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Abstract. In this paper we present logical characterizations of two preorders,
within the framework of Hennessy-Milner Logics. The two preorders (loosely
termed bisimulation-based efficiency preorders) are on processes represented as
labelled transition systems. The characterizations are particularly interesting as
they explore preorders lying between strong and weak bisimilarity, guided by a
principle of containment which is explained in the Introduction. Even though the
proofs of the characterizations use standard methods, there are various subtleties
introduced by the nature of the preorders and the logical operators needed to
characterize them. The authors have not previously encountered the use of such
operators in such simple logics.
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1 Introduction

In [5] a modal logic for reasoning about labelled transition systems was first defined
which characterized the notions of simulations, strong and weak bisimulations. Subse-
guently the logic has been extended in various ways to include the rpemdtulus

and various behavioural equivalences and preordering relations on labelled transition
systems. For a comprehensive account, the reader is referred to [12].

In all such formulations, a process is identified by the set of formulas of a logic that it
satisfies. Given a behavioural equivalence relation on processes, a logical lahguage
characterizes this equivalence relation precisely when two equivalent processes satisfy
the same set of formulas of the logic.

Formally therefore, if® is a set of processes ahds a logic then we may identify each
proces € P with the set of formulas of that it satisfies, i.elL(p) = {oeL | pF ¢}
denotes the set of formulas bfthat p satisfies. A behavioural equivalengeon P is
characterized b wheneverp = qiff L(p) = L(q). Similarly a behavioural preordet
onP is characterized by whenevemp < qiff L(p) C L(q) or p < qiff L(q) C L(p).
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Van Glabeek [14] has used precisely such formulations to characterize the various be-
havioural relations on concrete processes. In several instances, it has been shown that
one behavioural relatioR is coarser than anoth& by showing that a less expressive

logic characterizeR or that a more expressive logic characteri3es

Such a formulation may actually be traced back to [5]. In it the authors present two
modal logics - the stronger or more expressive one (subsequently referred to in the
literature aHennessy-Milner Logior HML) characterizing strong bisimulation equiv-
alence and the weaker or less expressive one (referred to by Stirling [Olsasvable
Hennessy-Milner Logior OHML) characterizing observational equivalence. The paper
[5] also showed the characterization of trace equivalence and simulation equivalence
in terms of sub-logics of HML, thus establishing that both trace equivalence and the
simulation equivalence are coarser than bisimulation. The authors actually showed that
for image-finite processes, HML with finitary conjunctions captured strong bisimilarity
whereas HML without negation characterizgichulation equivalencelrace equiva-
lencewas characterized by removing both negation and conjunction from the logic.

In this paper we provide such logical characterizations for behavioural relations that
lie strictly between strong and weak bisimilarity by defining modifihnessy-Milner
Logicsfor the purpose. We use the following properties as guiding principles in the
design of the logics.

1. For any behavioural preordet and logical languagk characterizing<, p < q iff
L(p) C L(q). Itthen follows that the kernel of the preorder is an equivalence relation
and is characterized by equality on sets of satisfying formulae. Thptdsg and
g< pifandonlyifL(p) = L(q).

2. Given preorders<;, and<, characterized respectively by logicg andL,, <1 C
<7 iff L1 < L wherelL; < L, denotes that; is more expressive tham, (and
hence can allow for finer distinctions to be made).

While adhering to these principles, it may be pointed out that so far the spectrum of
behavioural relations that lie strictly between strong and weak bisimilarity has not really
been explored in the literature. This includes some preorders defined by Milner and
others ([11], [10], [3], [2])- In this paper we provide a characterization of the preorders
defined in [3] and [2]. As we will show, the characterization of these preorders requires
reasoning about linear orders within logics whose expressive power lies strictly between
HML and OHML.

Efficiency-based preorders have been of interest to various people since they were first
introduced in [1]. Several other authors have worked on obtaining similar preorders
within the framework of extensionality (see [13], [6], [7], [8], [4]). Some of these works

are based on extent theories such as testing and bisimulation in process algebra and Petri
nets.

