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Abstract. In [AK06] the first author had generalised the notion of bisimulation
on labelled transition systems to that of a parameterised relation whose param-
eters were a pair of relations on the observables of a system. In this paper we
present new results which show that notions of parameterised bisimilarity may
be defined to capture congruences in process algebras. In particular, we show
that observational congruence may be obtained as a parameterised bisimulation,
thereby providing a co-inductive characterisation for the same. In another ap-
plication, parameterisation is employed to prove that amortised bisimilarity is
preserved under recursion in CCS by resorting to a generalisation of the so-
called “upto”-technique. We then extend the framework to a name passing cal-
culus and show that one can capture (hyper-)bisimulations in the fusion calculus
[Vic98] as a parameterised (hyper-)bisimulation. However this involves giving
a behaviourally equivalent alternative semantics for the fusion calculus, which is
necessary for defining parameterised bisimulations in the fusion calculus and also
allows for more natural definitions of bisimulations.

1 Introduction

In [AK06] the notion of bisimilarity was generalised to a bisimilarity relation induced
by a pair of relations on the underlying set of observables. The notion was referred to
as parameterised bisimilarity. Many of the well-known bisimilarity and pre-bisimilarity
relations in the literature are special cases of this generalised notion. Further it was
also shown that many of the nice properties that these bisimilarity relations exhibited
were essentially inherited from the corresponding properties in the inducing relations.
In particular, it was shown that a parameterised bisimilarity relation is a preorder (resp.
equivalence) if and only if the inducing relations are themselves preorders (resp. equiv-
alences). A generalised version of Park’s induction principle also holds. Finally an ef-
ficient on-the-fly algorithm was described for computing parameterised bisimilarity for
finite-state labelled transition systems.

In this paper we explore compatible parameterised bisimilarity relations (e.g. con-
gruences and precongruences) in the context of process algebras. We present three very
different applications using formulations of parameterised bisimilarity.

Inspired by the axiomatization of observational congruence by Bergstra and Klop
[BK85] it was shown in [SAK09] that all parameterised bisimilarities which are pre-
orders (resp. equivalences) are also precongruences (resp. congruences) on process



graphs provided there are no “empty observables”. Loosely speaking, in the context
of weak-bisimilarity, the silent action τ of CCS is an empty observable whereas in
the context of strong bisimilarity it is not. The proofs in [SAK09] which axiomatized
(pre-)congruences that did not involve empty observables, were as lengthy as those in
[BK85]. But what eluded a solution therein was a coinductive characterization of obser-
vational congruence. The first application we present in this paper is the characteriza-
tion of observational congruence as a parameterised bisimilarity. The characterization
requires a careful analysis and definition of a certain kind of weak transition to capture
observational congruence in the presence of empty observables.

In [KAK05] a cost-based notion called amortised bisimilarity was defined on a
CCS-like language. The set of actions was augmented with a set of visible actions to
which costs were associated. While it was possible to show fairly easily that amortised
bisimilarity was preserved by most of the operators of CCS, the issue of whether it is
preserved under recursion was left open. The second application we present is a proof
that recursion does preserve amortised bisimilarity. However this proof requires casting
amortised bisimilarity in the form of an equivalent parameterised bisimilarity and using
a generalisation of the “upto”-technique used by Milner and Sangiorgi [SM92] to prove
that the recursion operator preserves the equivalent parameterised bisimilarity.

We devote the last section of this paper to extending the theory of parameterised
bisimulations to a name-passing calculus. We argue that the meaning of the actions
and thus the transitions in name-passing calculi change according to the names being
passed. This dynamic update in the meaning of actions needs to be incorporated in
the definition of parameterised bisimulations for name-passing calculi. We will use the
fusion calculus [Vic98] to develop a general theory of parameterised bisimulations.
The notion of "fusion" as an equivalence relation on names comes in quite handy while
defining parameterised versions of bisimilarity in a name-passing calculus. We will
however, need to give an alternative but equivalent operational semantics for the fusion
calculus which allows for a more natural definition of bisimulations and which, we
argue is necessary in order to define parameterised bisimulations.

2 Parameterised Bisimulations

A labelled transition system (LTS) L is a triple 〈P,O,−→〉, where P is a set of process
states or processes, O is a set of observables and −→ ⊆ P × O × P is the transition
relation. We use the notation p

a−→ q to denote (p, a, q) ∈−→ and refer to q as a
(strong) a-successor of p. The set of a-successors of p is denoted Succpa. q is a successor
of p if it is an a-successor for some observable a. A state q is reachable from p if either
p = q or q is reachable from some successor of p. An LTS of the form 〈P,O,−→〉
may also be thought of as one of the form 〈P,O+,−→〉 such that for any as ∈ O+,
p

as−→ q iff for some p′, p a−→ p′ and p′
s−→ q. The notion of successor may be

appropriately defined. Further by introducing the transition p ε−→ p we may think of L
also as an LTS of the form 〈P,O∗,−→〉. A rooted labelled transition system is a 4-tuple
〈P,O,−→, p0〉 where 〈P,O,−→〉 is an LTS and p0 ∈ P a distinguished initial state.
In general we will consider the set of states of such an LTS as consisting only of those
states that are reachable from the initial state. The term “process” will be used to refer



to a process state in an LTS, as also to the sub-LTS rooted at that state and containing
all the states and transitions reachable from that given state. Since an arbitrary disjoint
union of LTSs is also an LTS, we shall often refer to P as the set of all processes. For
each p ∈ P, Reach(p) denotes the set of all reachable states of p.

