected }
< 26(u,v) + 6(u,v)
{since v lies farther to u than p(u), see Figure 1.1}
30(u,v)

Hence distance reported by the approximate distance oracle described above is no more
than three times the actual distance between the two vertices. In other words, the oracle
is a 3-approximate distance oracle. Now, we shall bound the expected size of the oracle.
Using linearity of expectation, the expected size of the sample set R is ny. Hence storing
the distance from each vertex to all the vertices of sample set will take a total of O(n?y)
space. The following lemma, gives a bound on the expected size of the sets S,,u € V.

LEMMA 1.1 Given a graph G = (V, E), let R C V be a set formed by picking each
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vertex independently with probability v. For a vertex u € V, the expected number of
vertices in the set S, is bounded by 1/~.

Proof Let {v1,v2,---,vn—1} be the sequence of vertices of set V\{u} arranged in non-
decreasing order of their distance from u. The set S, consists of all those vertices of the
set V\{u} that lie closer to u than any vertex of set R. Note that the vertex v; belongs
to Sy if none of the vertices of set {v1,v2,---,v;—1} (i-e., the vertices preceding v; in the
sequence above) is picked in the sample R. Since each vertex is picked independently with
probability p, therefore the probability that vertex v; belongs to set S, is (1 — )¢ ~!. Using
linearity of expectation, the expected number of vertices lying closer to u than any sampled
vertex is

n—1

dD-yit<

i=1

2=

Hence the expected number of vertices in the set S, is no more than 1/7.

So the total expected size of the 3-approximate distance oracle is O(n?y+n/v). Choosing
v = 1/4/n to minimize the size, we conclude that there is a 3-approximate distance oracle
of expected size n3/2.

1.2.2 Preliminaries

In the previous subsection, 3-approximate distance oracle was presented based on the idea
Z. The (2k — 1)-approximate distance oracle is a k-level hierarchical data-structure. An
important construct of the data-structure is Ball(-) defined as follows.

DEFINITION 1.1 For a vertex u, and subsets X,Y C V, the set Ball(u,X,Y) is the
set consisting of all those vertices of the set X that lie closer to 4 than any vertex from set
Y. (see Figure 1.2)

o vertex of set X

o Vertexof set Y
o vertex of set V-X-Y

FIGURE 1.2: The vertices pointed by solid-arrows constitute Ball(u, X,Y")
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It follows from the definition given above that Ball(u, X, () is the set X itself, whereas
Ball(u,X,X) = 0. It can also be seen that the 3-approximate distance oracle described in
the previous subsection stores Ball(u,V, R) and Ball(u, R, () for each vertex u € V.

If the set Y is formed by picking each vertex of set X independently with probability ~,
it follows from Lemma 1.1 that the expected size of Ball(u, X,Y") is bounded by 1/7.

LEMMA 1.2 Let G = (V, E) be a weighted graph, and X C V be a set of vertices. If
Y C X is formed by selecting each vertex independently with probability v, the expected
number of vertices in Ball(u, X,Y") for any vertex u € V is at-most 1/7.

1.2.3 (2k — 1)-approximate Distance Oracle

In this subsection we shall give the construction of a (2k — 1)-approximate distance oracle
which is also based on the idea Z, and can be viewed as a generalization of 3-approximate
distance oracle.

The (2k — 1)-approximate distance oracle is obtained as follows.

1. Let R} D RZ D ---R¥ be a a hierarchy of subsets of vertices with R} = V, and
¢,i > 1is formed by selecting each vertex of set Rf;l independently with proba-
bility n—1/k.
2. For each vertex u € V, store the distance from u to all the vertices of Ball(u, ’Rﬁ, 0)
in a hash table.

3. For each u € V and each i < k, store the vertices of Ball (u,Rz,Rfjl) along with
their distance from w in a hash table.
For sake of conciseness and without causing any ambiguity in notations, henceforth
we shall use Ball'(u) to denote Ball(u, Ri, Rit") or the corresponding hash-table
storing Ball(u, Ry, Rit") for i < k.

The collection of the hash-tables Ball'(u) : u € V,i < k constitute the data-structure that
will facilitate answering of any approximate distance query in constant time. To provide
a better insight into the data-structure, Figure 1.3 depicts the set of vertices constituting
{Balli(u)|i < k}.

Reporting distance with stretch at-most (2k — 1)

Given any two vertices u,v € V whose intermediate distance has to be determined approx-
imately. We shall now present the procedure to find approximate distance between the two
vertices using the k-level data-structure described above.

Let p'(u) = u and let p‘(u),i > 1 be the vertex from the set R} nearest to u. Since
p'(u) € Ball(u) for each u € V, so distance from each u to p’(u) is known for each i < k.