The paper is organized as follows. In the next section we review HML and OHML
and show the characterizations of strong and weak bisimilarity respectively. Section
3 presents the logical characterization of the elaboration preorder [3] using an appro-
priately modified OHML. In this section we also highlight the principal differences



between the elaboration preorder and weak bisimilarity and hence the need for a more
expressive logic than OHML to characterize elaboration. In section 4, we present the
characterization of the efficiency preorder relation. Though the proofs in these sections
are standard the operators introduced to characterize the two preorders are not standard.
Section 5 is the conclusion and highlights further properties of the new modal operators
that have been introduced to enrich OHML so as to characterize these preorders.

2 Modal Characterizations of Strong and Weak Bisimilarity

Here we review Hennessy-Milner Logic (HML) and Observable Hennessy-Milner Logic
(OHML) and show how they characterize strong and weak bisimilarity respectively.

LetV be a set o¥isible actionst ¢ V a distinguishedhvisible actionandAct=V U {1}
the set ofactions A labelled transition system (LT&)a 3-tuple(P, Act, —), whereP
is a set oprocess statesr processeand—C IP x Act x P is thetransition relation We
use the notatiomp LN g to denote(p,a,q) e— and refer tag as astrong a-derivative
of p.

2.1 Strong Bisimulation

Definition 1. A binary relationR C P x P is a strong simulation (SS)if for every
(p,q) € Randa € Act:

p—=p = 3d:9->dAPRd
It is a strong bisimulation (SB) if both R andR™! are strong simulations. We write

p ~ qif there exists a strong bisimulatiddsuch thatpRqg The relation ~ is called
strong bisimilarity .

The relation ~ is itself a strong bisimulation, and in fact, the largest one. In [9]
the author gives a comprehensive account of the modal logic (HML) that characterizes
strong bisimilarity. It is defined as follows.

Definition 2. The clasd.sg of strong bisimulation formulasver Act is given by the
following grammar [ is an indexing set, not necessarily finite).

b= <a>o| Aiq i | 0
tt € Lsgwherett = Ao ¢i. Similarly, ff € Lsgwhereff = —itt.
Definition 3. Thesatisfaction relation- C P x Lggis defined recursively as follows:

— pEttforall peP.



— pE<a> ¢ foraeActif 3p e P: p— p' andp’ E ¢.
— pPEAici 91 if pEgiforalliel.
— pFE-¢if p#¢.

The setSB(p) is defined aSBp) = {¢ € Lsg| pF ¢§}. We writep Csgqiff SBp) C
SB(q) and we writep =sgq iff SB(p) = SB(q). The negation operator collapses the pre-
orderCsgto =gg as the following proposition shows.

Proposition 4 (Van Glabeek [14]). pCsgq <= p =sB0.
Proof. If ¢ € SB(q) — SB(p) then—¢ € SBp) — SB(q). Hencep Cspq <= p=spq. 0
Theorem 5 (Van Glabeek [14]). p ~ g <= p =sg0.

Proof. (=) By induction on the structure af. Sincep ~ q, there exists atrong
bisimulation Rsuch thapRg

- Let pE<a> ¢. Then there exists p’ € P with p——p’ andp’ F ¢. SincepRq
there must be g € P with g——q andp'Rd. So by inductiony & ¢ and hence
gkE<a> 6.

By symmetry, one also obtaimg=< a> ¢ = pF<a> ¢.
- PF Aiet 61 <= Vi €1 (pF 6) "2V € 1 (gF ¢i) <= aF Ay i

induction

-pE b <= pKEd = qF P <= qF .

(«<=) To prove thatp =sgq = p ~ q, it suffices to establish thatsg is a strong
bisimulation. If however, we show thaisg is a strong simulation, then proposition 4
implies that=sg = Csg = Qgé is a strong bisimulation. We proceed to show that
Cspis a strong simulation.