Other notational conventions we use are the following.

– ≡ denotes the identity relation on a set. It may be used in the context of observables,
processes and also sets of processes.

– ◦ denotes relational composition i.e. for R ⊆ A × B and S ⊆ B × C, R ◦ S =
{(a, c) | ∃b : aRbSc}.

– R−1 denotes the converse of the relation R.
– 2U denotes the powerset of a set U .
– |s| denotes the length of a sequence s.
– 0 ∈ P is a process that is incapable of performing any observable action.
– Substitutions are applied in prefix form; two substitutions are composed using the

relational composition operator ◦ so that {x/y} ◦ {y/z} = {x/z}.

2.1 (ρ, σ)-Bisimulations

Definition 1. Let P be the set of processes and let ρ and σ be binary relations on O.
A binary relation R ⊆ P × P is a (ρ, σ)-induced bisimulation or simply a (ρ, σ)-
bisimulation if pRq implies the following conditions for all a, b ∈ O.

p
a−→ p′ ⇒ ∃b, q′[aρb ∧ q b−→ q′ ∧ p′Rq′]

q
b−→ q′ ⇒ ∃a, p′[aσb ∧ p a−→ p′ ∧ p′Rq′]

The largest (ρ, σ)-bisimulation (under set containment) is called (ρ, σ)-bisimilarity
and denoted 2(ρ,σ). A (≡,≡)-induced bisimulation will sometimes be called a natural
bisimulation1. B(ρ,σ) denotes the set of all (ρ, σ)-bisimulations.

Proposition 1. (from [AK06]). Let ρ and σ be binary relations on O and let R and S
be binary relations on the set P of processes.

1. If R is a (ρ, σ)-bisimulation and pRq then so is S = R ∩ (Reach(p)× Reach(q)).
2. p 2(ρ,σ) q iff pRq for some R ∈ B(ρ,σ). ut

In Proposition 2 and Theorem 1 we quote important properties of (ρ, σ)-bisimulations.
The reader is referred to [AK06] for some of the proofs.

Proposition 2. (Properties). Let R :p 2(ρ,σ) q denote that R is a (ρ, σ)-bisimulation
containing the pair (p, q).

1. Point-wise Extension Let ρ∗ and σ∗ on O∗ be respectively the point-wise exten-
sions of the relations ρ and σ on O. Then R is a (ρ, σ)-bisimulation iff it is a
(ρ∗, σ∗)-bisimulation. Further,

– R : p 2(ρ,σ) q iff R : p 2(ρ∗,σ∗) q and

1 A strong bisimulation on CCS processes with O = Act is an example of a natural bisimula-
tion.



– 2(ρ,σ) = 2(ρ∗,σ∗) .
2. Monotonicity. If ρ ⊆ ρ′ and σ ⊆ σ′ then every (ρ, σ)-bisimulation is also a

(ρ′, σ′)-bisimulation and hence 2(ρ,σ) ⊆ 2(ρ′,σ′).
3. Inversion.

– R : p2(ρ,σ)q implies R−1 : q2(σ−1,ρ−1)p

– 2−1(ρ,σ) = 2(σ−1,ρ−1).
4. Composition. 2(ρ1,σ1) ◦ 2(ρ2,σ2) ⊆ 2(ρ1◦ρ2,σ1◦σ2) since R1 : p2(ρ1,σ1)q and
R2 : q2(ρ2,σ2)

r implies R1 ◦R2 : p2(ρ1◦ρ2,σ1◦σ2)
r.

5. Reflexivity. If ρ and σ are both reflexive then the identity relation ≡ on P is a
(ρ, σ)-bisimulation and consequently 2(ρ,σ) is reflexive.

6. Symmetry. If ρ and σ are both symmetric, the converse of each (ρ, σ)-bisimulation
is a (σ, ρ)-bisimulation. In addition, if ρ = σ then 2(ρ,σ) is a symmetric relation.

7. Transitivity. If ρ and σ are both transitive then the relational composition of (ρ, σ)-
bisimulations is a (ρ, σ)-bisimulation, and 2(ρ,σ) is also transitive.