The query answering process performs at-most k search steps. In the first step, we search
Ball'(u) for the vertex p'(v). If p'(v) is not present in Ball'(u), we move to the next
level and in the second step we search Ball?(v) for vertex p?(u). We proceed in this way
querying balls of v and v alternatively : In ith step, we search Ball’(z) for pi(y), where
(x = u,y = v) if i is odd, and (z = v,y = u) otherwise. The search ends at ith step if p’(y)
belongs to Balli(z), and then we report §(x,p’(y)) + §(y, p'(y) as an approximate distance
between u and v.



1
o vertex of set Ry

o Vertex of set Ff

3
o vertexof set R

Ball "(u) Ball %(u)

(i1)

FIGURE 1.3: (i) Close description of Ball*(u),i < k, (ii) hierarchy of balls around u

Distance_Report(u,v)
Algorithm for reporting (2k — 1)-approximate distance between u,v € V

l+1,

T Uy v

While (p'(y) ¢ Ball'(z)) do
swap(z,y),
l«1+1

return §(y, p'(y)) + 8(z,p'(y))

Note that p*(y) € R¥, and we store the distance from z to all the vertices of set R
in Ball*(z) (which is Ball(z,RE,0). Therefore, the 'while loop’ of the distance reporting
algorithm will execute at-most k — 1 iterations, spending O(1) time querying a hash table
in each iteration.

In order to ensure that the above algorithm reports (2k—1)-approximate distance between
u,v € V, we first show that the following assertion holds :

A; : At the end of ith iteration of the ‘while loop’, §(y, p't1(y)) < id(u,v).

The assertion A4; can be proved using induction on ¢ as follows. First note that the
variables = and y take the values u and v alternatively during the ’while-loop’. So 6(z,y) =
0(u,v) always.

For the base case (i = 0), p'(y) is same as y, and y is v. So 6(y,p'(y)) = 0. Hence A
is true. For the rest of the inductive proof, it suffices to show that if .4; is true, then after
(4 + 1)th iteration A;; is also true. The proof is as follows.

We consider the case of ’even j’, the arguments for the case of ’odd j’ are similar. For
even j, at the end of jth iteration, {x = u,y = v}, Thus A; implies that at the end of jth
iteration d(v,p’*1(v)) < jé(u,v). Consider the (j + 1)th iteration. For the execution of
(j +1)th iteration, the condition in the ’while-loop” must have been true. Thus p/**(v) does
not belong to Ball(u, R4, RiT?). Hence by Definition 1.1, the vertex pi+?(u) must be
lying closer to u than the vertex pi*1(v). So at the end of (j + 1)th iteration, §(y, p’+2(y))
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can be bounded as follows

3y, ()

o(u,
(u, "
o(u,v) +

d(u,v) +
(U +1)d(u,

Thus the assertion A4 holds.

(=9

2 (w)
T (v))

5(v,p’*(v)) {using triangle inequality}

ININ A
SN

Jjo(u,v) {using A; }
v)

THEOREM 1.1 The algorithm Distance_Report(u,v) reports (2k — 1)-approzimate dis-
tance between u and v

Proof As an approximate distance between u and v, note that the algorithm Distance-
Report(u,v) would output &(y,p'(y)) + 8(x,p'(y)), which by triangle inequality is no more
than 26(y, p'(y)) + 6(z,y). Since §(z,y) = d(u,v), and 6(y,p' (y)) < (I — 1)d(u,v) as follows
from assertion 4;. Therefore, the distance reported is no more than (21 — 1)d(u,v). Since
the ’while loop’ will execute at-most k — 1 iterations, so | = k, and therefore the distance
reported by the oracle is at-most (2k — 1)6(u, v).

Size of the (2k — 1)-approximate distance oracle

The expected size of the set Rf is O(n'/*), and the expected size of each Ball’(u) is n'/*
using Lemma 1.2. So the expected size of the (2k — 1)-approximate distance oracle is
OmM* -n + (k—1) -n-n'/*) = O(kn't1/k).

1.2.4 Computing Approximate Distance Oracles

In this subsection, a sub-cubic running time algorithm is presented for computing (2k — 1)-
approximate distance oracles. It follows from the description of the data-structure associ-
ated with approximate distance oracle that after forming the sampled sets of vertices R},
that takes O(m) time, all that is required is the computation of Ball’(u) along with the
distance from u to the vertices belonging to these balls for each u and i < k.

Since Balli(u) is the set of all the vertices of set R that lie closer to u than the vertex
p*t1(u). So, in order to compute Ball*(u), first we compute pi(u) for all u € V,i < k.

Computing pi(u),Yu € V

Recall from definition itself that p?(u) is the vertex of the set R} that is nearest to u. Hence,
computing p*(u) for each u € V requires solving the following problem with X = R},Y =
\X.