Supposep Csgq andpi>p’. ThenpE< a>tt andp Csg g impliesqg has at least one
stronga-derivative. We have to show thatf € P with g—q andp’ Csgq. Let

Q={d"eP|g-q"Ap Zsaq"}

For everyq” € Q there is a formulay» € SBp') — SB("). Now <a> Ageqdqr €
SB(p) C SH(q). Therefore there must be@ € P with g-¢ andq £ Agicq®qr,
which impliesq’ ¢ Q.

0

With negation in the logic, we may define the duals of the operatotsgras derived
ones.

[@o=-<a>-¢ Viel ¢i = = Aie i

We may then define a negation-free langubgg.



Definition 6. The clasd sg of negation-free strong bisimulation formulaser Act is
given by the following grammar

pi=<a>¢ | /\iel i | [a]q) | \/iel i
with tt = /\i€0¢i andff = \/ie(l)(bi'

Definition 7. The satisfaction relation C P x Lgg is defined recursively as in the
case ofLsg with the clause for negation being replaced by the following clauses.

— pEfffornopeP.
— pElalpforacActif Vp eP:p——p = pEO.
— pE Vi i if pF ¢; for somei € 1.

Itis clear that-—¢ is equivalent ta. It may be shown (refer [12]) thdisgandLsg are
expressively equivalent and characterize the same equivalence.

2.2 Weak Bisimulation

We may define several other derived operators. Some of the relevant ones are given
below.

<a>¢p=¢ <a>™lp=<a><a>"p,meN
<> 0 =Vmo<1>"0 <a>¢b < >S><a><<>> ¢

Mo =-<<>-0 ([&lle ([N )e

The last four operators correspond to the weak transition relatenwhich is the
smallest relation on processes such that

— p= pfor all processegp, and
- p#qandqzw impliesp=-r

Further for anya € Act,

a . a . . . .
- p= qif p=—=q, andq is called aweaka-derivativeor simply ana-
derivativeof p.
a . a .
— p= gdenotepp — qif a=1 andp = g otherwise.
— <<a>> denotes<<>> if a=T and<<a>> otherwise.

Definition 8. A binary relationR C P x P is aweak simulationif for every (p,q) € R
anda € Act,

p-p = 3¢:q9=>q APRd
R is aweak bisimulation (WB) if both R andR~! are weak simulations. We write
p ~ qif there exists a weak bisimulatidRsuch thatpRqg



Definition 9. The clasd. g of weak bisimulation formulaeverAct is defined by the
following BNF.
= <<a>>0 [ Aigrdi | ¢

wherea € V.

Note that in the light of our discussion on derived operatbyfss is entirely contained
in Lsg. It is also less expressive in the sense that it cannot express properties relating to
the number of invisible moves a process might be able to make.

Definition 10. Thesatisfaction relatior C P x Lyg is defined recursively by:

— pEttforall peP.
—pE<<a>>¢foraeVifIp:p= pPApPE®
— pEAic $i if pE ¢; foralliel.

— pE-dif p¥d.

The set of all formulae that a procegsatisfies is defined ¥ B(p) = {¢ € Lws| pF

$}. We write p Cwg qiff WB(p) C WB(q) and we writep =wg q iff WB(p) = WB(q).

The proofs thap Cwg qimpliesp=wgqand thatp = qiff p=wgq(i.e. thatLygchar-
acterizes weak bisimilarity) are similar to the corresponding proofs for strong bisimi-
larity and hence are omitted. It is also possible to define a negation-freellggic
(analogous td.sg) which characterizes weak bisimilarity.

3 Elaboration

In this section we give a logical characterization of the elaboration preorder defined in
[3]. This logic builds uporLywg and exhibitscontrolleduse of counting.