8. Preorder characterisation. 2(ρ,σ) is a preorder iff ρ and σ are both preorders.
9. Equivalence characterisation. 2(ρ,σ) is an equivalence iff ρ and σ are both pre-

orders and σ = ρ−1.
10. If ρ is a preorder then 2(ρ,ρ−1) is an equivalence. ut

Theorem 1. Let 2P×P be the set of all binary relations on processes. Then

1. 〈B(ρ,σ),∪, ∅〉 is a commutative submonoid of 〈2P×P,∪, ∅〉.
2. 2(ρ,σ) is a preorder if 〈B(ρ,σ), ◦,≡〉 is a submonoid of 〈2P×P, ◦,≡〉. ut

3 On Observational Congruence

In this section we present a characterization of Milner’s observational congruence re-
lation ≈+ for divergence-free finite-state CCS agents2 as a parameterised bisimilarity.
We achieve this by deriving an LTS which is observationally equivalent to the origi-
nal LTS and show that observational congruence on CCS processes is a parameterised
bisimilarity on the new LTS. In doing so we obtain a coinductive characterization of
observational congruence.

Let L = 〈P, Act,→〉 be the usual LTS defined by divergence-free finite-state CCS
agents. A process q is a µ-derivative (or a weak µ-successor) of p if p

µ
=⇒ q i.e. for

some m,n ≥ 0, p
τmµτn−→ q for any µ ∈ Act. Similarly, q is a derivative of p if it is a

µ-derivative for some µ ∈ Act. For any s ∈ Act∗, let ŝ ∈ A denote the sequence of
visible actions obtained by removing all occurrences of τ in s. Given s, t ∈ Act∗, we
define s =̂ t if ŝ = t̂. Recall from [Mil89] that

– Observational Equivalence (denoted ≈) is the largest symmetric relation on P such

that for all µ ∈ Act, if p
µ−→ p′ then there exists q′ such that q

µ̂
=⇒ q′ and p′ ≈ q′.

Moroever ≈ = 2(=̂,=̂) (from [AK06]).

2 that is pure CCS agents without replication



– Observational Congruence (denoted as ≈+) is the largest symmetric relation on P
such that for all µ ∈ Act, if p

µ−→ p′ then there exists q′ such that q
µ

=⇒ q′ and
p′ ≈ q′.

It may be seen from the definition that≈+ is contained in≈. While≈ is easily shown to
be the parameterised bisimilarity 2(=̂,=̂) on L, a formulation of ≈+ as parameterised
bisimilarity is trickier. This difficulty comes from the fact that any parameterised bi-
simulation is defined coinductively while observational congruence is defined in litera-
ture everywhere in terms of observational equivalence (Note that in the above definition,
observational congruence(≈+) is defined in terms of observational equivalence(≈)). It
is well known that τ.τ.0 ≈+ τ.0 since they both have observationally equivalent τ -
successors. However τ.0 6≈+ 0 because the preemptive power of the τ action may be
used to distinguish them in choice contexts. We present a coinductive characterization
of observational congruence as our first application.

Keeping the above requirement in mind, we define an LTS L† = 〈P, Act.τ∗,−→†〉
derived from L such that Act.τ∗ = {µτn | µ ∈ Act, n ≥ 0} and p µτn

−−−→† p
′ iff there

exists n ≥ 0 and processes p0, · · · , pn such that p
µ−→ p0 ≈

τ−→ p1 ≈
τ−→ · · · ≈ τ−→

pn ≡ p′ and there does not exists any pn+1 such that p′ ≈ τ−→ pn+1. (Note: We use
p ≈ τ−→ q to denote p τ−→ q and p ≈ q here). Since Act+ = (Act.τ∗)+ we may
identify L† with L+

† = 〈P, Act+,−→+
† 〉 where −→+

† denotes one or more transitions
via −→†. We can prove that the LTS L† is observationally equivalent to the original
LTS L for divergence-free3 finite state processes through the following lemma. The
proof of the lemma uses induction on the number of derivatives modulo observational
equivalence that a process can have, where the finite state assumption helps. We refer
the reader to Appendix A for the detailed proof.

Lemma 1. If p is a finite state agent then

1. For all α ∈ Act+ if p α−→†+ p′ then p α−→ p′.

2. For all α ∈ Act+ if p α−→ p′ then there exists α′ with α′ =̂ α such that p α′−→†+ p′′

and p′ ≈ p′′. ut

The main idea behind defining L† was to always ensure that no µ-derivative of
any process p in L† has any τ -derivative which could be weakly bisimilar to itself.
This helps us in ensuring that for any two observationally congruent processes, their
derivatives in L† are observationally congruent to each other as well. For example,
both τ.τ.0 and τ.0 have 0 as their only derivative in L†. Thus, we can now define a
parameterised bisimulation on L† and show that it defines observational congruence.
We refer the reader to Appendix A for the detailed proof of the following theorem.

