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Abstract

The question of when two nondeterministic concurrent systems
are behaviourally related has occupied a large part of the litera-
ture on process algebra and has yielded a variety of equivalences
(and congruences) and preorders ( and precongruences) all based
on the notion of bisimulations.
Recently one of the authors has tried to unify a class of these
bisimulation based relations by a parametrised notion of bisimu-
lation and shown that the properties of the bisimilarity relations
are often inherited from those of the underlying relationships
between the observables. In addition to the usual strong and
weak bisimilarity relations, it is possible to capture some other
bisimilarity relations – those sensitive to costs, performance, dis-
tribution or locations etc – by parametrised bisimulations.
In this paper we present an equational axiomatization of all
equivalence relations that fall in the class of parametrised bi-
similarities without empty observables. Our axiomatization has
been inspired by the axiomatization of observational congruence
by Bergstra and Klop and attempts to extend it for parametrised
bisimilarities. The axiomatization has been proven to be com-
plete for finite process graphs relative to a complete axiomati-
zation for the relations on observables. In the process, we also
show that in the absence of empty observables, all preorders and
equivalence relations are also precongruences and congruences,
respectively.

Keywords: axiomatization, bisimulation, concurrency, process-
graphs, proof-system
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1 Introduction

It is a well known and accepted fact that the notion of trace equiv-
alence defined in automata theory is too coarse for comparing pro-
cesses and cannot capture the interactive or communicating behavior
that characterize the notion of processes. In particular, it cannot dis-
tinguish between the processes a.(0+b.0) and a.0+a.b.0. While after
taking an a-step the second process can always take a b-step, the first
process might become 0 and stop. The notion of strong bisimilarity
[10], however, distinguishes between these processes. Clearly, this
difference between trace equivalence and strong bisimilarity can be
seen to stem from the difference in their handling of the meaning of
the ‘+’ operator and not from any particular structure of the alpha-
bet of actions or observables {a, b, c . . .} that they might assume. The
notion of observational equivalence [10] follows a definition similar to
that of strong bisimilarity, with the additional assumption that the
set of actions contains a unique invisible action τ . It differs from
trace equivalence in terms of its handling of the semantics of ‘+’ as
well as in its special handling of the invisible action τ .

The observation that the structural nature of the definitions of
such relations on processes (including their handling of the semantics
of operators like ‘+’,‘.’,‘|’ and recursion), and the structure on observ-
ables (for example the special handling of τ in observational equiva-
lence) can be viewed separately in this manner, formed the motiva-
tion for a generalized notion called (ρ, σ)-bisimilarities [2]. In [2] and
[5], many relations such as strong bisimilarity, observational equiv-
alence, performance prebisimulation [7] and pomset prebisimulation
[1] have been shown to be special cases of the (ρ, σ)-bisimilarities.
While the strength of this generalization is obvious from the wide
variety of relations that have been shown to fall under its umbrella,
perhaps of greater importance is the manner in which it cleanly sepa-
rates properties that are arrived at by virtue of the structural nature
of its definition (including the semantical interpretation of the choice
‘+’, prefix ‘.’, parallel ‘|’ and recursion) from the properties induced
by the nature of relations on observables ρ and σ.

In the large class of (ρ, σ)-bisimilarities, the structure of the
definition remains fixed and is similar to that of strong bisimilarity.
A large number of properties of these relations can be deduced simply
from the nature of this definition, making little or no assumptions
about the observables or relations on the observables. Another class
of properties are those inherited from the properties of the relations
on observables ρ and σ. Of particular interest is the property that
a (ρ, σ)-bisimilarity is an equivalence relation if and only if ρ is a
preorder and σ = ρ−1 [5].

The question of when two processes are equal in the context of a
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particular equivalence relation has occupied a large part of the litera-
ture in process algebra. A complete axiomatization of an equivalence
relation yields both, a neat algebraic handle on processes and a proof
system within which the equality of any two processes expressible in
the system can be proven formally. While complete axiomatizations
have been provided for some of the most common relations in process
algebra, they have all had to be proven sound and complete individu-
ally, each involving a distinct method of proving completeness. Also,
while the similarity in the axioms of these relations has often been
noted, it has hardly been studied in detail. A schema of complete
axiomatizations for (ρ, σ)-bisimilarities would automatically provide
an axiomatization for any relation that can be proven to fit within
the generalized framework of (ρ, σ)-bisimilarities. Apart from sav-
ing a great deal of effort in arriving at an axiomatization for each
such relation and proving its soundness and completeness separately,
such an axiomatization schema highlights the properties that are ar-
rived at as a consequence of the structural nature of processes and
relations.

Salomaa’s axiomatization of regular expressions [11] has served
as a motivation for the axiomatizations of many relations in process
algebra. Milner’s axiomatization [9] A for strong bisimilarity over
CCS is one. A comparison of these two axiomatizations highlights
the difference in the handling of the structural operator ‘+’. The left
distributivity of ‘.’ over ‘+’ that is present in Salomaa’s axiomatiza-
tion cannot be proven in Milner’s A and captures the fundamental
difference between strong bisimilarity and trace equivalence. Another
axiomatization of strong bisimilarity BPALR by Bergstra and Klop
[6] uses the notion of linear-recursive (LR) expressions instead of the
CCS notation and is closer to [11] in terms of its use of recursion equa-
tions. BPALR also closely corresponds to Milner’s A as proven in [6],
and was intended as a stepping stone towards formulating BPAτLR,
a complete axiomatization for observational congruence. At around
the same time as [6], Milner gave a complete axiomatization [8] Aτ

for observational congruence on CCS processes.
In this paper we present the axiomatization (schema) A(ρ,ρ−1)

where ρ is a preorder. Our axiomatization is built on top of the
axiomatization BPALR for strong bisimilarity [6] and instead of CCS
uses LR expressions, which are recursion equations and can also be
thought of as term rewrite systems. Our choice is motivated by the
close and intuitive correspondence of LR expressions with process
graphs, as well as the fact that our proof of completeness relies on a
method of saturation similar to the method of ∆-saturation employed
for the completeness proof of BPAτLR in [6]. However, we see no
reason why a simple CCS counterpart of the axiomatization cannot
be formulated. We also assume that the set of observables does not
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contain any empty action.
On lines similar to those of BPALR and BPAτLR, we focus on

finite or regular process graphs and do not handle the parallel com-
position construct or the notion of communication. The axiomatiza-
tion A(ρ,ρ−1) is proved to be complete for all finite process graphs and
characterizes all equivalence relations that fall in the class of (ρ, σ)-
bisimilarities. The completeness of the axiomatization is proved rel-
ative to a complete axiomatization of the relation ρ on observables.
The completeness also depends on the completeness of the axiomati-
zation BPALR for strong bisimilarity, which is presented and proven
complete over finite process graphs in [6]. Similarity of the structural
definitions of strong bisimilarity and (ρ, σ)-bisimilarities leads to an
axiomatization which makes minimal assumptions about the nature
of ρ and closely corresponds to BPALR .

The rest of the paper is organized as follows. In section 2, we
establish the notations for labelled transition systems and process
graphs [6] used in this paper. In section 3, we summarize the no-
tion of (ρ, σ)-bisimilarities and some results of [2] and [5] that will
be of particular relevance to us. Using a very weak assumption, we
show that all (ρ, σ)-bisimilarities that are preorders are precongru-
ences while those that are equivalences are congruences. We define
the terms of BPALR and therefore of A(ρ,ρ−1) in section 4, while also
quoting some of the important properties of LR expressions from [6].
Having established the required notations, we present the axiomati-
zation A(ρ,ρ−1) in section 5. The proof of soundness of the axiom-
atization, which largely follows from the soundness of BPALR, is
treated in section 6, while sections 7 and 8 deal solely with the proof
of completeness, with the former introducing our notion of graph sat-
uration. In section 8 we formally prove the properties of saturated
graphs within the context of the axiomatization, which leads to a
proof of completeness. Section 9 is the concluding section.

2 Process Graphs

The notion of process graphs here is based on [6] to which we refer
the reader for a more detailed study than is possible to provide here.
Process graphs, or graphs for short, are connected, rooted labelled
multidigraphs. That is, a process graph g has a root gr or root(g)
and a set of nodes nodes(g) (ranged over by p, q, . . .) with labelled
and directed edges between the nodes such that there may be several
edges between any two nodes and every node is accessible from the
root gr. The edges in a process graph are labelled by labels from the
set of observables O (ranged over by a, b, . . .). A transition is a tuple
(p, a, q) consisting of a starting node p, an ending node q and a label
a and is also written as p

a−→ q for convenience. A transition p
a−→ q
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is a transition in the graph g if p, q ∈ nodes(g) and there is an edge
labelled a starting at p and ending at q in the graph g. A node is a
terminal state if it has no outgoing edges. Note that transitions and
edges are considered different. p

a−→ q is a transition whereas a−→ is
an edge between p and q. trans(g) (ranged over by π, χ, . . .) is the
set of all transitions in the graph g.

We sometimes prefer the use of labelled transition system (LTS)
notation over process graphs. In this notation a process graph g
is written as 〈nodes(g),O, trans(g), root(g)〉 with nodes(g) forming
the set of states of the LTS, O being the set of symbols, trans(g) the
transition relation and root(g) the initial state.