Definition 11. A binary relationR C P x P is anelaboration iff for every (p,q) € R
the following conditions hold for every actiane Act.

p-2p = 3¢ 1 =4 A PR (1)
q-q = 3p : p==p APRq )

We write p < q if there exists an elaboratidRsuch thatpRq

Loosely speaking, ip < g, thenp =~ q and for every execution sequencefthere

exists a possibly shorter execution sequencg which exhibits the same visible be-
haviour. In [3] the authors illustrate this feature with a small example. They also show
in the equational axiomatization of the corresponding precongruence (and congruence)
for finite CCS processes, that it differs from that of observational congruence in just
one equation. Whereas observational congruence satisfies the eguaios a.p, in

the case of elaboration,t.p < a.p but the converse.p < a.1.p does not always hold.



In that sense the precongruence is closer to observational congruence than any other
relation defined so far in the literature.

It is easy to show from the above definition that evelgborationis a weak bisimula-
tion. In particular, the only difference from that of weak bisimulation is in clause (2),

where the=2s is replaced byé. We state without proof, a result (see [3]) that we use
in the proof of lemma 19.

Lemma12. If RC P x P is an elaboration then for everyp,q) € R the following
conditions hold for every actioa < Act.

p=3p — 3¢ :9=> o ApRq 3)
9==q = 3 : p== P APR] (4)

From lemma 12 it is clear that any HML-style characterization that is in accordance
with the principles laid out in section 1 would enrich observable HML slightly in order
to characterize the preorder. We define the following two-level grammar, whose lower
level (defined by the meta-variabdg is Ly g. The higher level (defined by the meta-
variablem) expresses a certain weak form of counting. It introduces a new opefator
(wherek is a positive integer) but does not permit negation to precede any occurrence
of €k, The operator<< &>> excludes<< T >>. Where counting oft actions is not
important, the lack of negation is compensated by the derived opefgatojisand/.

Definition 13. The clasd g of Elaboration formulaeverActis given by the following
two-level grammar, where € V anda € A.

b= <<a>> 0| Aig di | ¢
o= ¢ | <<&>> || ([T Aigi T8 | Vier T

Definition 14. The satisfaction relatiorF C P x Lg is defined recursively in a man-
ner that should be obvious by now for all operators drawn fiqus. So we restrict
ourselves to the definitions of the operatersa >>, e and|[a]] respectively.

— pE<<a>> nifor ae Act, if 3p/ e_]P’:p:é>p’/\p/|:TL

— pEeTfork>0,if Vo eP:p - p AP E =] <k
— pE[[a]Jnforac Actifforall p e P:p=2sp = p FT

i | o Lo .
p — p’ denotes thap may evolve tqy after performing consecutive invisible actions.
E(p) = {me Le | pk 1} andEwg(p) = {¢ € Lwe | pF ¢ }. We writep Cg qiff E(p) C
E(q) andp=e qiff E(p) =E(q). Similarly, p Cgy qiff Ewa(p) € Ews(d) andp =g,
qiff Ews(p) = Ewe(a).

To gain a deeper understanding, we give below some examples that illustrate the ex-
pressive power of g.



Example 15.

— The statementp is stablé i.e. p cannot perform a action, may be expresed as
eltt. More generallyp k= £t if and only if p may performno more thank — 1)
consecutiva actions.

— The statementp convergesi.e. p cannot perform an infinite sequencetactions,
is expressed ag. o e tt.

— The statement § diverge$ is however not expressible in the language sifce
diverges iffp & \/,.. o € tt.

— The statemenp k kff means that p can perfornt™ for all m > k”. However,
this statement does not necessarily imply thativerges, unlesg is also finitely
branching.

— elmtlogically impliesekmtfor all 0 < j < k.

— For anyj >0, A\ € Ttis logically equivalent e/t

— Statements such ap‘tan do at least two consecutiveactions are not express-
ible since there is no operator which can express lower bounds on the number of
consecutiva actions.

We now proceed to prove the characterization theorem. We begin with the following
lemma which is clearly implied by the fact that every elaboration is a weak bisimulation
and that_g,, ; and=g,,; coincide.

Lemmal6. p$q = p=g,zgandhenco $q = pCgy0a |
Theorem 17. The characterization.p < qiff p Cg q. O

We split the proof of theorem 17 into two parts.
Lemma 18. p Cge gimpliesp < g.