Given X,Y CV in a graph G = (V, E), with X NY = (0, compute the nearest vertex of set
X for each vertexy € Y.

The above problem can be solved by running a single source shortest path algorithm
(Dijkstra’ algorithm) on a modified graph as follows. Modify the original graph G by
adding a dummy vertex s to the set V, and joining it to each vertex of the set X by an
edge of zero weight. Let G' be the modified graph. Running Dijkstra’s algorithm from
the vertex s as the source, it can be seen that the distance from s to a vertex y € Y is
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indeed the distance from y to the nearest vertex of set X. Moreover, if e(s,z),z € X is the
edge leading to the shortest path from s to y, then z is the vertex from the set X that lies
nearest to y. The running time of the Dijkstra’s algorithm is O(mlogn), we can thus state
the following lemma.

LEMMA 1.3 Given X,Y C Vinagraph G = (V, E), with XNY = {), it takes O(mlogn)
to compute the nearest vertex of set X for each vertex y € Y.

COROLLARY 1.1 Given a weighted undirected graph G = (V, E), and a hierarchy of
subsets {Ri|i < k}, we can compute p*(u) for all i < k,u € V in O(kmlogn) time

Computing Balli(u) efficiently

In order to compute Ball'(u) for each vertex u € V efficiently, we first compute clusters
{C(v, R v € RE} which are defined as follows :

DEFINITION 1.2 For a graph G = (V,E), and a set X C V, the cluster C(v,X)
consists of each vertex w € V for whom v lies closer than any vertex of set X. That is,
d(w,v) < §(w, z) for each z € X.

It follows from the definition given above that u € C(v, Rit) if and only if v € Balli(u).
So, given clusters {C(v, R;T")|v € Ri}, we can compute {Ball(u) : u € V'} as follows.

For each v € Ri do .
For each u € C(v,R;"") do
Balli(u) +— Ball*(u) U {v}

Hence we can state the following Lemma.

LEMMA 1.4 Given the family of clusters {C(v, Rit")[v € Ri}, the time required to
compute {Ball’(u)} is bounded by O(}, ¢y |Balli(u))).

The following property of the cluster C(v, R;") will be used in its efficient computation.

LEMMA 1.5 Ifue(C (v,R};rl), then all the vertices on the shortest path from v to u
).

also belong to the set C(v, Ri"

Proof We give a proof by contradiction. Given that u € C (v, Rit), let w be any vertex
on the shortest path from v to u. If w ¢ C(v, RiT"), the vertex v doesn’t lie closer to w
than the vertex p*t!(w). See Figure 1.4. In other words d(w,v) > &(w,pt!(w). Hence

8(u,v) = 8(u, w) + 8w, v) > (u, w) + §(w,p™ (w)) > §(u,p™ (w))

Thus v does not lie closer to u than p'*!(w) which is a vertex of set R;". Hence by
definition, u ¢ C(U,R?Ll), thus a contradiction.

From Lemma 1.5, it follows that the graph induced by the vertices of the cluster C (v, Rfjl)
is connected (hence the name cluster). Moreover, the entire cluster C (U,R;:rl) appears as
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P (w)

FIGURE 1.4: if w does not lie in C(v, R}"), then p*!(w) would lie closer to u than v.

a sub-tree of the shortest path tree rooted at v in the graph. As follows from the definition,
for each vertex z € C(v, Rit"), 6(v,x) < d(z,pi*!(z)). Based on these two observations,
here follows an efficient algorithm that computes the set C(U,R?—l). The algorithm per-
forms a restricted Dijkstra’s algorithm from the vertex v, wherein we don’t proceed along
any vertex that does not belong to the set C'(v, ’Rfjl).

A restricted Digkstra’s algorithm : Note that the Dijkstra’s algorithm starts with singleton
tree {v} and performs n — 1 steps to grow the complete shortest path tree. Each vertex
z € V\{v} is assigned a label L(z), which is infinity in the beginning, but eventually be-
comes the distance from v to z. Let V; denotes the set of i nearest vertices from v. The
algorithm maintains the following invariant at the end of Ith step :

Z(1) : For all the vertices of the set V;, the label L(z) = é(v,z), and for every other vertex
y € V\V,, the label L(y) is equal to the length of the shortest path from v to y that passes
through vertices of V; only.

During the (j 4+ 1)th step, we select the vertex, say w from set V — V; with least value
of L(-). Since all the edge weights are positive, it follows from the invariant Z(j) that
L(w) = 6(w,v). Thus we add w to set V; to get the set V;;1. Now in order to satisfy the
invariant Z(j + 1), we relax each edges e(w,y) incident from w to a vertex y € V — Vj 14
as follows : L(y) < min{L(y), L(w) + weight(w, y)}. It is easy to observe that this ensures
the validity of the invariant Z(j + 1).