If p ∈ nodes(g) then (g)p is the subgraph of g with p as the root
and all the nodes and edges accessible from p in the obvious way.
We weaken this boundary by identifying the subgraph (g)p with the
node p. We therefore consider both process graphs and nodes as
representation of processes. We weaken the boundary further by
identifying them with the processes they represent. Two graphs g
and h may have the same node names, in which case we use the
subscripts g and h for distinction. pg is a node in g and ph is a node
in h. Note that these nodes represent different processes (g)p and
(h)p respectively. Graphs differing only in their naming of the nodes
are considered to be identical.

G (ranged over by g, h, . . .) forms the set of all process graphs
while R is the set of all finite process graphs [6] or regular process
graphs. In this paper we restrict ourselves primarily to the study of
finite process graphs.

Figure 1: A
process graph

Figure 2: Par-
tial view of a
process graph

While drawing process graphs we may either depict all nodes
and edges (as in figure 1), or choose to depict only the parts that are
of immediate concern to us (as in figure 2).

We indicate nodes in two graphs to be related by drawing a
dashed or dotted line or arc between them 3. Other notational con-
ventions we use are the following.
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Figure 3: depicting relations

• ≡ for the identity relation on a set. It may be used in the
context of observables, processes and also process graphs.

• idg for the identity relation on the nodes of the process graph
g. If two process graphs g and h have the same node names
then idg (or equivalently idh) could also be used to mean the
bijection between these nodes.

• idtrans(g) for the identity relation on the transitions of the pro-
cess graph g.

• R : pSq to indicate R ⊆ S and (p, q) ∈ R where the relation R
may be seen to act as a “proof” of the relation pSq.

• ◦ to denote relational composition.

3 (ρ, σ)-Bisimulations

Definition 1. Let P be the set of processes and let ρ and σ be binary
relations on O. A binary relation R ⊆ P × P is a (ρ, σ)-induced
bisimulation or simply a (ρ, σ)-bisimulation if pRq implies the
following conditions.

∀a ∈ O[p a−→ p′ ⇒ ∃b, q′[aρb ∧ q
b−→ q′ ∧ p′Rq′]] (1)

and

∀b ∈ O[q b−→ q′ ⇒ ∃a, p′[aσb ∧ p
a−→ p′ ∧ p′Rq′]] (2)

The largest (ρ, σ)-bisimulation (under set containment) is called (ρ, σ)-
bisimilarity and denoted �(ρ,σ). A (≡,≡)-induced bisimulation will
sometimes be called a natural bisimulation∗.

In proposition 2 we quote a few important properties of (ρ, σ)-
bisimulations and refer the reader to [2] and [5] for their proofs.

∗A strong bisimulation on CCS processes with O = Act is an example of a
natural bisimulation.
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Proposition 2. (Properties).

1. Monotonicity. If (ρ, σ) ⊆ (ρ′, σ′) pointwise then every (ρ, σ)-
bisimulation is also a (ρ′, σ′)-bisimulation and hence �(ρ,σ) ⊆
�(ρ′,σ′).

2. Inversion. Since R : p�(ρ,σ)q implies R−1 : q�(σ−1,ρ−1)p, we
have �(ρ,σ) = �(σ−1,ρ−1).

3. Composition. �(ρ1,σ1)
◦ �(ρ2,σ2)

⊆ �(ρ1◦ρ2,σ1◦σ2)
since R1 :

p�(ρ1,σ1)
q and R2 : q�(ρ2,σ2)

r implies R1 ◦R2 : p�(ρ1◦ρ2,σ1◦σ2)
r.

4. Reflexivity. If ρ and σ are both reflexive then the identity
relation ≡ on P is a (ρ, σ)-bisimulation and consequently �(ρ,σ)

is reflexive.
5. Symmetry. ρ and σ are both symmetric implies the converse

of each (ρ, σ)-bisimulation is a (σ, ρ)-bisimulation. In addition,
if ρ = σ then �(ρ,σ) is a symmetric relation.

6. Transitivity. If ρ and σ are both transitive then the relational
composition of (ρ, σ)-bisimulations is a (ρ, σ)-bisimulation, and
�(ρ,σ) is also transitive.

7. Preorder characterisation. �(ρ,σ) is a preorder iff ρ and σ
are both preorders.

8. Equivalence characterisation. �(ρ,σ) is an equivalence iff ρ

and σ are both preorders and σ = ρ−1.

�
A question that arises in the context of (ρ, σ)-bisimilarities is

whether there is a characterization of the smallest congruence or pre-
congruence that contains a particular (ρ, σ)-bisimilarity. We answer
this question to a very large extent in lemma 5. Lemma 5 demands
an accurate definition of what is considered an empty observable.

Definition 3.
An observable ε is considered empty if ∀p, p′ ∈ P[p ≡ p′ ⇐⇒

p
ε−→ p′] and corresponds to an extended operational semantics of

CCS with the additional rule Empty: p
ε−→ p along with a restriction

of the prefix rule Act in figure 4 on a ∈ O − {ε}.

Act a.e
a−→ e

Sum1 e
a−→ e′ ⇒ e + f

a−→ e′

Sum2 e
a−→ e′ ⇒ f + e

a−→ e′

Rec e{µ x : e/x} a−→ e′ ⇒ µ x : e
a−→ e′

Figure 4: Operational Semantics of CCS expressions
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Lemma 4. Some consequences of having an empty observable.

1. A transition may take place without destroying choice. That is,
∃ε ∈ O : [p + q

ε−→ p + q].
2. A transition of a child of a choice expression need not result in

a transition of the choice expression. That is, ∃ε ∈ O : [p ε−→
p′ ∧ p + q

ε−→/ p′].
3. There is a special observable that cannot occur as a label of

transitions between arbitrary nodes. That is, ∃ε ∈ O : ∃/ p, p′ ∈
P : [p ≡/ p′ ∧ p

ε−→ p′].

�

Lemma 5.
If O does not contain an empty observable, then over the CCS

operators ‘+’, ‘.’ and ‘µ’

1. Precongruence. Every �(ρ,σ) that is a preorder is also a pre-
congruence.

2. Congruence. Every �(ρ,σ) that is an equivalence is also a
congruence.

�
The proof of lemma 5 is along the lines of a similar congruence

proof in [4]. In the presence of empty observables, the proof does
not work out because of part 2 of lemma 4. It should be noted that
the characterization of observational equivalence provided in [5] uses
O = Act∗ where the empty string can be easily seen to be an empty
observable. This is the reason for observational equivalence not being
a congruence. In this paper we will concern ourselves only with the
cases where O has no empty observables. While the preorders and
equivalences have been proven to be congruences over operators of
CCS, it is not hard to see that the same holds for these over LR
expressions. Our preference for CCS notation over LR expressions
here, is for the sake of brevity.

4 Syntactical Representations

While process graphs are convenient graphical representations of pro-
cesses and provide the semantics of a process, we also need a linear
representation of processes that is syntactically convenient. Process
algebras have traditionally evolved with a stronger focus on the syn-
tactical representations because of the convenience of representation
and preciseness of argument they allow. The notation of CCS intro-
duced by Milner in [10] and LR expressions introduced by Bergstra
and Klop in [6] are more convenient syntactically because of their
compactness of representation that allows a more precise reasoning
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than graphically rich representations such as process graphs do. The
semantics of processes are given here in terms of process graphs.

The axiomatizations of relations, even if such relations are de-
fined over process graphs, are therefore given in one of the syntactical
representations. We introduce Linear Recursive (LR) expressions,
which have been used in [6] and will be the preferred syntactical
representation of processes in this paper.

4.1 LR Expressions

LR expressions, where LR stands for Linear-Recursive, are the re-
cursive terms of the system BPALR introduced in [6]. Since the
axiomatization A(ρ,ρ−1) is built on top of the system BPALR, LR ex-
pressions along with the non-recursive terms of BPALR will be the
choice of syntactical representation of processes in this paper.

Let VAR be a denumerably infinite set of variables {X, Y, Z . . .}.
O is the set of observables. The set of non-recursive terms T over O
is defined by the following BNF:

T ::= a | X | T + T | T.T

where a ∈ O and X ∈ VAR. We may omit the concatenation
operator ‘.’ when it is obvious. We do not have a 0 in BPALR, and
instead of a process a.0 we simply have the process a. While in CCS
we may only prefix a process expression by an observable a, here we
have a full sequential composition instead, allowing us to sequentially
compose any two terms in BPALR. The reader is referred to [6] for
a deeper insight into the notion of full sequential composition.

The free variables fv(T ) of a term T are defined in the usual way.
fv(a) = ∅, fv(X) = {X}, fv(T1.T2) = fv(T1+T2) = fv(T1)∪fv(T2).
A term is closed if it has no free variables. We also write T (X), where
X = X1X2 . . . Xn is the vector of free variables of T , to indicate that
T may depend at most on X1, X2, . . . , Xn. The substitution of free
variables T{p1/x1}{p2/x2} . . . {pn/xn}, where p = p1p2 . . . pn is the
vector of non-recursive substitution terms, is also written as T (p).