Theorem 2. For all divergence-free finite-state CCS agents p, q we have p 2(=̂+,=̂+) q

in L+
† iff p ≈+ q, where =̂+ is the restriction of =̂ to Act+. ut

3 divergence-freeness gurantees that there are no infinite τ chains so that we do not lose any
behaviour when defining L†



4 Amortised Bisimulations [KAK05]

In [KAK05] the notion of amortised bisimulations was introduced. The bisimilarity so
defined uses priced actions to compare “functionally related” processes in terms of the
costs incurred in the long run. The notion generalises and extends the “faster than”
preorder defined by Vogler and Lüttgen in [LV06].

Amortised bisimulation is defined on the language of CCS, where in addition to the
normal set of actions Act there is a set of priced actions CA as well. Priced actions
cannot be restricted or relabelled and (since they do not have complements) cannot take
part in synchronisation. They are assigned a cost by a function c : CA → N. This cost
function is extended to A = CA ∪ Act by assigning a zero cost to all actions in Act.
For any a ∈ A, ca denotes the cost of a. The usual interleaving semantics of CCS is
assumed.

Definition 2. Let ρ ⊆ A×A such that ρ is the identity relation when restricted to Act.
A family of relations R = {Ri| i ∈ N} is called a strong amortised ρ-bisimulation,
if whenever (p, q) ∈ Ri for some i ∈ N,

p
a−→ p′ ⇒ ∃b, q′[aρb ∧ q b−→ q′ ∧ p′Rjq′]

q
b−→ q′ ⇒ ∃a, p′[aρb ∧ p a−→ p′ ∧ p′Rjq′]

where j = i + cb − ca. Process p is said to be amortised cheaper (more cost effi-
cient) than q (denoted p ≺ρ0 q or simply p ≺ρ q) if pR0q for some strong amortised
ρ-bisimulation R. Further, p is said to be amortised cheaper than q up to credit i
(denoted p ≺ρi q) if (p, q) ∈ Ri. The index i gives the maximum credit which p requires
to bisimulate q.

One problem that has vexed the authors of [KAK05] is that of proving that amortised
ρ-bisimilarity is preserved under recursion when ρ is known to be a preorder (it may
not work otherwise), since standard techniques are not easily available for bisimulations
defined as families of relations on processes.

We therefore characterise amortised bisimilarity as a parameterised one. We define
C to be the set of states where each state is of the form m : p where m ∈ N. The
intuition is that the state remembers the total cost incurred so far in reaching the current
state. The following rule defines state transitions (−→C) in terms of the transitions of a
process.

p
a−→ p′ ⇒ m : p

(a,n)−→C n : p′, where n = m+ ca

The set of observables is O = A× N and the LTS of interest is 〈C,O,−→C〉. The
following theorem provides the required characterisation of amortised ρ-bisimilarity.

Theorem 3. Let γρ = {((a,m), (b, n)) | aρb,m ≤ n}. Then m : p 2(γρ,γρ)
m : q iff

p≺ρq, for all m ∈ N. ut

The use of Theorem 3 in conjunction with the inheritance properties (Proposition
2) simplifies various proofs of properties of≺ρ by rendering them in a more convenient



form in terms of 2(γρ,γρ)
on C. Some notable examples are parts of Proposition 3,

Lemma 4 and Proposition 5 in [KAK05]. For instance when ρ is a preorder, so is γρ
and hence 2(γρ,γρ) is a preorder too.

By Proposition 1.2, to show that a pair of processes is bisimilar it is necessary and
sufficient to find a bisimulation containing the pair. However, it actually suffices to find
a small relation (containing the pair) which by itself is not a bisimulation, but could
be completed by relational composition with bisimilarity to yield a bisimulation. Such
relations have been (awkwardly) called “upto”-relations [SM92]. But such a completion
may not exist unless the underlying relations are preorders on the observables (see fact
4 and Theorem 5 below).

Definition 3. Let ρ, σ be relations on observables. A relation S ⊆ P×P is said to be
a potential (ρ, σ)-bisimulation if 2(ρ,σ)◦ S◦2(ρ,σ) is a (ρ, σ)-bisimulation.

Fact 4
1. If ρ and σ are both transitive then every (ρ, σ)-bisimulation is also a potential

(ρ, σ)-bisimulation.
2. If ρ and σ are both preorders and R is a potential (ρ, σ)-bisimulation, then so are
R◦2(ρ,σ) and 2(ρ,σ)◦R. ut

A generalisation of a sufficiency condition which may be used in proving that re-
cursion preserves bisimilarity is the following (see [Mil89] and [AKH92]).

Theorem 5. Let ρ and σ both be preorders and R a relation such that (p, q) ∈ R
implies the following conditions for all a, b ∈ O,

– p
a−→ p′ ⇒ ∃b ∈ O, q′[aρb ∧ q b−→ q′ ∧ (p′, q′) ∈ 2(ρ,σ)◦R◦2(ρ,σ) ],

– q
b−→ q′ ⇒ ∃a ∈ O, p′[aσb ∧ p a−→ p′ ∧ (p′, q′) ∈ 2(ρ,σ)◦R◦2(ρ,σ) ].