In the restricted Dijkstra’s algorithm, we will put the following restriction on relaxation of
an edge e(w,y) : we relax the edge e(w, y) only if L(w)+weight(w,y) is less than &(y, p(y)).
This will ensure that a vertex y ¢ C(v, RjT") will never be visited during the algorithm.
The fact that the vertices of the cluster C' (v,R}'jl) form a sub-tree of the shortest path
tree rooted at v, ensures that the above restricted Dijkstra’s algorithm indeed finds all
the vertices (along with their distance from v) that form the cluster C'(v, R5). Since the
running time of Dijkstra’s algorithm is dominated by the number of edges relaxed, and each
edge relaxation takes log(n) time only, therefore, the restricted Dijkstra’s algorithm will run
in time of the order of 3, ¢, ri+1) degree(z)logn. Thus the total time for computing all

the clusters {C(v, Ri™)|v € RL} is given by :

Z degree(z)logn = Z degree(z) | logn
ve’Ri,wEC’(v,'Rfj’l) z€V,veBalli(z)
= (Z |Ball'(z)| -degree(w)) logn
zeV

By Lemma 1.2, the expected size of Ball*(z) is bounded by n'/*, hence using linearity of
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expectation, the total expected cost of computing {C(v, R;™)|v € RL} is asymptotically
bounded by

Z nt’* . degree(x) logn = 2mnt/*logn
zeV

Using the above result and Lemma 1.4, we can thus conclude that for a given weighted
graph G = (V,E) and an integer k, it takes a total of O(kmn'/*¥logn) time for com-
puting {Ball'(u)|i < k,u € V}. If we use Fibonacci heaps instead of binary heaps in
implementation of the restricted Dijkstra’s algorithm, we can get rid of the logarithmic
factor in the running time. Hence the total expected running time for building the data-
structure is O(kmn'/*). As mentioned before, the expected size of the data-structure will
be O(kn'*t/*), To get O(kn'*'/*) bound on the worst case size of the data-structure,
we repeat the preprocessing algorithm. The expected number of iterations will be just a
constant. Hence, we can state the following theorem.

THEOREM 1.2  Given a weighted undirected graph G = (V, E) and an integer k, a data-
structure of size O(kn't'/%) can be built in O(kmn'/*) expected time so that given any pair
of vertices, (2k — 1)-approzimate distance between them can be reported in O(k) time.

1.3 A Randomized Data-Structure for Decremental APASP

There are a number of applications that require efficient solutions of the APASP problem
for a dynamic graph. In these applications, an initial graph is given, followed by an on-line
sequence of queries interspersed with updates that can be insertion or deletion of edges. We
have to carry out the updates and answer the queries on-line in an efficient manner. The
goal of a dynamic graph algorithm is to update the solution efficiently after the dynamic
changes, rather than having to re-compute it from scratch each time.

The approximate distance oracles described in the previous section can be used for an-
swering approximate distance query in a static graph. However, there does not seem to be
any efficient way to dynamize these oracles in order to answer distance queries in a graph
under deletion of edges. In this section we shall describe a hierarchical data structure for
efficiently maintaining APASP in an undirected unweighted graph under deletion of edges.
In addition to maintaining approximate shortest paths for all-pairs of vertices, this scheme
has been used for efficiently maintaining approximate shortest paths for pair of vertices
separated by distance in an interval [a,b] for any 1 < a < b < n. However, to avoid giving
too much details in this chapter, we would outline an efficient algorithm for the following
problem only.

APASP-d : Given an undirected unweighted graph G = (V, E) that is undergoing deletion
of edges, and a distance parameter d < n, maintain approximate shortest paths for all-pairs
of vertices separated by distance at-most d.

1.3.1 Main Idea

For an undirected unweighted graph G = (V, E), a breadth-first-search (BFS) tree rooted
at a vertex u € V stores distance information with respect to the vertex u. So in order
to maintain shortest paths for all-pairs of vertices separated by distance < d, it suffices to
maintain a BFS tree of depth d rooted at each vertex under deletion of edges. This is the
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approach taken by the previously existing algorithms.

The main idea underlying the hierarchical data-structure that would provide efficient
update time for maintaining APASP can be summarized as follows : Instead of maintaining
exact distance information separately from each vertex, keep small BFS trees around each
vertex for maintaining distance information within locality of each vertex, and some what
larger BFS trees around fewer vertices for maintaining global distance information.

We now provide the underlying intuition of the above idea and a brief outline of the new
techniques used.