The free variables of the non-recursive term T = abX + cY (X +
Z)Y are X, Y, Z and we write T (X, Y, Z) instead of T to indicate
this fact. T (a, b + Z, Y Y ) = aba + c(b + Z)(a + Y Y )(b + Z) and
T (a, b, c) = aba + cb(a + c)b are obtained by the substitutions of the
free variables X, Y, Z by a, b+Z, Y Y and a, b, c respectively. T (a, b, c)
is a closed term.

Definition 6. A non-recursive term T is guarded if every occur-
rence of a variable in T is preceded by some a ∈ O. Formally:

1. a ∈ O is guarded
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2. if T is guarded and T ′ is an arbitrary non-recursive term, then
T.T ′ is guarded

3. if T, T ′ are both guarded then so is T + T ′

Definition 7. A non-recursive term T is said to be linear if all
occurrences of variables are “at the end”. Formally:

1. X ∈ VAR is linear
2. Closed non-recursive terms are linear
3. if T, T ′ are both linear then so is T + T ′

4. if T is a closed non-recursive term and T ′ is linear, then T.T ′

is linear

Definition 8. A non-recursive term is strictly linear if it is of the
form

∑
ai +

∑
bj.Xj.

The terms abX + cY (X +Z)Y, a, b+ c(X + e) are guarded while
X + cY (X + Z)Y, a + Y, b + c(X + e) + X(Y + a) are not. The terms
X, a, a+Y, b+ c(X + e), abX are linear while cY (X +Z)Y, abY Y, b+
c(X +e)+X(Y +a) are not. The terms a, a+bY and a+b+cY +dZ
are strictly linear while the linear terms X, a + Y and c(X + e) are
not strictly linear.

Definition 9. LR-expressions are syntactical constructs of the form
〈X1|E〉 where Xi ∈ VAR, E = {Xi = Ti(X) | i = 1, . . . , n} is a set
of recursion equations, X is the vector of variables X1, X2 . . . Xn and
for every i,

1. Ti(X) is guarded
2. Ti(X) is linear
3. Ti(X) may contain variables only from X = X1, . . . , Xn.

Definition 10. An equation Xi = Ti(X) is superfluous if Xi is
not accessible from X1 in the obvious sense. Superfluous equations
in E may be omitted.

Definition 11. Canonical LR-expressions are LR-expressions
where every Ti(X) is strictly linear and E does not contain any su-
perfluous equations.

It is understood that LR expressions that differ only by a re-
naming of variables are identical. The semantics of the terms of
BPALR are provided by a mapping [ ] : Ter(BPALR) −→ R where
Ter(BPALR) stands for the set of all terms of BPALR. This mapping
is termed intermediate semantics in [6] and has been quoted in defini-
tion 12. In lemma 15, we provide a procedural mapping [[ ]] restricted
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to canonical LR expressions that highlights their intuitive correspon-
dence with process graphs. This is termed the direct intermediate
semantics in [6]. The direct intermediate semantics will prove useful
for the purpose of providing graphical intuition. However, the true
semantics of a term in BPALR is given by the intermediate semantics
[ ]. We proceed to establish the intuitive correspondence of canon-
ical LR expressions with process graphs and refer the reader to the
construction in lemma 15 for the precise correspondence.

Figure 5: The same set of equations with different root nodes

The LR expression 〈X1|E〉 represents a process graph with X1

as the root. The expression 〈Xi|E〉 represents the same graph but
rooted at Xi instead. Note that in this case the rest of the graph
might not be reachable anymore and some equations might become
superfluous. In figure 5, we consider two canonical LR expressions
〈X|X = a.Y +b, Y = c.X〉 and 〈Y |X = a.Y +b, Y = c.X〉 which differ
only in their root nodes. The nodes have been labelled X and Y for
the purpose of naming and this convention should not be confused
with the process chart notation [9], [6] where nodes decorated with
variables have special semantics. Y = c.X intuitively implies that
there is an edge labelled c that starts at the node named Y and ends
at the node named X. In a similar way X = a.Y +b implies that there
is an edge labelled a starting at X and ending at Y . In addition, the
lone b in X = a.Y + b implies that there is an outgoing edge labelled
b that goes to a node that has not been named, or alternatively
to a terminal node. In the LR expression 〈X|X = a + bY, Y =
cY +dX,Z = eZ〉, Z = eZ is superfluous because Z is not accessible
from X. In the LR expression 〈Z|X = a+bY, Y = cY +dX,Z = eZ〉,
X = a + bY and Y = cY + dX are superfluous.

We use the notation E−k for the set of equations in E except
the kth equation, E−k = {Xi = Ti(X) | 1 ≤ i 6= k ≤ n}. This is
useful for focusing attention on a particular equation. For example,
if we want to focus on the kth equation in 〈X1|E〉, we may instead
write this LR expression as 〈X1|Xk = Tk(X), E−k〉. All the variables
X1, X2, . . . Xn in 〈X|E〉, where E = {Xi = Ti(X) | i = 1, . . . , n},
are bound in 〈X|E〉. If a variable is bound in a term, it is not free
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and since Ti(X) may contain variables only from X = X1, . . . , Xn,
every variable in a LR expression 〈X|E〉 is bound. Hence every LR
expression 〈X|E〉 is a closed term.

Definition 12. The intermediate semantics [6] is an inductively de-
fined mapping [ ] : Ter(BPALR) −→ R of the terms of BPALR into
the domain of finite process graphs

1. [a] = →◦ a−→◦
2. [S + T ] = [S]⊕ [T ]
3. [S.T ] = [S]� [T ]
4. [〈X|E〉] = ω(c(t(p(〈X|E〉))))

where ⊕ is the addition of process graphs, � is their full sequential
multiplication, ω : G −→ G is the root-unwinding operator †,
c : G −→ G is the collaps operator, t is the tree operator which
defines the mapping of LR expressions into the domain of process
trees T (note that T ⊆ G) and p is the prefix operator which makes
a LR expression prefix free. The notation →◦p

a−→◦q is used to denote
the process graph that has a root p which has a single edge labelled
‘a’ leading to a terminal node q.

We will not concern ourselves with a detailed study of the map-
ping [ ] and refer the reader to [6] for the definitions of root-unwinding,
collaps, tree and prefix operators as well as the properties quoted in
proposition 13. For the purpose of this paper, only the intermediate
semantics of a and a+b as given by [a] = →◦ a−→◦ and [a+b] = [a]⊕[b]
are important as they are required in the soundness proof. Without
defining ⊕ in detail, we note that →◦p1

a−→◦q1 ⊕ →◦p2

b−→◦q2 is
the process graph obtained by combining the roots p1 and p2 into a
single node p which is the new root. In this process graph p will have
two outgoing edges, one labelled a going to q1 and another labelled
b going to q2.

Proposition 13. (Properties).

1. LR expressions are always closed.
2. [〈X|E1〉.〈Y |E2〉] �(≡,≡) [〈Z|E3〉] for some Z and E3.
3. [〈X|E1〉 + 〈Y |E2〉] �(≡,≡) [〈Z|E3〉] for some Z and E3.
4. [T ] �(≡,≡) [〈Z|E〉] for some Z and E if T is a closed non-

recursive term.
5. For every LR expression there is a corresponding canonical LR

expression, such that the intermediate semantical mappings of
the two are strongly bisimilar.

†In [6] the letter ρ is used in place of ω, however this conflicts with our con-
vention of using ρ for relations on observables.
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�
Proposition 13.4 states that a closed non-recursive term can also

be represented by an appropriate LR expression. The proof of this
is trivial, with E = {Z = T}. From proposition 13.2 and 13.3,
we also know that expressions formed over LR expressions with the
‘+’ and ‘.’ operators also have an equivalent LR expression. As a
consequence any process expressible in BPALR can be represented
by an LR expression. Every LR expression, in turn, can be converted
to an equivalent canonical form upto strong bisimilarity, as stated in
proposition 13.5.

In order to highlight the correspondence between canonical LR
expressions and process graphs we provide here two correspondences,
[[ ]] from canonical LR expressions to process graphs and ‖ ‖ from
process graphs to canonical LR expressions. These can be seen to
have the interesting properties that each process graph g is strongly
bisimilar to [[‖g‖]]. Also, as pointed out in [6] [[〈X|E〉]] is strongly
bisimilar to [〈X|E〉] .

Lemma 14. (LTS to canonical LR) There is a mapping ‖ ‖
from the domain of finite rooted LTS into the domain of canonical
LR Expressions such that, for each finite rooted LTS L = 〈Q,Σ,−→
, pk〉 there is a canonical LR Expression ‖L‖ ≡ 〈Xk|E〉 with [〈Xk|E〉]
strongly bisimilar to L.

Proof. If the non-terminal states of L are named p1, p2, . . . , pn

for some n, we create a corresponding LR expression in the following
manner.

1. Create and identify a variable Xi with each non-terminal state
pi.

2. Start with each Ti being empty.
3. If pi

a−→ q where q is some terminal state, convert Xi = Ti to
Xi = Ti + a.

4. If pi
a−→ pj where pj is some non-terminal state, convert Xi =

Ti to Xi = Ti + a.Xj.