Proof. We show that_g is an elaboration. LeE(p) C E(qg). We need to prove both
parts (1) and (2) of definition 11.
Part (1) Considem LN p’ wherea € Act Thenp E<<a>> mfor anyme E(p') and
q F <<a>>mwhich implies3q : g==>q A ¢ E Tt We need to show thaly : q ==
9 AE(P) C E(d).
Let )

Q={q"|a==d"AE(p) Z E(d")}
Then for eachy” € Q, there exists a formulay € E(p') — E(q"). This impliesp’
NqreqTyr- Hencep F mwherem=<<a>> Ay cq Ty Thatis, e E(p) C E(q). Hence

170 be able to express such statements, would require either the power of negation or the dual
of k. But allowing such operators would make the logic equivalehigig something we wish
to avoid.



g2 gdArdE AqeoTy andd ¢ Q, which shows thakE(p') C E(q), which
needed to be proved.

Part (2) Suppose] — ¢. We claim3p’ : p == p’. Suppose not. I € V then for
somed € Ews(d), gE<<a>> ¢ andp<<a>> ¢. This impliespF - <<a>> ¢ and
gq¥ - <<a>> ¢ which contradict€ws(p) € Ews(d). On the other hand, =T, then

p £ implies p = ltt. But sinceq — ¢, q €t which contradicts (p) C E(q).

Now, we need to show thatp’ : p== p/ AE(p/) C E(qf). Suppose there is no such
p. Thenvp : p==p = E(p) ¢ E(q'). Then for each weak-derivativep” of p,
there exists aty € E(p”) — E(q'). Choose one such for each weaklerivativep” of
p and collect them in a sél. Then we havep F [[a]](\/ M), butq# [[a]](\/ M), which
contradictsE (p) C E(q). Hencedp' : p == p/ AE(p') C E((). O

Lemma 19. p < qimpliespCe gi.e. E(p) C E(q).

Proof. We need to show $ g = (pF m= qF ). We prove this by induction on
the structure oft

— pF ¢. ThenqF ¢ follows from lemma 16.

— pE<<a@>>mac Act. Then3p': p:é>p’ AP Emand sincep 5 g, 39 : q:é>q’ A
P’ < . Therefore, by induction hypothesi$ F T— qF<<a>> 1

— pk ekt Thenvp' : prf AP E 1= j <k. Sincep < g, we have, for every such

p’ andj there existf andm respectively, such thati d AP < d. Therefore by
the induction hypothesisgy = 1. We claim thatm > k is impossible. Suppose not;

thenqiq’ AP £ d wherem> k, for someq’ andm. Then3p” : pT—J>p// A S
for somej > m> k. But thenp ¥ ekrtwhich is a contradiction. Henag:= ekt
— pE[[a]m Thenvp : p== p' — p/ = Tt Sincep < g, we have, for every sugh,

39 q==q Ap < d. By the induction hypothesig(p') C E(q) andq F 1t We
now claim that there does not exist agfysuch thatg == ¢ andq ¥ 1. Suppose
the claim is false. Then we haa : q == ¢ A ¢ ¥ Tt This implies (by lemma
12)3p': p=2 p' A p < d ¥ Tt Again by induction hypothesi&(p') C E(q/) and
hencep’ ¥ 1t But this contradicts the assumptiqri= [[a]]rt. Hence the claim is
false.

— PE Aig 5. Thenp k15 for all i € I and by the induction hypothesigf= 1 for all
i € I which impliesqE Aig Ts

— pE Vig 5. ThenpE 1 for at least oné € | and by induction hypothesis it follows
thatq F Vi 1. O

The above proof has been presented in detail to highlight the steps for the operators at
the higher level, especially the operatbr Note that the proof would not go through if
we allowed<< T >> in the logic.



4 Efficiency Prebisimulation

As we did forelaborationin the previous section, we now present a logical characteri-
zation forefficiency prebisimulatiof] using a logic which is more expressive thian
but not as expressive asg.