Then R is a potential (ρ, σ)-bisimulation. ut

For CCS expressions e and f , e ≺ρ f and m : e 2(γρ,γρ)
n : f if under any uni-

form substitution of processes for the free process variables the resulting processes
(respectively states) are related likewise (see [Mil89] for a technically more accurate
definition).

Theorem 3 may now be used in conjunction with Theorem 5 to render the problem
as one of preserving the 2(γρ,γρ)

relation under recursion on C.

Theorem 6. Let e and f be guarded CCS expressions and x a free process variable. If
ρ is a preorder and e ≺ρ f then rec x[e] ≺ρ rec x[f ].

Proof outline: For simplicity we assume x may be the only process variable free in
e and f . Let Em = m : e, Fn = n : f , p = rec x[e], q = rec x[f ], P0 = 0 : p and
Q0 = 0 : q. We have (by Theorem 3) rec x[e] ≺ρ rec x[f ] iff P0 2(γρ,γρ)

Q0. Further
since ρ is a preorder, both γρ and 2(γρ,γρ)

are also preorders onA and C respectively.
Consider the following relation on C.

S = {(m : {p/x}g, n : {q/x}g) | FV (g) ⊆ {x},m ≤ n}



P0 ≡ 0 : {p/x}x and Q0 ≡ 0 : {q/x}x. So (P0, Q0) ∈ S. It then suffices to show that
S is a potential (γρ, γρ)-bisimulation. It may be shown by transition induction ([Mil89],
[AKH92]) that for all (P,Q) ∈ S if P α−→C P ′, α ∈ O, then there exist Q′ and β such

that αγρβ, Q
β−→C Q′ and P ′ S◦ 2(γρ,γρ) Q

′. Similarly if Q
β−→C Q′, β ∈ O, then

we have for some P ′ and α with αγρβ, that P α−→C P ′ and P ′ 2(γρ,γρ)
◦S Q′. By

theorem 5, S is a potential (γρ, γρ)-bisimulation. ut

5 Parameterised Bisimulations in Name-passing Calculi

Extending parameterised bisimulations to a value passing calculus requires more work
in the theory of parameterised bisimulations. One cannot simply define a static rela-
tion on the labels of the transitions in a value passing calculus to define parameterised
bisimulations over it. This is because the meanings of the labels/actions of the pro-
cesses in a value passing calculus such as the π-calculus change dynamically based
on the values passed over the input and output ports. For example, consider an agent
p ≡ u(x)|(u(y).y.0) in the π-calculus[MPW92a,MPW92b], which is one of the most
well known name-passing calculi. Suppose we wish to define a parameterised bisimula-
tion using a relation ρwhich relates the action y with z, i.e. y ρ z. Then by the semantics
of the π-calculus, the value x is passed for y over the port u, which is given in the form
of the transition u(x)|(u(y).y.0)

τ−→ {x/y}y.0 ≡ x.0. Since the name y has now
been identified with x according to the semantics of the π-calculus, the parameterised
bisimulation must take this into account and should relate action x with z, since y was
related to z. Formulating a theory of parameterised bisimulations which allows the dy-
namic update of the parameter relations on actions in accordance with the semantics of
the value passing calculus is the challenging part which we will address in this section.

In this paper we will use the Fusion Calculus[Vic98] as our name-passing calculus
of choice to describe the theory of parameterised bisimulations for value passing cal-
culi. The most important reason in doing so is the explicit identification of names in
the fusion calculus using equivalence relations called "fusions" instead of using sub-
stitutions to reflect the impact of communications. This explicit equivalence makes it
possible for us to give a generalized theory of parameterised bisimulations which is not
possible using substitution effects. To see this, consider a simple example of an action
t(u, a). Suppose we have a relation on names ρ such that u ρ v, a ρ b and t ρ t. Then
one can extend the relation ρ to relate the action t(u, a) with t(v, b). However, consider
the case where some name w has been identified with both u and a, via some interac-
tions between communication actions. Then the action t(w,w) should be ρ-related to
t(v, b), however it is not possible to obtain this relationship by applying a substitutive
effect on t(w,w), which will replace w with a unique name, which may be either u
or a. We need to consider the equivalence relation on names which identifies w with
both u and a, in order to be able to relate t(w,w) with t(u, a) under ρ. Thus represent-
ing the identification of names as a result of communication by an equivalence relation
on names is necessary to develop a general theory of parameterised bisimulations for
name-passing calculi. The fusion calculus helps us in this regard as it represents the
effects of communications by "fusion" actions which define equivalence relations on
names.