The required canonical LR expression is 〈Xk|E〉 where E =
{Xi = Ti(X) | i = 1, . . . , n}. It is not hard to see that [〈Xk|E〉] is
strongly bisimilar to L. The mapping ‖ ‖ is defined through this
construction, with ‖L‖ ≡ 〈Xk|E〉. �

Lemma 15. (Canonical LR to LTS)
There is a mapping [[ ]] from the domain of canonical LR expres-

sions into the domain of finite rooted LTSs such that, for each canon-
ical LR Expression 〈X1|E〉 there is a finite rooted LTS L ≡ [[〈X1|E〉]]
with [〈X1|E〉] strongly bisimilar to L.

Proof. Given a canonical LR expression 〈X1|E〉 where E =
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{Xi = Ti(X) | i = 1, . . . , n} and Ti =
∑

j aij +
∑

k bik.Xik, construct
a rooted LTS L such that

1. The set of states of L is {Xi|i = 1, . . . n} ∪ {XT} where we
introduce a variable XT which stands for a terminal state.

2. If Ti =
∑

j aij +
∑

k bik.Xik, then add the transitions Xi

aij−→ XT

and Xi
bik−→ Xik for every j and k.

3. The set of observables in L can be taken to be the set of all
observables appearing in 〈X1|E〉.

4. X1 is the root of L.

Clearly, L obtained here is finite. It is not hard to see that
[〈X1|E〉] is strongly bisimilar to L. The mapping [[ ]] is defined
through this construction, with [[〈X1|E〉]] = L.

�

Lemma 16. (Semantics)

1. [[〈X|E〉]] �(≡,≡) [〈X|E〉]
2. [[‖g‖]] �(≡,≡) g

�

5 The Axiomatization A(ρ,ρ−1)

UsingA(ρ,σ) to denote a complete axiomatization for �(ρ,σ), we present
in this section the axiomatization A(ρ,ρ−1) where ρ is assumed to be
a preorder. The axiomatization is proven complete for �(ρ,ρ−1) over
finite process graphs R relative to a complete axiomatization of ρ. A
necessary condition for soundness is that O does not contain empty
observables. In this case, �(ρ,ρ−1) also turns out to be a congruence,
allowing us to give a more succinct formulation of the axiomatiza-
tion. It should be noted that all equivalence relations in the class of
(ρ, σ)-bisimilarities have σ = ρ−1 and ρ as a preorder. Thus A(ρ,ρ−1)

is in fact a complete axiomatization of all such equivalences defined
over finite process graphs R with no empty observables.

Since ρ is a preorder, from proposition 2 we know that �(ρ,ρ−1)

contains �(≡,≡). Taking O = Act, strong bisimilarity has been shown
to be equivalent to the natural bisimilarity relation �(≡,≡) in [2]. We
therefore refer to �(≡,≡) as strong bisimilarity as well. The axiomati-
zations we consider are for relations no finer than strong bisimilarity.
For this reason, we build our axiomatization upon the axiomatiza-
tion BPALR shown in figure 6 which is a complete axiomatization
for strong bisimilarity (see [6]).

It should be noted that the equality = in BPALR is the relation
on terms of BPALR that corresponds to strong bisimilarity �(≡,≡)
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x + y = y + x A1
(x + y) + z = x + (y + z) A2
x + x = x A3
(x + y)z = xz + yz A4
(xy)z = x(yz) A5

pi = 〈Xi|E〉, i = 1, . . . , n

p1 = T1(p)
R1

pi = Ti(p), i = 1, . . . , n

p1 = 〈X1|E〉
Ti(X) is guarded R2

Figure 6: BPALR - a proof system for �(≡,≡)

on process graphs. Similarly =ρ will stand for the relation on terms
of A(ρ,ρ−1) that corresponds to �(ρ,ρ−1) on process graphs.

We briefly present the outline of one of the ways of building
A(ρ,ρ−1) on top of BPALR before moving on to our preferred formu-
lation. The purpose of presenting this formulation is only to provide
an alternative structuring of the axiomatization which might prove
easier to extend. In particular, we believe that axiomatizations of
other relations that are not congruences might have to proceed in
this manner as this formulation does not rely on the congruence of
�(ρ,ρ−1).

The first formulation provides an axiom that cannot work in
contexts, and is applicable only for canonical LR expressions. Ev-
ery closed term of BPALR, whether recursive, non-recursive or an
expression formed over these with the operators ‘.’ and ‘+’, can be
proven to be strongly bisimilar to a canonical LR expression within
the framework of BPALR. This boils down to proving parts 2,3,4 and
5 of proposition 13 within the scope of the BPALR, the proof of which
is provided in [6]. Since strong bisimilarity will be the finest relation
on processes considered here except for identity on processes, we may
restrict our attention to the quotient structure R/�(≡,≡). Instead of
needing to deal with closed terms of arbitrary forms, this allows us
to deal with equivalent canonical LR expressions which have a very
convenient form. At the same time, it allows us to add duplicate
edges between two nodes while staying in the same equivalence class.
On the quotient structure R/�(≡,≡), strong bisimilarity reduces to
identity ≡ on the equivalence classes. In this formulation, the full
axiomatization would be composed of two “layers”, BPALR forming
the inner part and a second “layer” consisting of axioms that work
on the quotient structure R/�(≡,≡). It turns out that we only need
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one more axiom (schema), the vertical axiom AV shown below.

〈X1|Xk = b.Xj + T,E−k〉
=ρ if aρb

〈X1|Xk = a.Xj + b.Xj + T,E−k〉

This axiom schema comfortably assumes each term in R/�(≡,≡)

to be a canonical LR expression (provable within the BPALR part)
and therefore does not need to work in a context. This is particularly
useful if �(ρ,ρ−1) was not a congruence. However, one of the conditions
for the soundness of this axiom is not having empty observables in
O which also ends up proving �(ρ,ρ−1) to be a congruence. For this
reason we will prefer the second formulation which is more succinct.

In our preferred approach, we first translate BPALR to BPAρLR

with terms of the two systems being identical. The translation of ax-
ioms of BPALR to BPAρLR involves the replacement of all = by =ρ,
where =ρ on terms of BPAρLR corresponds to the relation �(ρ,ρ−1)

on process graphs. In this manner we get the axioms A1ρ −A5ρ and
R1ρ, R2ρ listed in figure 7. Note that the recursive equations E in a
LR expression 〈X|E〉 remain of the form {Xi = Ti(X)|i = 1, . . . , n}
as the ‘=’ in question here is a syntactical notation for specifying
recursive equations and is not strong bisimilarity.

From the completeness of BPALR, we know that for all T , S in
Ter(BPALR), [T ]�(≡,≡)[S] =⇒ BPALR ` T = S. Taking the proof
of T = S in BPALR and replacing each application of the axioms
of BPALR by the corresponding axioms of BPAρLR, we end up con-
structing a proof of T =ρ S in BPAρLR. That is, within BPAρLR, we
can prove the (ρ, ρ−1)-bisimilarity of every pair of strongly bisimilar
processes. Using essentially the same arguments every closed term
of BPAρLR can be proven to be (ρ, ρ−1)-bisimilar to a canonical LR
expression within the framework of BPAρLR.

In a similar manner, each instance of the substitution inference
rule shown below is provable in BPAρLR by a translation of the
corresponding proof [6] in BPALR.

Tk(X) =ρ T ′
k(X)

〈X1|Xk = Tk(X), E−k〉 =ρ 〈X1|Xk = T ′
k(X), E−k〉

We introduce the axiom schema Axiom-Vertical AVρ (which is
named so for reasons that will become clear in the proof of complete-
ness) to obtain the axiomatization A(ρ,ρ−1) in figure 7. The terms of
A(ρ,ρ−1) are the same as those of BPALR. The intuition of the ax-
iom AVρ is similar to that of A3ρ which can prove that (with x = b)
strong bisimilarity is insensitive to the addition of duplicate edges.
AVρ says that �(ρ,ρ−1) is insensitive to the addition of edges that are
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b =ρ a + b if aρb AVρ

x + y =ρ y + x A1ρ

(x + y) + z =ρ x + (y + z) A2ρ

x + x =ρ x A3ρ

(x + y)z =ρ xz + yz A4ρ

(xy)z =ρ x(yz) A5ρ

pi =ρ 〈Xi|E〉, i = 1, . . . , n

p1 =ρ T1(p)
R1ρ

pi =ρ Ti(p), i = 1, . . . , n

p1 =ρ 〈X1|E〉
Ti(X) is guarded R2ρ

Figure 7: A(ρ,ρ−1)

related by ρ to the existing ones.
In the case that ρ is also an equivalence relation, aρb =⇒ [b =ρ

a + b ∧ a =ρ a + b] =⇒ a =ρ b, which says that =ρ for such a ρ is
indifferent to observables that lie in the same equivalence class with
respect to ρ. Thus proving (ρ, ρ−1)-bisimilarity of graphs for such a
ρ can be reduced to proving strong bisimilarity of graphs with labels
from O/ρ. This case not being so interesting, we shall only focus on
the case where ρ is a preorder.

What should be easy to see is that all instances of AV as shown
below, can be proven within the framework of this axiomatization.