Let B¢ denote the BFS tree of depth d rooted at vertex u € V. There exists a simple
algorithm for maintaining a BFS tree B? under deletion of edges that takes a total of
w(BY) - d time, where u(t) is the number of edges in the graph induced by tree t. Thus the
total update time for maintaining shortest path for all-pairs separated by distance at-most
d is of the order of }° y, u(B%) - d. Potentially p(BZ) can be as large as 6(m), and so the
total update time over any sequence of edge deletions will be O(mnd). Dividing this total
update cost uniformly over the entire sequence of edge deletions, we can see that it takes
O(nd) amortized update time per edge deletion, and O(1) time for reporting exact distance
between any pair of vertices separated by distance at-most d.

In order to achieve o(nd) bound on the update time for the problem APASP-d, we closely
look at the expression of total update time Y, ., u(B2) - d. There are n terms in this
expression each of potential size #(m). A decrease in either the total number of terms
or the size of each term would give an improvement in the total update time. Thus the
following simple ideas come to mind.

e Is it possible to solve the problem APASP-d by keeping very few depth-d BFS
trees ?

e Is there some other alternative ¢ for depth bounded BFS tree BZ that has o(m)
bound on w(t) ?

While it appears difficult for any of the above ideas to succeed individually, they can be
combined in the following way : Build and maintain BFS trees of depth 2d on vertices of
a set S CV of size o(n), called the set of special vertices, and for each remaining vertex
u € V\S, maintain a BFS tree (denoted by B: ) rooted at u and containing all the vertices
that lie closer to u than the nearest special vertez, say N (u,S).

Along the above lines, we present a 2-level data-structure (and its generalization to k-
levels) for the problem APASP-d.

It can be seen that unlike the tree BZ, the new BFS tree B might not contain all
the vertices lying within distance d from u. In order to ensure that our scheme leads to
a solution of problem APASP-d, we use the following observation similar to that of 3-
approximate distance oracle in the previous section. If v is a vertex lying within distance
d from u but not present in BS, an approzimate distance from u to v can be extracted
from the tree rooted at the nearest special vertex A (u,S). This is because (by triangle
inequality) the distance from N '(u,S) to v is at most twice the distance from u to v.

For our hierarchical scheme to lead to improved update time, it is crucial that we establish
sub-linear upper bounds on u(B2). We show that if the set S is formed by picking each
vertex independently with suitable probability, then u(BS) = O(m/|S|) with probability
arbitrarily close to 1.

1.3.2 Notations

For an undirected unweighted graph G = (V, E), S C V, and a distance parameter d < n,
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FIGURE 1.5: Hierarchical scheme for maintaining approximate distance

e §(u,v) : distance between v and v.
e N(v,S) : the vertex of the set S C V nearest to v.
e B4 : The BFS tree of depth d rooted at v € V.
e BY : The BFS tree of depth (6(u, N'(u,S)) — 1) rooted at v
e B%5 : The BFS tree of depth min{d, d(v, N'(v,S)) — 1} rooted at v.
e u(t) : the number of edges in the sub-graph (of G) induced by the tree t.
e y(t) : the number of vertices in tree ¢.
e For a sequence {Sg, S1, -+ Sk-1},5; CV, and a vertex u € Sy, we define
0(0) —
p’(u) =wu. '
p'T!(u) = the vertex from set S;y1 nearest to pt(u).
e @ : the smallest integer of the form 2! which is greater than .

1.3.3 Hierarchical Distance Maintaining Data-structure

Based on the idea of “keeping many small trees, and a few large trees”, we define a k-level
hierarchical data-structure for efficiently maintaining approximate distance information as
follows. (See Figure 1.5)

Let S = {So,S1,*+,Sk—1 : Si CV,[Siy1| < |Si|} be a sequence. For a given distance

parameter d < n and i < k — 1, let F; be the collection {led’s"“ :u € S;} of BFS trees,
and Fj_1 be the collection of BFS trees of depth 2k=14 rooted at each u € Si_1. We shall
denote the set {(So, o), (S1, F1), -, (Sk—1, Fr—1)} as the k-level hierarchy H¥ induced by
the sequence S.

Let v be a vertex within distance d from u. If v is present in B%51 we can report
exact distance between them. Otherwise, (as will soon become clear) we can extract the
approximate distance between uw and v from the collection of the BFS trees rooted at
the vertices u,p(u),---,p* 1 (u) (see Figure 1.5). The following Lemma is the basis for
estimating the distance between two vertices using the hierarchy HX.

LEMMA 1.6  Given a hierarchy HE, if j < k— 1 is such that v is not present in any of
the BFS trees {Bi:?&f"“m <14 <j}, then for all i < j
S (u),p*(w)) < 2°0(u,v)  and  S(p™(u),v) < 27H4(u, v).
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le(LI

p'(u)

FIGURE 1.6: Bounding the approximate distance between pit!(u) and v

Proof We give a proof by induction on j.