Although the semantics of the fusion calculus does define equivalence relations
on names via "fusion" actions, bisimulations in the fusion calculus are still defined in
terms of the substitutive effects of fusions. As mentioned above, we would like the
definitions of parameterised bisimulations to be independent of the substitutive effects.
We therefore provide a modified operational semantics of the fusion calculus, which
makes the effect of fusion actions explicit and allows for the definitions of bisimulations
in a more natural manner without the use of any substitutive effects. We devote the next
subsection to providing the details of the modified semantics for the fusion calculus
with a brief comparision with the original semantics [Vic98].

5.1 An Alternative Operational Semantics for the Fusion Calculus

Assume an infinite set of namesN ranged over by u, v, . . . , z. Let x̃ denote a (possibly
empty) finite sequence of names x1, . . . , xn. Then the syntax of fusions (ranged over by
ϕ), free actions (ranged over by α) and that of agents (processes) in the fusion calculus
is given by the following BNF.

ϕ ::= {x̃ = ỹ}
α ::= ux̃ | ūx̃ | ϕ
p, q, r ::= 0 | α.q | q + r | q|r | (x)q

where ux̃ and ūx̃ are polyadic versions of input and output respectively (collectively
called communication actions with u and ū called subjects and x̃ the objects of the
communication) and ϕ is a fusion action. A fusion represented by {x̃ = ỹ} (for se-
quences of names of equal length) is the smallest equivalence relation such that xi = yi
for 1 ≤ i ≤ n. Thus ϕ ranges over total equivalence relations overN with only finitely
many non-singular classes. For any name z and equivalence ϕ, ϕ\z is the equivalence
(ϕ∩ (N −{z})2)∪{(z, z)} obtained from ϕ by deleting all occurrences of the name z.
We denote the empty fusion (the identity relation) by 1. The set of names occurring in
an action α is denoted as n(α). The name x is said to be bound in (x)q. We write (x̃)q
for (x1) · · · (xn)q. An action is either a fusion action or a communication action of the
form (z̃)ux̃ where z̃ = z1, . . . , zn, n ≥ 0 and each zi ∈ x̃. A communication action is
bound if n > 0. There are no bound fusion actions.We will denote the set of all actions
by Act (ranged over by α, β, γ) and the set of all agents P. We denote sequences of
actions by bold Greek letters α,β,γ.

So far, the above description given for actions and processes in the fusion calculus is
identical to that given in Victor’s thesis[Vic98]. In a departure from Victor’s treatment,
we associate an Environment or “shared state” in the operational semantics of a process.
This environment may be seen as the accumulation of the “side effects” of the fusion
actions during transitions. Every action and hence a sequence of actions has a side
effect, which is the creation of an equivalence on names. We define a function on action
sequences which captures this side effect.

Definition 4.

E(α) =

ϕ⊕ E(α′) if α = ϕ.α′

E(α′) if α = α.α′

1 if α = ε



where α is a communication action and ϕ ⊕ ϕ′ = (ϕ ∪ ϕ′)∗ denotes the smallest
equivalence relation containing both ϕ and ϕ′.

We formally define the environment or the shared state which is created during pro-
cess execution in the following definition. We also define their substitutive effects which
allow us to reduce an environment and process pair to a single process. Substitutive ef-
fects are important when we need to compare our bisimulations with the one’s defined
by Victor’s semantics.

Definition 5. Let Env, referred to as the set of environments, be the set of all equiv-
alence relations on N defined by a finite set of pairs of non-identical names. Thus an
environment ψ ∈ Env is an equivalence relation on names and it is extended to actions
as follows.

– (ỹ1).u.x̃1 ψ (ỹ2).v.x̃2 iff |ỹ1| = |ỹ2|, |x̃1| = |x̃2|, ỹ1 ψ ỹ2, x̃1 ψ x̃2 and u ψ v.
– {ỹ1 = x̃1} ψ {ỹ2 = x̃2} iff |ỹ1| = |ỹ2|, |x̃1| = |x̃2|, ỹ1 ψ ỹ2 and x̃1 ψ x̃2.

Definition 6. A substitutive effect of an environment ψ is a substitution θ such that
∀x, y we have xψy if and only if θ(x) = θ(y) and ∀x, y if θ(x) = y then xψy.

PREFL
−

α.p
α→ p

PREFR
−

(ψ, α.p)
α→ (ψ ⊕ ψ(α), p)

SUML
p
α→ p′

p+ q
α→ p′

SUMR
(ψ, p)

α→ (ψ′, p′)

(ψ, p+ q)
α→ (ψ′, p′)

PARL
p
α→ p′

p|q α→ p′|q
PARR

(ψ, p)
α→ (ψ′, p′)

(ψ, p|q) α→ (ψ′, p′|q)

PASSL
p

α−→ p′

(z)p
α−→ (z)p′

, z 6∈ n(α) PASSR
(ψ, p)

α−→ (ψ′, p′)

(ψ, (z)p)
α−→ (ψ′, (z)p′)

, z 6∈ n(α)

SCOPEL
p

ϕ−→ p′, zϕx, x 6= z

(z)p
ϕ\z−→ p′{x/z}

SCOPER
(ψ, p)