〈X1|Xk = b.Xj + T,E−k〉
=ρ if aρb

〈X1|Xk = a.Xj + b.Xj + T,E−k〉

From b =ρ a+b
A4ρ=⇒ bXj =ρ aXj+bXj, and using the congruence

property of =ρ, for any T we can prove that b.Xj + T =ρ a.Xj +
b.Xj + T . From the substitution rule, with Tj(X) ≡ b.Xj + T and
T ′

j(X) ≡ a.Xj + b.Xj + T , we get the required result.
With the result that each LR expression can be proven to be

equivalent to a canonical LR expression upto (ρ, ρ−1) bisimilarity
within the scope of BPAρLR, we could have alternatively chosen the
above inference rule instead of the axiom AVρ. The above inference
rule will also be useful in providing an intuitive understanding of the
procedure of saturation. In figure 8, g ≡ ‖〈X1|Xk = b.Xj + T,E−k〉‖
and g′ ≡ ‖〈X1|Xk = a.Xj + b.Xj + T,E−k〉‖ and the nodes p and p′

correspond to Xk and Xj respectively. It is not hard to see that g
and g′ are in fact related by �(≡,ρ−1), and therefore also by �(ρ,ρ−1).
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Figure 8: Graphical intuition for AV

The rest of the paper is devoted to the proof of soundness and
completeness of the axiomatization. In section 7, we introduce the
construction of derivatives of process graphs. The construction re-
volves around adding edges in the same way as the a edge is added
in figure 8 to obtain g′ from g.

It should be noted that the case of empty observables could lead
to peculiar situations. For example, if a is an empty observable, then
adding an a edge between p and p′ has the effect of identifying p and
p′ and is not the addition of edges in any traditional sense. In fact,
such addition corresponds to the addition of the term a.Xj to Xk.
However, the prefixing by an empty observable is undefined. This
problem is summarized in definition 3 and part 3 of lemma 4. The
presence of empty observables would force us to change the defini-
tion of non-recursive terms of BPALR to exclude empty observables,
modify the mappings [ ] and [[ ]] to introduce empty loops at each
node and restrict AVρ to work only for non empty observables in or-
der to be sound. Not being able to add a particular observable leads
to the failure of the completeness proof.

6 Soundness of A(ρ,ρ−1)

Theorem 17. (Soundness) For all T, S ∈ Ter(A(ρ,ρ−1)) in the
absence of empty observables in O,

A(ρ,ρ−1) ` T =ρ S =⇒ [T ] �(ρ,ρ−1)[S]

Proof. In order to prove the soundness of the axiom AVρ we need
to prove [b] �(ρ,ρ−1) [a + b] for any a, b ∈ O such that aρb.

From definition 12 we can see that the process graphs [b] and
[a + b] are the ones given in figure 9. It is easily seen that R :
[b] �(ρ,ρ−1)[a + b] where R = {(p0, q0), (p1, q1), (p1, q2)}. Thus, AVρ is
sound.
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Figure 9: AVρ

The rest of the proof follows along the lines of the soundness
proof in [6] with the observation that �(ρ,ρ−1) is a congruence and is
preserved by the prefix, tree, collaps and root-unwinding operators
employed in definition 12. �

7 Saturation of Process Graphs

The method of proving completeness of A(ρ,ρ−1) is inspired by the
completeness proof of BPAτLR [6]. In [6], Bergstra and Klop define
the operators ∆ and E on process graphs which preserve observa-
tional congruence while reducing any two graphs related by observa-
tional congruence to strongly bisimilar graphs.

g ≈+ h
≈+ ≈+

∆(g) ≈+ ∆(h)
≈+ ≈+

E(∆(g)) ∼ E(∆(h))

Here, ≈+ is observational congruence and ∼ is strong bisimila-
rity. The relation g ≈+ ∆(g) is shown in a vertical fashion here. The
proof of completeness of BPAτLR hinges upon such a diagram where
E(∆(g)) and E(∆(h)) are strongly bisimilar if and only if g and h
are observationally congruent.

Following a similar strategy of saturation, in this section we
characterize certain relations between derivatives of graphs‡ related
by (ρ, σ)-bisimilarities. In particular, if g �(ρ,ρ−1)h and ρ is a pre-
order, we are able to prove the existence of derivatives g′ and h′ such
that g �(≡,ρ−1)g

′, h �(≡,ρ−1)h
′ and g′ �(≡,≡)h

′. Diagrammatically,

g �(ρ,ρ−1) h
�(≡,ρ−1) �(≡,ρ−1)

g′ �(≡,≡) h′

‡A process graph derived from another in some manner.
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This result is critical for the proof of completeness of the ax-
iomatization A(ρ,ρ−1) and this entire section deals with proving the
existence of such g′ and h′. Roughly speaking, the transformation
from g and h to g′ and h′ requires that all transitions in g and h
that are matched by the relations ρ and σ get matched in g′ and h′

by ≡ also. We start by constructing the derivatives g[πg] and h[πg]
such that the transition πg ∈ trans(g) gets matched by ≡ in h[πg].
Also, any newly added transitions in g[πg] and h[πg] also get matched
by ≡ in h[πg] and g[πg] respectively. In this manner, the derivative
pair g[πg], h[πg] has fewer transitions that cannot be matched by ≡
as compared to the pair g, h. This result is summed up in the partial
saturation lemma 24. Performing this construction for all transitions
of g and h we are able to get the required g′ and h′, resulting in the
saturation lemma 27 and theorem 30.

From lemma 2.8, a (ρ, σ)-bisimilarity is an equivalence relation
if and only if σ = ρ−1 and ρ is a preorder. While we intend to
tackle only equivalence relations and this condition is sufficient for
all results proved in this section, we will continue to make only the
minimal necessary assumptions in each lemma.

7.1 Partial Saturation

Let R ⊆ nodes(g)×nodes(h) be a binary relation between the nodes
of process graphs g and h and let ρ and σ be binary relations on the
set O of observables.

We write Q(πg) for the h-image of πg ∈ trans(g) and P (πh) for
the g-image of πh ∈ trans(h), defining them as:

Q(p c−→ p′) = {q b−→ q′ ∈ trans(h) | pRq ∧ cρb ∧ p′Rq′}

P (q b−→ q′) = {p c−→ p′ ∈ trans(g) | pRq ∧ cσb ∧ p′Rq′}

For sets of transitions G ⊆ trans(g) and H ⊆ trans(h), we write
Q(G) and P(H) for the h-image of G and g-image of H, respectively.

Q(G) =
⋃

p
c−→p′∈G

Q(p c−→ p′)

P(H) =
⋃

q
b−→q′∈H

P (q b−→ q′)

We write Ti(πg) and Ui(πg) for the sets of level i matches of
πg ∈ trans(g) in g and h respectively.
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To(πg) = {πg}

Ti+1(πg) = P(Ui(πg)) Ui(πg) = Q(Ti(πg))

Note that U0(πg) = Q(T0(πg)). T (πg) and U(πg), the sets of
closure matches of πg in g and h, can be defined as infinite unions
of Ti and Ui. Intuitively, T (po

a−→ p′o) and Q(po
a−→ p′o) are the sets

of transitions where an extra a−→ edge must be added for the purpose
of partial saturation with respect to po

a−→ p′o.

T (πg) =
⋃
i≥0

Ti(πg) and U(πg) =
⋃
i≥0

Ui(πG)

Figure 10: Construction of T (π) and U(π)

In figure 10, with π = p0
a−→ p′0, we depict a case where T0(π) =

{p0
a−→ p′0}, U0(π) = {q1

b1−→ q′1}, T1(π) = {p2
a2−→ p′2, p3

a3−→ p′3},
U1(π) = {q2

b2−→ q′2} and ∀i ≥ 2 : Ti(π) = Ui(π) = ∅. Thus, T (π) =
{p0

a−→ p′0, p2
a2−→ p′2, p3

a3−→ p′3} and U(π) = {q1
b1−→ q′1, q2

b2−→ p′2}.
Here R contains (p0, q1), (p′0, q

′
1), (p2, q1), (p′2, q

′
1), (p3, q1), (p′3, q

′
1),

(p3, q2), (p′3, q
′
2). Also, (a, b1), (a3, b2) ∈ ρ and (a2, b1), (a3, b1) ∈ σ.

Definition 18. Given a relation R ⊆ nodes(g) × nodes(h) on two
process graphs g, h ∈ G, a pair of relations on observables ρ, σ and a
transition πg = po

a−→ p′o ∈ trans(g) we define the partial satura-
tion of g and h with respect to πg, written as g[πg] and h[πg], as
the process graphs that have the same set of nodes and root as g and
h respectively, while the set of transitions are defined as follows

1. trans(g[πg]) = trans(g) ∪ {p a−→ p′ | p
c−→ p′ ∈ T (πg), c ∈ O}

2. trans(h[πg]) = trans(h) ∪ {q a−→ q′ | q
b−→ q′ ∈ U(πg), b ∈ O}

A better intuition might be obtained by viewing this as a con-
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struction of g[πg] and h[πg] from g and h. We can refer to g[πg] as g′

and h[πg] as h′ as the transition in question πg = po
a−→ p′o is clear.