Base Case (j = 0) : Since v is not present in B51, so the vertex p(u) must be lying

equidistant or closer to u than v. Hence d(p(u),u) < §(u,v). Using triangle inequality, it

follows that §(p(u),v) < §(p(u),u) + d(u,v) = 26(u,v).

Induction Hypothesis :

3(p™! (u), p’(u)) < 2'6(u,v), and

S(pt1(u),v) < 2H1§(u,v), for all i < 1.

Induction Step (j =1) : ifv ¢ BZ’(“:), then the distance between p'*! and p’(u) must

not be longer than &§(p'(u),v), which is less than 2!§(u,v) (using induction hypothesis).
Now using triangle inequality (see the Figure 1.6 ) we can bound §(p!*!(u), v) as follows.

S (u),v) S (u), p' (w)) + 6(p' (u), v)

216 (u, v) + 3(p! (u), v)

2 5(u,v) + 2'6(u,v) { using LH.}
2415 (u, v)

ININ N

Since the depth of a BFS tree at (k — 1)th level of hierarchy H% is 2¥~1d, therefore the
following corollary holds true.

COROLLARY 1.2 If §(u,v) < d, then there is some p(u),i < k such that v is present
in the BFS tree rooted at p‘(u) in the hierarchy HX.

LEMMA 1.7 Given a hierarchy H%, if j < k — 1 is such that v is not present in any of

the BFS trees {BZ:?&‘;" 0 <i < j}, then §(p'*t(u),u) < (201 — 1)8(u,v), for all i < j.

Proof Using simple triangle inequality, it follows that
S (u),u) < Y6 (u), b (w)
1<i
< Z2ld(u,v) = (24 = 1)6(u,v)

I<i

It follows from Lemma 1.6 and Lemma 1.7 that if [ is the smallest integer such that
v is present in the BFS tree rooted at p'(u) in the hierarchy H%, then we can report
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FIGURE 1.7: Bounding the size of BFS tree By

5(p'(u),u) + &6(p'(u),v) as an approximate distance between u and v. Along these lines, we
shall present an improved decremental algorithms for APASP-d.

1.3.4 Bounding the Size of B35 under Edge-deletions

We shall now present a scheme based on random sampling to find a set S C V of vertices
that will establish a sub-linear bound on the number of vertices (v(B2)) as well as the
number of edges (u(B2)) induced by B under deletion of edges. Since B®% C BS| so
these upper bounds also hold for B3,

Bu1ld the set S of vertices by picking each vertex from V independently with probability

. The expected size of S is O(n°). Consider an ordering of vertices V' according to their
levels in the BFS tree BY (see Figure 1.7). The set of vertices lying at higher levels than the
nearest sampled vertex in this ordering is what constitutes the BFS tree B5. Along similar
lines as that of Lemma 1.1, it follows that the expected size of this set (and hence v(B2 )) i

. Moreover, it can be shown that v(Bj) is no more than 4222 with probability > 1— L.
Now as the edges are being deleted, the levels of the vertices in the tree B may fall, and so
the ordering of the vertices may change. There will be a total of m such ordermgs durmg the
entire course of edge deletions. Since the vertices are picked randomly and independently,
therefore, the upper bound of 4”1“" holds for v(BJ) with probability (1 — ) for any of
these orderings. So we can conclude that v(BZ), the number of vertices of tree B never
exceeds (12122) during the entire course of edge deletions with probability > 1 —

To bound the number of edges induced by B2, consider the following scheme. Pick every
edge independently with probability %C The set S consists of the end points of the sampled
edges. The expected size of S is O(n¢). Consider an ordering of the edges according to
their level in BS (level of an edge is defined as the minimum of the levels of its end points).
Along the lines of arguments given above (for bounding the the number of vertices of BY),
it can be shown that p(B%), the number of edges induced by BS remains < 4mIR% ith
probability > 1 — 4; during the entire course of edge deletions.

Note that in the sampling scheme to bound the number of vertices of tree BS, a vertex
v is picked with probability %c Whereas in the sampling scheme for bounding the number
of edges in the sub-graph induced by B2, a vertex v is picked with probability dwrefnﬂ.
It can thus be seen that both the bounds can be achieved simultaneously by the following
random sampling scheme :

ne degree(v)-n°
n + m

R(c) : Pick each vertex v € V independently with probability

Tt is easy to see that the expected size of the set formed by the sampling scheme R(c) will
be O(n°).
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THEOREM 1.3 Given an undirected unweighted graph G = (V,E), a constant ¢ < 1,
and a distance parameter d; a set S of size O(n®) vertices can be found that will ensure
the following bound on the number of vertices and number of edges in the sub-graph of G
induced by B35,

ne ne

W(B5) = 0 (nlnn) ’ W(BESY = 0 (mlnn)

with probability Q(1 — #) during the entire sequence of edge deletions.