ϕ−→ (ψ ⊕ ϕ, p′), zϕx, x 6= z

(ψ, (z)p)
ϕ\z−→ (ψ ⊕ (ϕ\z), p′{x/z})

OPENL
p

(ỹ)ax̃−→ p′, z ∈ x̃− ỹ, a 6∈ {z, z̄}

(z)p
(zỹ)ax̃−→ p′

OPENR
(ψ, p)

(ỹ)ax̃−→ (ψ, p′), z ∈ x̃− ỹ, a 6∈ {z, z̄}

(ψ, (z)p)
(zỹ)ax̃−→ (ψ, p′)

COML
p

ux̃−→ p′, q
ūỹ−→ q′, |x̃| = |ỹ|

p|q {x̃=ỹ}−→ p′|q′

(ψ, p)
ux̃−→ (ψ, p′), (ψ, q)

v̄ỹ−→ (ψ, q′),
|x̃| = |ỹ|, u ψ v

COMR
(ψ, p|q) {x̃=ỹ}−→ (ψ ⊕ {x̃ = ỹ}, p′|q′)

Fig. 1. Original (L) and alternative (R) SOS rules (modulo structural congruence)

The left half of figure 1 shows the original operational semantics of the fusion calcu-
lus (modulo structural congruence)[Vic98]. The right half is the alternative operational
semantics based on our notion that the state of process execution should be represented
by an environment-process pair. An α denotes a free action in the rules. Every agent
according to this semantics executes in an environment (possibly the identity denoted
by 1) defined and regulated by scope. It should be noted that all the transitions allowed



by the rules in the original semantics hold in the alternative semantics as well, except
that the new semantics defines the transition on an environment-process pair. Thus, any
transition that an agent p can perform under the rules of the original semantics also
holds for (ψ, p) for any environment ψ. In fact, the COM rule in figure 1 allows more
transitions in our semantics by specifying possible synchronizations between previously
fused names. We illustrate this difference with the following example.

Example 1. Consider a process r ≡ ua.a.0|ūb.b̄.0. Then by the semantics of figure 1
the following sequence of transitions can be derived starting with the identity environ-
ment 1.

(1, ua.a.0|ūb.b̄.0)
{a=b}−→ ({a = b}, a.0|b̄.0)

1−→ ({a = b},0)

The second transition obtained by the interaction of a with b̄ was made possible by
the COMR rule as a and b have been fused, but it would not have been possible in the
original semantics. However while defining behavioral relations the second transition is
indeed taken into account by virtue of a substitutive effect of the first transition (which
will either substitute a for b or vice-versa)[Vic98]. Thus even though the new semantics
yields more transitions for the processes when compared with the original semantics, it
still models the same intended behavior with the added advantage that we do not have
to rely on any substitutions while defining bisimulations.

The following lemmas help in establishing the equivalence of behavior as given by
original semantics using substitutive effect and the modified semantics using environ-
ments.

Lemma 2. ([Bag11]) Let θ1 be a substitutive effect of ψ1 and s be a substitutive effect
of θ1(ψ2). Then s ◦ θ1 is a substitutive effect of ψ1 ⊕ ψ2 = ψ. ut

Lemma 3. ([Bag11]) For any ψ ∈ Env and x, z ∈ N such that xψz, we have

(ψ, p)
α−→ (ψ ⊕ E(α), p′) iff (ψ\x, {z/x}p) {z/x}α−→ (ψ ⊕ E(α)\x, {z/x}p′) ut

Since the main focus of this paper is on the results concerning parameterised bisimula-
tions, we will limit our discussion to behaviours as described by the modified semantics.
We refer the reader to [Bag11] for a formal proof of equivalence upto bisimilarity of
the two semantics.

5.2 Parameterised Bisimulations in the Fusion Calculus

We first give the definition of bisimulations for the fusion calculus according to the
original semantics[Vic98] before defining parameterised bisimulations for the modified
semantics. In order to do so, we must first extend the transition relation for processes
defined by Victor’s semantics to Act∗ by incorporating substitutive effects of the tran-
sitions.

Definition 7. For all p ∈ P, we have p ε−→ p and for all α = α.α′ where α,α′ ∈
Act∗, we have p α−→ p′ iff there exists some p′′ ∈ P such that p α−→ p′′ and (θp′′)

θα′

−→
p′ where θ is some substitutive effect of E(α).



Definition 8. A relationR is a strong bisimulation if pRq implies ∀α,β ∈ Act∗,

p
α−→ p′ ⇒ ∃q′ : q

α−→ q′ ∧ (θαp
′)R(θαq

′)

q
β−→ q′ ⇒ ∃p′ : p

β−→ p′ ∧ (θβp
′)R(θβq

′)

where θπ is a substitutive effect ofE(π) withπ = α,β. ∼̇ denotes strong bisimilarity.