Start with g′ := g and h′ := h. The following steps correspond to
adding the subgraph a.p′ at the node p if some transition p

c−→ p′ is
a closure match of πg in g, and a.q′ at the node q if some transition
q

b−→ q′ is a closure match of πg in h.

1. ∀p c−→ p′ ∈ T (po
a−→ p′o), add p

a−→ p′ in g′

2. ∀q b−→ q′ ∈ U(po
a−→ p′o), add q

a−→ q′ in h′

Figure 11: Construction of g[p0
a−→ p′0] and h[p0

a−→ p′0]

Following the partial saturation process for the example of figure
10, we show the construction of g[p0

a−→ p′0] and h[p0
a−→ p′0] in figure

11. The axiom AVρ justifies each individual addition of this kind and
we can break this construction into many single transition additions.
However, in the presence of empty observables, it must be noted
that it might not be possible to add an edge labelled by an arbitrary
observable (see lemma 4 part 3). The inability to add edges at will,
results in the failure of the various saturation results in this section.

Definition 19. If v ∈ O and g ∈ G, we define the v-application
of a transition p

w−→ p′ to the graph g, written gv〈p
w−→ p′〉, as

the graph obtained by adding the transition p
v−→ p′ to g.

We extend the definition to a set of transitions by the inductive
definition gv〈{π}〉 = gv〈π〉 and gv〈G ∪ {π}〉 = gv〈π〉〈G〉.

Lemma 20. If ρ is a preorder, h ∈ G, a ∈ O, q
b−→ q′ ∈ trans(h)

and aρb, then

idh : h �(≡,ρ−1) ha〈q
b−→ q′〉

�
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Lemma 21.
If g, h ∈ G, R : g�(ρ,ρ−1)h and π = po

a−→ p′o ∈ trans(g) then

1. ga〈T (π)〉 ≡ g[π]
2. ha〈U(π)〉 ≡ h[π]

�

Lemma 22. The following properties of Q and P follow trivially
from their definitions

1. ∀q b−→ q′ ∈ Q(T ) : ∃p c−→ p′ ∈ T : cρb

2. ∀p c−→ p′ ∈ P(U) : ∃q b−→ q′ ∈ U : bσ−1c

�

Lemma 23. If ρ ◦ σ−1 ⊆ ρ, ρ ◦ ρ ⊆ ρ (ρ is transitive) and
≡ ⊆ ρ (ρ is reflexive) then ∀i ≥ 0,

1. ∀ p
c−→ p′ ∈ Ti(po

a−→ p′o) : aρc

2. ∀ q
b−→ q′ ∈ Ui(po

a−→ p′o) : aρb

�
Lemma 23 says that, under the stated assumptions, the labels

of all closure matches of a transition po
a−→ p′o ∈ trans(g) are related

to a through ρ. This can be proven by simultaneous induction on i.
Note that we will be dealing only with R in further sections

although some results in this section are valid for G. Therefore
in sections 7.2 and 8, trans(g) and trans(h) are finite and hence
T (πg) ⊆ trans(g) and U(πg) ⊆ trans(h) are also finite. Thus the
partial saturations g[πg] and h[πg] are also finite process graphs.

7.2 Properties of Saturation

Lemma 24. (Partial Saturation) For finite process graphs g, h ∈
R and a relation R such that R : g�(ρ,σ)h where ρ, σ are such that
≡⊆ ρ, σ (both are reflexive), ρ◦ρ ⊆ ρ (ρ is transitive) and ρ◦σ−1 ⊆ ρ,
the following diagram holds for all πg = po

a−→ p′o ∈ trans(g).

g �(ρ,σ) h
�(≡,ρ−1) �(≡,ρ−1)

g[πg] �(ρ,σ) h[πg]

Moreover,

1. idg : g �(≡,ρ−1)g[πg]
2. idh : h �(≡,ρ−1)h[πg]
3. R : g[πg] �(ρ,σ) h[πg]
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4. (a) For all q in h′ such that (po, q) ∈ R, ∃q′ : q
a−→ q′ ∈

h′ ∧ (p′o, q
′) ∈ R

(b) For all transitions p
a−→ p′ in g′ that are newly added §

and for all q in h′ such that (p, q) ∈ R, ∃q′ : q
a−→ q′ ∈

h′ ∧ (p′, q′) ∈ R

(c) For all transitions q
a−→ q′ in h′ that are newly added

and for all p in g′ such that (p, q) ∈ R, ∃p′ : p
a−→ p′ ∈

g′ ∧ (p′, q′) ∈ R

Proof. The proofs of parts 1 and 2 follow from lemma 20 and
21. If U(πg) = {π1, . . . , πn} then from lemma 20 we get

h�(≡,ρ−1)ha〈π1〉�(≡,ρ−1) · · ·�(≡,ρ−1)ha〈π1〉 . . . 〈πn〉

From the transitivity of �(≡,ρ−1), the observation that by defi-
nition ha〈π1〉 . . . 〈πn〉 ≡ ha〈U(π)〉, and from lemma 21, we may show
idh : h�(≡,ρ−1)h[πg]. In a similar manner we prove part 1. Part 3 can
be seen by noting id−1

g ◦R ◦ idh : g′ �(ρ,σ) h′ and id−1
g ◦R ◦ idh = R.

To prove part 4.4c, consider the newly added transition πh′ =
q

a−→ q′ in h′ = h[πg]. Since πh′ is newly added, it has been added by
an a-application of some q

b−→ q′ ∈ U(πg) since h[πg] = ha〈U(πg)〉.
Since q

b−→ q′ ∈ Ui(πg) for some i, we get aρb by lemma 23. By the
fact that R : g�(ρ,σ)h, for any p such that (p, q) ∈ R we know that
∃p′, c[p c−→ p′ ∈ g∧cρb∧ (p′, q′) ∈ R]. From the definition of Ti+1, we
know that p

c−→ p′ ∈ Ti+1(πg) ⊆ T (πg). The fact that g′ is obtained
from g by the a-application of T (πg) gives us p

a−→ p′ ∈ g′ as required.
This proves part 4.4c. The part 4.4b is proven on symmetric lines.

For part 4.4a, notice that from R : g�(ρ,σ)h and (po, q) ∈ R we

know that ∃q′, b[q b−→ q′ ∈ g ∧ aρb ∧ (p′o, q
′) ∈ R]. On similar lines

as the proof for part 4.4c, note that q
b−→ q′ ∈ Ui(πg) for some i.

Thus the graph h′ which is obtained by an a-application of U(πg)
also contains the transition q

a−→ q′ as required.
�

The construction of g[p0
a−→ p′0] and h[p0

a−→ p′0] is intended
to make g and h closer in terms of bisimilarity. For the transition
p0

a−→ p′0 in g, we add an edge a−→ at the h matches of p0
a−→ p′0 to

make sure that at least the transition p0
a−→ p′0 can be matched by

the identity relation ≡ on observables. This is captured by lemma
24.4a. These additions correspond to the additions due to U0. For
the example considered in figure 10 in section 7.1, we get the figure

§Newly added transitions in g′ and h′ are trans(g′)−trans(g) and trans(h′)−
trans(h) respectively.
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12 upon the additions due to U0.

Figure 12: Additions due to U0

This addition triggers off the need to add corresponding transi-
tions (as given by T1) in g to ensure that the newly added transitions
in h also get matched in g by the identity on observables.

Figure 13: An addition due to T1

In figure 13 we show one of the additions due to T1. This ad-
dition, in turn, further triggers the need for additions due to U1 as
shown in figure 14.

Proceeding in this manner, in the end the transition p0
a−→ p′0

and all the newly added transitions end up being matched by ≡
(identity on observables) in figure 11. This is captured by lemma
24.4b, 24.4c. Repeating the procedure for each transition π ∈ g we
end up with a g′ and h′ where each transition in g′, old or new, is
matched by transitions in h by ≡. In this manner we can reduce
�(ρ,σ) to �(≡,σ).

Definition 25. Given a relation R, a pair of relations ρ, σ and
process graphs g, h ∈ R such that R : g�(ρ,σ)h, we define the partial
saturation of g and h with respect to the set G ⊆ trans(g),
written as g[G] and h[G], as follows.

1. g[∅] = g, h[∅] = h
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Figure 14: An addition due to U1

2. g[G ∪ {πg}] = (g[G])[πg], h[G ∪ {πg}] = (h[G])[πg]

Lemma 26. (Semi Saturation) For finite process graphs g, h ∈ R
and a relation R such that R : g�(ρ,σ)h where ρ, σ are such that
≡⊆ ρ, σ (both are reflexive), ρ◦ρ ⊆ ρ (ρ is transitive) and ρ◦σ−1 ⊆ ρ,
the following diagram holds.

g �(ρ,σ) h
�(≡,ρ−1) �(≡,ρ−1)

g′ �(≡,σ) h′

where g′ = g[trans(g)] and h′ = h[trans(g)]. The following hold as
well.