Maintaining the BFS tree Bd:S under edge deletions

Even and Shiloach [7] design an algorithm for maintaining a depth-d BFS tree in an undi-
rected unweighted graph.

LEMMA 1.8 [Even, Shiloach [7]] Given a graph under deletion of edges, a BFS tree
B2,y € V can be maintained in O(d) amortized time per edge deletion.

For maintaining a B4 tree under edge deletions, we shall use the same algorithm of [7]
with the modification that whenever the depth of B4 has to be increased (due to recent
edge deletion), we grow the tree to its new level min {d, (u, N'(u, S)) — 1}. We analyze the
total update time required for maintaining B%* as follows.

There are two computational tasks : one extending the level of the tree, and another
that of maintaining the levels of the vertices in the tree B under edge deletions. For
the first task, the time required is bounded by the edges of the new level introduced which
is O(u(B%%)). For the second task, we give a variant of the proof of Even and Shiloach
[7] (for details, please refer [7]). The running time is dominated by the processing of the
edges in this process. In-between two consecutive processing of an edge, level of one of
the end-points of the edge falls down by at least one unit. The processing cost of an edge
can thus be charged to the level from which it has fallen. Clearly the maximum number
of edges passing a level i is bounded by u(B%%). The number of levels in the tree B3
is min{d, v(B%%)}. Thus the total cost for maintaining the BFS tree B&S over the entire
sequence of edge deletions is O(u(B%®) - min {d, v(B%%)}).

LEMMA 1.9 Given an undirected unweighted graph G = (V, E) under edge deletions, a
distance parameter d, and a set S C V; a BFS tree B»S can be maintained in

Bd,S
0 (M . min {d7,/(33,5)}>
m
amortized update time per edge deletion.

Some technical details

As the edges are being deleted, we need an efficient mechanism to detect any increase in
the depth of tree B&S. We outline one such mechanism as follows.

For every vertex v ¢ S, we keep a count C[v] of the vertices of the S that are neighbors of
v. It is easy to maintain C[u], Vu € V under edge-deletions. We use the count C[v] in order
to detect any increase in the depth of a tree B as follows. Note that when depth of a tree
B%5 is less than d, there has to be at-least one vertex w at leaf-level in B with Clw] > 1
(as an indicator that the vertex p(u) is at next level). Therefore, after an edge deletion if
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there is no vertex w at leaf level with C[w] > 1, we grow the BFS tree B beyond its
previous level until either depth becomes d or we reach some vertex w' with Clw'] > 1.

Another technical issue is that when an edge e(z, y) is deleted, we must update only those
trees which contain z and y. For this purpose, we maintain for each vertex, a set of roots
of all the BFS trees containing it. We maintain this set using any dynamic search tree.

1.3.5 Improved Decremental Algorithm for APASP up to Distance d

Let {(So,F0),(S1,F1), -+, (Sk—1,Fr—1)} be a k-level hierarchy H% with So = V and n¢ =
|Si|, where each ¢;,% < k is a fraction to be specified soon. Each set S;,i > 0 is formed
by picking the vertices from set V using the random sampling scheme R mentioned in the
previous subsection.

To report distance from u to v, we start form the level 0. We first inquire if v lies in B%51.
If v does not lie in the tree, we move to the first level and inquire if v lies in B;Eiq’t‘)gz. It
follows from the Corollary 1.2 that if 6(u, v) < d, then proceeding in this way, we eventually
find a vertex p'(u),l < k — 1 in the hierarchy H* such that v is present in the BFS tree
rooted at p!(u). (See Figure 1.5). We then report the sum of distances from p!(u) to both
u and v.

Algorithm for reporting approximate distance using H*

Distance(u,v)
{ D+ 0;1+—0

. 2'd,S141
While (v ¢ By T AI<k-— 1) do
{

Ifue Bj;(dl’t‘)gl“, then D « §(p'(u),u),

D « D +4(p' (w),p'*" (u))

l+1+1;

} 1

Ifv ¢ B;,?j’“, then “6(u,v) is greater than d”,
else return §(p'(u),v) + D

}

The approximation factor ensured by the above algorithm can be bounded as follows.

It follows from the Lemma 1.7 that the final value of D in the algorithm given above is
bounded by (2! — 1)§(u,v), and it follows from Lemma 1.6 that §(p’(u),v) is bounded by
2!6(u,v). Since I < k — 1, therefore the distance reported by the algorithm is bounded by
(2¥ —1)6(u,v) if v is at distance < d.