The following formulation [2] gives a simple definition of the efficiency preorder. Closely
related preorders have been defined independently by Milner in [10] and [11], though
neither their algebraic nor logical characterizations have been presented.

Definition 20. A binary relationR C P x P is anefficiency prebisimulation (EP) iff
for every(p,q) € R, a € V, a € Act the following conditions are satisfied.

p-p = 39 : g——q A pRq (5)
p—p = pRaV (39 : ——q A pPRq) (6)
q-q = 3p : p==p APRd (7)

We write p < qif there exists an efficiency prebisimulati®such thatpRqg

Intuitively, p < g means that for every execution sequence thatay perform, it is
possible to find a possibly shorter sequence thaday perform with the same visible
content, and conversely, for any sequence thatay perform it is possible to find a
possibly longer sequence thatnay perform with the same visible content. In general,
both the preorders and S represent comparisons between observationally equivalent
processes and order them differently on the amount of internal computation they may
perform. We refer to both preorders as efficiency-based preorders; baving been
christened “efficiency preorder” earlier we continue to refer to it by the same name. We
refer the reader to [2] and [1] for intuitively appealing examples and for the axiomati-
zation of finite CCS processes.

In [3] it has been shown that C < C $ C ~ (where all the containments are strict).
This suggests that we require a logic that is more expressive thabut less thah sp.
This logic is very similar in structure to the logic fetaborationand is again defined
in two levels with the lower level of weak formulae being the same.

Definition 21. The clasd gp of efficiency prebisimulation formula@ver Act is given
by the following grammar. As before, we us¢o denote a visible action arato denote
any action.

b= <<a>> 0| Aicrdi | ¢

mi= ¢ | <oa>m| (|| (@] AT | Vier T

Note that the index sdt may be infinite. Also negation- as in the case ofg, is
available only foweak formulaeThe languagéep is the set of all formulagand the
languagd. g is the set of all weak formulag. Note thatLyyg C Lgp.

10



Definition 22. Thesatisfaction relatiorr C P x Lgp is defined recursively. As before,
we omit those clauses which have been previously presented and restrict ourselves to
defining the clauses for the new operators.

— pE<a>mfora e Vif for somep € P:p—— p/ andp E Tt
— pE (T)Ttif pE Tror for somep’ € P p —— p andp E Tt

EP(p) = {me Lep | pE 1} andERyg(P) = {¢ € Lwe | pF ¢}. Further,p Cep q iff
EP(p) CEP(q), andp=gp qiff EP(p) = EP(q). As before p Cgg,q qiff ERva(p) C

ERwvs(q) andp =Ry, qiff ERva(p) = ERvs().
As for the expressiveness of this language, notice that

— we allow the “strong possibility” modality € a >") from Lsg, but neither negation
nor “strong necessity” (&]").

— The operator £ 1>" is replaced by the weaker prefix operatdr )" .

— The operatoeX in the formulagktt excludes the possibility of a process being able
to perform more thak — 1 initial T actions and reaching a state satisfying

— On the other handp satisfying the formuldt)*m, k > 0 (obtained by prefixingt
by k occurrences oft)) asserts the existence ofthderivative ofp (for somej,
0 < j < k) which satisfiest

There are no formulae ibgp equivalent to the HML formular <1 ><1> @. Even a
statement such ap‘has a strong?-derivative that satisfies” can only be inferred if
itis known thatp # 1, p# (t)tandp k (1)1t

We now proceed to give a proof outline of the characterization theorem. We begin with
the following lemma which is clearly implied by the fact that every efficiency prebisim-
ulation is a weak bisimulation and th@atp, , and=gg,, coincide.

Lemma 23. p<q = p=eRyzdandhencg <q = pLeRys 0 O
Theorem 24. The characterization.p < qiff pCgp Q. O.

We prove this theorem in two parts. We omit most of the routine details and concentrate
on only the operators that have been newly introduced.