1. idg : g �(≡,ρ−1)g
′

2. idh : h �(≡,ρ−1)h
′

3. R : g′ �(≡,σ) h′

Proof. The key to the proof of the semi saturation lemma is the
“tiling” of the partial saturation diagram. From the partial satura-
tion lemma 24, if R : g[Gk] �(ρ,σ)h[Gk] for some Gk ⊆ trans(g) then
for πk ∈ trans(g) we get the following diagram

g[Gk] �(ρ,σ) h[Gk]
�(≡,ρ−1) �(≡,ρ−1)

g[Gk][πk] �(≡,σ) h[Gk][πk]

It helps to note that trans(g) ⊆ trans(g[Gk]) and therefore
πk ∈ trans(g[Gk]) as well and the above diagram comes directly from
partial saturation lemma. Enumerating trans(g) = {π1, π2, . . . , πn},
we define Gk = {πi ∈ trans(g)|i < k}. It should be obvious that
G1 = ∅, Gk+1 = Gk ∪ {πk} and i < j =⇒ Gi ⊂ Gj. Since G1 = ∅,
we get g[G1] ≡ g and h[G1] ≡ h. Therefore, from the knowledge
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that R : g�(ρ,σ)h, the above diagram holds for k = 1. Note that
g[Gk][πk] = g[Gk ∪{πk}] = g[Gk+1] and similarly for h. By induction
on k, we can show that the diagram holds ∀k ≥ 1. By a composition
of these diagrams, we can get the following diagram.

g[G1] �(ρ,σ) h[G1]
�(≡,ρ−1) �(≡,ρ−1)

g[G2] �(ρ,σ) h[G2]
�(≡,ρ−1) �(≡,ρ−1)

...
...

...
�(≡,ρ−1) �(≡,ρ−1)

g[Gn+1] �(ρ,σ) h[Gn+1]

Note that since Gn+1 = trans(g), the last terms we obtain in
this process are g[trans(g)] and h[trans(g)] as desired in the lemma.
Using transitivity of �(≡,ρ−1) we (nearly) get the diagram of semi
saturation lemma. The other observation that g′ and h′ are related
by �(≡,σ) comes from using part 4 of the lemma 24 which implies that
having each transition in g and all new ones in g′ being matched by
≡ in h′, all transitions in g′ end up matched by ≡ in h′. For proving
this, we first prove two subproofs.

1. Consider πg′ = p
ak−→ p′ ∈ g[Gn+1] − g[G1] such that π′g was

added in the construction of g[Gk][πk] from g[Gk] for some k,
with πk = pk

ak−→ p′k. From lemma 24 part 4.4b, we know
that ∀(p, q) ∈ R ∃q′ : q

ak−→ q′ ∈ h[Gk][πk] ∧ p′Rq′. Since
trans(h[Gk][πk]) ⊆ trans(h[Gn+1]), q

ak−→ q′ is also a transition
in h[Gn+1].

2. If πg ∈ g[G1] then πg = πk = pk
ak−→ p′k for some k. In the

construction of h[Gk][πk] from h[Gk], we can use lemma 24 part
4.4a to see that ∀(pk, q) ∈ R ∃q′ : q

ak−→ q′ ∈ h[Gk][πk] ∧ p′kRq′.
Again, q

ak−→ q′ is also a transition in h[Gn+1].

As a result of the above two subproofs, we know that for for
all (p, q) ∈ R and any π = p

c−→ p′ ∈ g[Gn+1], there is a transition
q

c−→ q′ in h[Gn+1] such that (p′, q′) ∈ R. This proves the first
clause of the definition of R : g′�(≡,ρ−1)h

′ where g′ = g[Gn+1] and
h′ = h[Gn+1]. The second part trivially follows from R : g�(ρ,ρ−1)h.

�
By another application of the semi saturation lemma we can

have every transition in h′ also matched by ≡ to some transition
in g′. Thus we can reduce �(≡,σ) further to �(≡,≡), which is strong
bisimilarity.
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Lemma 27. (Saturation) For finite process graphs g, h ∈ R and
a relation R such that R : g�(ρ,σ)h, where ρ, σ are preorders and ρ ◦
σ−1 ⊆ ρ, there exist derivatives g′, h′, g′′, h′′ such that the following
diagram holds.

g �(ρ,σ) h
�(≡,ρ−1) �(≡,ρ−1)

g′ �(≡,σ) h′

�(≡,σ) �(≡,σ)

g′′ �(≡,≡) h′′

Moreover, we have

1. idg : g �(≡,ρ−1)g
′ and idg : g′ �(≡,σ)g

′′

2. idh : h �(≡,ρ−1)h
′ and idh : h′ �(≡,σ)h

′′

3. R : g′ �(≡,σ) h′ and R : g′′ �(≡,≡) h′′

Proof. The first part (g and h to g′ and h′) follows directly
from lemma 26. We get R : g′ �(≡,σ) h′. By proposition 2.2, we
get R−1 : h′ �(σ−1,≡) g′. Since ≡ and σ−1 are both reflexive and
transitive and we also have σ−1◦ ≡−1 ⊆ σ−1, we use lemma 26 to get
R−1 : h′′ �(≡,≡) g′′ which is the same as R : g′′ �(≡,≡) h′′. Parts 1, 2
and 3 follow easily as consequences of corresponding parts in lemma
26.

�

Corollary 28. For finite process graphs g, h ∈ R and a relation R
such that R : g�(ρ,σ)h, where ρ, σ are preorders and σ−1 ⊆ ρ, there
exist derivatives g′′, h′′ such that the following diagram holds.

g �(ρ,σ) h
�(≡,ρ−1) �(≡,ρ−1)

g′′ �(≡,≡) h′′

Also

1. idg : g �(≡,ρ−1)g
′′

2. idh : h �(≡,ρ−1)h
′′

3. R : g′′ �(≡,≡) h′′

�
In the above corollary, we have shown how to obtain strongly

bisimilar g′′ and h′′ from g and h by traversing down �(≡,ρ−1). This
result is not restricted to only the cases where σ−1 ⊆ ρ. In the sym-
metrical case where ρ−1 ⊆ σ, we can also obtain strongly bisimilar
graphs¶.

¶σ−1 ⊆ ρ or ρ−1 ⊆ σ is not an unusual condition. Simulation, strong
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Corollary 29. For finite process graphs g, h ∈ R and a relation R
such that R : g�(ρ,σ)h, where ρ, σ are preorders and ρ−1 ⊆ σ, there
exist derivatives g′′, h′′ such that the following diagram holds.

g �(ρ,σ) h
�(≡,σ) �(≡,σ)

g′′ �(≡,≡) h′′

Moreover,

1. idg : g �(≡,σ)g
′′

2. idh : h �(≡,σ)h
′′

3. R : g′′ �(≡,≡) h′′

�

Theorem 30. For finite process graphs g, h ∈ R and a relation R
such that R : g�(ρ,σ)h, where ρ, σ are preorders and ρ−1 = σ, there
exist derivatives g′′, h′′ such that the following diagram holds.

g �(ρ,ρ−1) h
�(≡,ρ−1) �(≡,ρ−1)

g′′ �(≡,≡) h′′

The following hold as well

1. idg : g �(≡,ρ−1)g
′′

2. idh : h �(≡,ρ−1)h
′′

3. R : g′′ �(≡,≡) h′′

4. S : g�(ρ,ρ−1)h where S = idg ◦R ◦ id−1
h

�
Theorem 30.4 says that the diagram commutes. Using proposi-

tion 2.3, we can show that idg ◦R ◦ id−1
h : g�(≡◦≡◦ρ,ρ−1◦≡◦≡)h. So

we have another relation S = idg ◦R ◦ id−1
h such that S : g�(ρ,ρ−1)h.

That the diagram commutes is critical for the completeness proof
where we are able to prove g �(ρ,ρ−1)g

′′, h �(ρ,ρ−1)h
′′ and h′′ �(ρ,ρ−1)g

′′

within the framework of the axiomatization and use the transitivity
of �(ρ,ρ−1) to prove g �(ρ,ρ−1)h within the framework of the axiomati-
zation. The reason we are unable to prove completeness for preorders
is because when σ 6= ρ−1 the diagram does not necessarily commute.

8 Completeness of A(ρ,ρ−1)

The proof of completeness of A(ρ,ρ−1) hinges on reducing the two
graphs to be compared g and h, to graphs g′ and h′ such that

bisimulation and observational equivalence have ρ and σ such that one of these
conditions hold [5] .
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g�(ρ,ρ−1)g
′ ∧ h�(ρ,ρ−1)h

′ ∧ g′�(≡,≡)h
′ ⇐⇒ g�(ρ,ρ−1)h. That is, the

graphs g′ and h′ turn out to be strongly bisimilar if and only if g and
h were (ρ, ρ−1)-bisimilar. This relation between g, g′, h, h′ can also
be shown diagrammatically in the following manner.

g �(ρ,ρ−1) h
�(ρ,ρ−1) �(ρ,ρ−1)

g′ �(≡,≡) h′

The strong bisimilarity of g′ and h′ can be checked within the
framework of BPALR as it is complete, while the relation between
the pairs g, g′ and h, h′ can be proven using the axiom schema AVρ

or AV .