LEMMA 1.10 Given an undirected unweighted graph G = (V, E), and a distance param-
eter d. If «a is the desired approximation factor, then there exists a hierarchical scheme ”Hs
with k£ = log, @, that can report a-approximate shortest distance between any two vertices
separated by distance < d, in time O(k).

Update time for maintaining the hierarchy Hg : The update time per edge deletion
for maintaining the hierarchy H¢ is the sum total of the update time for maintaining the
set of BFS trees F;,i < k — 1.
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Each BFS tree from the set F;_; has depth 2¥~'d, and edges O(m). Therefore, using
Lemma 1.8, each tree from set Fj_; requires O(2F~'d) amortized update time per edge
deletion. So, the amortized update time T}_; per edge deletion for maintaining the set
.7:]9_1 is

Ty_1 = O(nc-12%"14)

It follows from the Theorem 1.3 that a tree ¢t from a set F;,i < (k — 1), has p(t) =
mInn/n¢+ and depth = min{2'd,nInn/nc+1}. Therefore, using the Lemma 1.9, each
tree t € F;,i < k — 1 requires O(min{2'd/n%+1 nlnn/n?¢+1}) amortized update time per
edge deletion. So the amortized update time T; per edge deletion for maintaining the set
.7:,' is

. nc,' nl-‘rci
Ti:0<min{2’d 1nn,2—,+11n2n}), i<k—1

nti+1 n<ci

Hence, the amortized update time T per edge deletion for maintaining the hierarchy H,‘f is

T = Teat ) T
i<k—1
i=k—2 e nltei
= O(n*12F1d) + ) (min {2’d Inn, —— In? n})
nCi+1 n2ci+1

=0

To minimize the sum on right hand side in the above equation, we balance all the terms
constituting the sum, and get

B (k—1)
T=0 (2’“1 - min { ¥/nd, (nd) EE })

If o is the desired approximation factor, then it follows from Lemma 1.10 that the number
of levels k, in the hierarchy are log,@. So the amortized update time required is Oa -

min { **52§/nd, (nd) =D }).

THEOREM 1.4 Let G = (V,E) be an undirected unweighted graph undergoing edge
deletions, d be a distance parameter, and o > 2 be the desired approzimation factor. There
exists a data-structure Dy (1,d) for maintaining a-approzimate distances for all-pairs sep-
arated by distance < d in O(a - min { '*=2/nd, (nd) -1 1) amortized update time per edge
deletion, and O(loga@) query time.

Based on the data-structure of [7], the previous best algorithm for maintaining all-pairs
exact shortest paths of length < d requires O(nd) amortized update time. We have been
able to achieve o(nd) update time at the expense of introducing approximation as shown in
Table 1.1 on the following page.

1.4 Further Reading and Bibliography

Zwick [10] presents a very recent and comprehensive survey on the existing algorithms for all-
pairs approximate/exact shortest paths. Based on the fastest known matrix multiplication
algorithms given by Coppersmith and Winograd [3], the best bound for computing all-pairs
shortest paths is O(n237%) [11].
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Data-structure a (the approximation factor) | Amortized update time per edge deletion

Ds(1, d) 3 O(min(v/nd, (nd)*/*))
Dr(1, d) 7 O(min( §nd, (nd)*/7))
Dis(1,d) 15 O(min( ¥/nd, (nd)®/*°))

TABLE 1.1 Maintaining a-approximate distances for all-pairs of vertices separated by distance < d

Approximate distance oracles are designed by Thorup and Zwick [9]. Based on a 1963
girth conjecture of Erdés [6], they also show that Q(n'*'/¥) space is needed in the worst case
for any oracle that achieves stretch strictly smaller than (2k 4+ 1). The space requirement
of their approximate distance oracle is, therefore, essentially optimal. Also note that the
preprocessing time of (2k — 1)-approximate distance oracle is O(mn!/*), which is sub-cubic.
However, for further improvement in the computation time for approximate distance oracles,
Thorup and Zwick pose the following question : Can (2k—1)-approzimate distance oracle be
computed in O(n?) time? Recently Baswana and Sen [2] answer their question in affirmative
for unweighted graphs. However, the question for weighted graphs is still open.

For maintaining fully dynamic all-pairs shortest paths in graphs, the best known algo-
rithm is due to Demetrescu and Italiano [5]. They show that it takes O(n?) amortized time
to maintain all-pairs exact shortest paths after each update in the graph. Baswana et al. [1]
present a hierarchical data-structure based on random sampling that provides efficient decre-
mental algorithm for maintaining APASP in undirected unweighted graphs. In addition to
achieving o(nd) update time for the problem APASP-d (as described in this chapter), they
also employ the same hierarchical scheme for designing efficient data-structures for main-
taining approximate distance information for all-pairs of vertices separated by distance in
an interval [a,b],1 <a <b < n.
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