Lemma 25. pCgpgimpliesp < q.

Proof. We show thaEgp is an efficiency prebisimulation. We prove the various parts
viz. (5), (6) and (7) of definition (20), assumilid?(p) C EP(q).

Part (5) Supposep — p/, a € V. Thenp < a > Tt for eachtt € EP(p/). Clearly
qE<a> mand there exists/ such thaty —— ¢ andq F 1. We need to showdq :

11



q— o AEP(P) C EP(f). We use an argument that has now become routine viz.
consider the se = {q’|q — o’ AEP(p') € EP(q")} and proceed as before.

Part (6) Supposep — ', then for eachrt e EP(p) we havepF (T)tandgk (1)1t
Then if g Tithere must exist g such thatj— g andq’ E Tt It then suffices to show

that3q : q — o AEP(P') C EP(qf). We may show this in a manner similar to that of
Part 5.

Part (7) The proof of this part is similar to Part (2) of the proof of lemma 18. O

Lemma 26. p < gimpliesp Cgp Q.

Proof. Assumep < g. We again use induction on the structure of formulae. For any
formula@from ERyg, lemma 23 assures us thak @ impliesq F ¢. Of the rest of the
cases from the languadiep — Leg, ; We consider only the following:

— pE<a>T acV. Then for somey, we havep — p/ and p’ £ 1. Hence3q :

q— g AP < d. By the induction hypothesi€P(p') C EP(qf) and so we get
gE<a>TL
— pE (U If pk mtthen by the induction hypothesésk 1t and so it follows that

g F (1)L On the other hand, ip# T, thendp : p— p' A p' E . Fromp < qwe
have, eithep’ <qor3q :q— g Ap <. If p <qgthenp EmimpliesqE Tt
by the induction hypothesis. i £ qthenp’ = mimpliesq E by the induction
hypothesis and it follows thatF (1)1t

— pE&m k> 0. This is again proved in a manner analogous to the corresponding
proof for elaboration. ]

5 Conclusion

In the foregoing sections we have introduced two new operators into Hennessy-Milner
Logic (HML) viz. e and(t). We have shown and characterized preorders lying strictly
between strong and weak bisimilarity using versions of HML and OHML with these
new operators.

At the outset, we would first of all like to be convinced that their introduction ir{®
does not in any way alter the expressive power of HML. It is easy to see from their
semantics that these operators enjoy the following equivalences. For any farnmula

Le or Lgp, let ftdenote the equivalent formula isg. We then have

(On=fv <1> Tt 8
gn= A\[1]-ft 9)
j>k

12



While (8) is obvious from its semantics, it is fairly easy to derive (9) by noting that
p ¥ emprecisely wherp' : p LN PAj>KkA (P ET).

These operators also satisfy some other properties. For example, any farraula
Lep logically implies (1)1 And for anyk > 0 we have(t)knt= ngk(t)jn. Further,
(Dt = ()*r Similarly, in bothLg andLgp, for anyk > 0, we havegkm —
e+11L For any seBof positive integers, ldh f (S) andsup(S) denote the minimum and
maximum (provided it exists) elements 8frespectively. We then have the following
identities.

Ajes(D)im= (1) S Ajeseim=eMOm and
Vjes(Dim= ()P, Vjese/m= e8I if Sis finite.

These properties enable us to follow the guiding principle that a preorder should be
characterized by containment on sets of formulae.

If we were to extend the language to allethas an operator, we would have tht €01t

implies p# 1. Then we would also be able to express the statengediverges by the

formula p €2V oektt and the statemenip“can perform at least two actions by
02

e-e-tt.

The results that we have presented in this paper offer interesting technical insights into
the construction of logical characterizations of preorders guided by the principles enun-
ciated in section 1. As far as we are aware, in the literature, there are no logical charac-
terizations of behavioural relations that lie strictly between strong and weak bisimilarity.

In future work, we hope to study and understand more about these operators and explore
their interactions with fixpoint operators within a mogatalculus setting.
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