Lemma 31. For any graph h ∈ R, transition π = q
b−→ q′ ∈

trans(h) and aρb,

A(ρ,ρ−1) ` ‖h‖ =ρ ‖ha〈q
b−→ q′〉‖

Proof. Let ‖h‖ ≡ 〈X1|E〉. Let Xk and Xj be the variables that
correspond to the node q and q′ respectively in the construction of
‖h‖ (see lemma 15). Then Tk must be of the form b.Xj + T for
some term T . Thus ‖h‖ ≡ 〈X1|Xk = b.Xj + T,E−k〉. Consider
the process graph ha〈q

b−→ q′〉 which is derived from h by adding a
single transition q

a−→ q′ in the graph h, where aρb. Following the
algorithm of ‖ ‖ given in lemma 15, it should be easy to see that
‖ha〈q

b−→ q′〉‖ ≡ 〈X1|Xk = a.Xj + b.Xj + T,E−k〉. Thus in order to
prove

A(ρ,ρ−1) ` ‖h‖ =ρ ‖ha〈q
b−→ q′〉‖

we need to prove A(ρ,ρ−1) ` 〈X1|Xk = b.Xj + T,E−k〉 =ρ

〈X1|Xk = a.Xj + b.Xj + T,E−k〉
Since aρb, the above is a direct application of AV (or application

of AVρ, A4ρ, congruence and substitution rule) and is hence provable.

Theorem 32. (Completeness)
If g, h ∈ R and ρ ⊆ O ×O is a preorder where O has no empty

observables, then

g �(ρ,ρ−1)h =⇒ A(ρ,ρ−1) ` ‖g‖ =ρ ‖h‖

Proof. If g �(ρ,ρ−1)h, there exists [5] a relation R such that
R : g �(ρ,ρ−1)h. For πg = po

a−→ p′o ∈ trans(g) we can construct
T (πg) and U(πg) as shown in section 7. Since it is finite, let U(πg) =
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{π1, π2, . . . πn} for some n. From lemma 23 we know that for any
q

b−→ q′ ∈ U(πg), we have aρb. Hence by applying lemma 31 we
have‖

A(ρ,ρ−1) ` ‖h‖ =ρ ‖ha〈π1〉‖

A(ρ,ρ−1) ` ‖ha〈π1〉‖ =ρ ‖ha〈π1〉〈π2〉‖

A(ρ,ρ−1) ` ‖ha〈π1〉 . . . 〈πk−1〉‖ =ρ ‖ha〈π1〉 . . . 〈πk〉‖

Using the transitivity of =ρ (being an equational axiomatization
A(ρ,ρ−1) has the appropriate axioms for transitivity, reflexivity and
symmetry but for brevity these are not mentioned) and the definition
of application of a set of transitions (definition 19), we get

A(ρ,ρ−1) ` ‖h‖ =ρ ‖ha〈Ui(πg)〉‖

Similarly, let T (πg) = {χ1, χ2, . . . χm}. From lemma 23 we know
that for any p

c−→ p′ ∈ T (πg), we have aρc. Hence by lemma 31,

A(ρ,ρ−1) ` ‖g‖ =ρ ‖ga〈χ1〉‖

A(ρ,ρ−1) ` ‖ga〈χ1〉‖ =ρ ‖ga〈χ1〉〈χ2〉‖

A(ρ,ρ−1) ` ‖ga〈χ1〉 . . . 〈χm−1〉‖ =ρ ‖ga〈χ1〉 . . . 〈χm〉‖

Again, using the transitivity of =ρ we get

A(ρ,ρ−1) ` ‖g‖ =ρ ‖ga〈Ti(πg)〉‖

From lemma 21 we have ga〈Ti(πg)〉 ≡ g[πg] and ha〈Ui(πg)〉 ≡
h[πg] and thus,

A(ρ,ρ−1) ` ‖h‖ =ρ ‖h[πg]‖

A(ρ,ρ−1) ` ‖g‖ =ρ ‖g[πg]‖

However, we are unable to prove the following even though from
partial saturation lemma 24, we know g[πg] �(ρ,ρ−1)h[πg] to be true.

A(ρ,ρ−1) ` ‖g[πg]‖ =ρ ‖h[πg]‖

Thus, the vertical relations between g, g[πg], h, h[πg] in the di-
agram of partial saturation lemma (with the additional restriction
σ = ρ−1) can be proven within the context of A(ρ,ρ−1) while the parts

‖Note that trans(h) ⊆ ha〈q
b−→ q′〉 and hence if a transition is in h, it is also

in ha〈q
b−→ q′〉. For instance the transition π2 is also in ha〈π1〉 and hence lemma

31 can be applied to it.



32 Perspectives in Concurrency

3 and 4, which claim that g[πg] and h[πg] are related by �(ρ,ρ−1) and
in fact are “closer in terms of strong bisimilarity”, cannot be proven
in this manner directly. To be accurate, we have only been able to
prove g�(ρ,ρ−1)g

′ whereas the relation between g and g′ in partial
saturation lemma is g�(≡,ρ−1)g

′. However, for our purposes this will
prove adequate.

Since the diagram of semi saturation lemma 26 is constructed
by tiling up partial saturation lemma diagrams, each vertical relation
in the semi saturation lemma diagram can also be proven within
the context of A(ρ,ρ−1) but we cannot prove ‖g′‖ =ρ ‖h′‖ although
g′�(≡,ρ−1)h

′ is true. To be precise, we are able to prove ‖g[Gk]‖ =ρ

‖g[Gk][πk]‖ within the framework for every k ≥ 1, where Gk and πk

are as defined in the proof outline of semi saturation lemma. Using
transitivity, we can prove ‖g[G1]‖ =ρ ‖g[Gn+1]‖ and since g[G1] ≡
g, g[Gn+1] ≡ g′, we get our desired result.

By similar reasoning, the vertical relations in the saturation
lemma 27 diagram which are obtained by tiling two semi satura-
tion lemma diagrams can also be proven within the context of the
axiomatization. Once again we know g′′�(≡,≡)h

′′ to be true but can-
not prove it in this manner. We now rely on BPALR, which is a
complete axiomatization for �(≡,≡) and therefore the following can
be proven in its framework

BPALR ` ‖g′′‖ = ‖h′′‖

By a translation of the above proof,

BPAρLR ` ‖g′′‖ =ρ ‖h′′‖

Since BPAρLR ⊂ A(ρ,ρ−1), we can also prove

A(ρ,ρ−1) ` ‖g′′‖ =ρ ‖h′′‖

Now we use the fact that the diagram of theorem 30 commutes.
Using symmetry of =ρ, and putting together the relations between
g, g′′, h, h′′ proven above, we get

A(ρ,ρ−1) ` ‖g‖ =ρ ‖g′′‖ =ρ ‖h′′‖ =ρ ‖h‖

By transitivity of =ρ, we get

A(ρ,ρ−1) ` ‖g‖ =ρ ‖h‖

�
We have proven g�(ρ,ρ−1)h in the framework of the axiomatiza-

tion. Hence A(ρ,ρ−1) is sound complete axiomatization of �(ρ,ρ−1) for
finite process graphs, where ρ is an axiomatizable preorder on a set
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of observables that excludes all empty observables.

9 Conclusion

Under the assumption that the set of observables does not contain
any empty observable, and relative to an axiomatization for the re-
lation on observables ρ, we have been able to provide an axiomati-
zation that is complete for all equivalence relations in the class of
(ρ, σ)-bisimilarities. The axiomatization builds upon an existing ax-
iomatization for strong bisimilarity [6], and after a simple translation
of this, only requires one additional axiom AVρ. The intuition of this
axiom is similar to that of x = x + x which can prove that strong
bisimilarity is insensitive to addition of a duplicate edge. AVρ says
that �(ρ,ρ−1) is insensitive to the addition of all edges that are related
by ρ to an existing edge.

We have also shown that under the absence of an empty ob-
servable, �(ρ,ρ−1) also turns out to be a congruence. In the pres-
ence of empty observables, a study of the nature of observables that
are related to an empty action by ρ and σ might lead to a charac-
terization of the smallest precongruence or congruence containing a
given (ρ, σ) preorder or equivalence bisimilarity. Such observables are
termed ρ-preemptive and σ-preemptive as they may occur without
being matched by any observable (other than an empty action) of
a related process which ends up preserving choice in contrast to the
process that does a preemptive action.

The generalization presented in this paper cannot provide an
axiomatization of observational equivalence because of the presence
of empty observables in its characterization as �( b= , b= ), which was
presented in [5]. The other problem is that while ≈ might be consid-
ered on finite process graphs, the use of O = Act∗ in the definition of
�( b= , b= ) converts the finite process graphs that have cycles into in-
finitely branching graphs for which our axiomatization has not been
proven complete.

Another problem worth inquiring into is the inequational ax-
iomatization of (ρ, σ) precongruences and preorders. Our method of
saturation which is similar to the ∆-saturation method in [6] does not
preserve the preorder in the sense that the diagram in lemma 27 does
not commute unless σ = ρ−1. A construction of derivatives that leads
to a commuting diagram may be the key to finding a complete ax-
iomatization for precongruences. An attempt to find such saturation
methods for precongruences such as conformance [4] and efficiency
precongruence [3] have led us to characterize some properties of the
kernels of these relations. Presented in [12], these observations might
also prove useful for an inequational extension of the axiomatization.
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