As we argued before, the meanings of the actions in value passing calculi change in
accordance with the names identified by transitions. In the fusion calculus, this iden-
tification of names is represented by the environment. This equivalence on names is
taken into account using substitutive effects when defining bisimulations for the fusion
calculus. With the modified semantics we can incorporate the effect of the environment
more easily by arguing that given any state (ψ, p), any computation α performed by
process p should be considered exactly identical to a computation α′ if αψα′ holds,
where ψ is extended point-wise to actions. Let ρ be a relation on actions which deter-
mines which computations should be considered ρ-related for the purpose of defining
parameterised bisimulations. Then an action sequence β should be considered ρ-related
to another action sequence α if there exist action sequences α′ and β′ such that αψα′,
βψβ′ and α′ρβ′. Equivalently, given an environment ψ, an action sequence β should
be considered ρ-related to another action sequence α iff α ψ ◦ ρ ◦ ψ bmβ holds.
With this formalisation of “ρ-relatedness” we modify our standard definition of (ρ, σ)-
bisimulations to define a generalised (ρ, σ)-bisimulation for the fusion calculus.

Definition 9. Let ρ, σ ⊆ Act2. A relation G ⊆ (Env × P)2 is a generalised (ρ, σ)-
bisimulation if (ψ, p) G (ω, q) implies for all α1,β2 ∈ Act∗,

(ψ, p)
α1−→ (ψ′, p′)⇒ ∃α2 : α1ρ

′α2, (ω
′, q′) : (ω, q)

α2−→ (ω′, q′)∧(ψ′, p′) G (ω′, q′)

(ω, q)
β2−→ (ω′, q′) ⇒ ∃β1 : β1σ

′β2, (ψ
′, p′) : (ψ, p)

β1−→ (ψ′, p′)∧(ψ′, p′) G (ω′, q′)

where ρ′ = ψ ◦ ρ ◦ ω and σ′ = ψ ◦ σ ◦ ω.

While comparing processes, we may claim that they are related only if they display
related behaviours under the same environment. This leads to the following definition
of bisimulation.

Definition 10. A generalised (ρ, σ)-bisimulation G is a (ρ, σ)-bisimulation if for all
ψ, ω ∈ Env and p, q ∈ P, (ψ, p) G (ω, q) implies ψ = ω. We refer the largest (ρ, σ)-
bisimulation as (ρ, σ)-bisimilarity (denoted 2(ρ,σ)).

To be able to relate the parameterised bisimulations (Definition 10) with the bisimula-
tions already defined for fusion calculus (Definition 8), we need to define a mapping
from states to processes since our bisimulations are defined for states. This motivates
the definition of the following translation relation.

Definition 11. Let the relation T ⊆ States × P called the translation relation be
defined by (ψ, p)Tp′ if and only if there exists θ a substitutive effect of ψ, such that
θp = p′.



Proposition 1 Let T be the translation relation given in Definition 11. Then T◦∼̇◦T−1
is a generalised (≡,≡)-bisimulation (Definition 10), where ∼̇ is strong bisimilarity
(Definition 8).

Proof. Let (ψ, p)T ◦ ∼̇ ◦T−1(ω, q). Then by definition of the translation relation, for
some substitutive effect θψ of ψ and θω of ω we must have θψp ∼̇ θωq. Let (ψ, p)

α−→
(ψ′, p′) where ψ′ = ψ ⊕ E(α). Then by Lemma 3, θψp

θψ(α)−→ θψp
′ which implies

that there exists q′′ ∈ P such that θωq
θψ(α)−→ q′′ and θ(θψ(p′))∼̇θ(q′′), where θ is a

substitutive effect of θψ(α). Now by converse of Lemma 3 there must exist q′ ∈ P and

β ∈ Act∗ such that (ω, q)
β−→ (ω′, q′) where ω′ = ω ⊕ E(β), θω(β) = θψ(α) and

θω(q′) = q′′. Now by Lemma 2, θ ◦ θψ is a substitutive effect of ψ′ and θ ◦ θω is a

substitutive effect of ω′ . Hence we have (ω, q)
β−→ (ω′, q′) where αψ◦ ≡ ◦ωβ and

(ψ′, p′)T ◦ ∼̇ ◦T−1(ω′, q′). A similar proof may be given for a transition of q. ut

Proposition 2 Let δ be a one to one function mapping environments to substitutions
such that δ(ψ) is a substitutive effect of ψ, for any ψ ∈ Env. Given δ, we define a
sub-relation S of the translation relation T such that (ψ, p) S q iff (δ(ψ))p = q. Then
S−1 ◦2(≡,≡) ◦ S ⊆ ∼̇.

Proof. Let pS−1 ◦ 2(≡,≡) ◦ Sq. Then for some ψ, p′, q′ we have (ψ, p′)2(≡,≡)(ψ, q
′)

where (δ(ψ))p′ = p and (δ(ψ))q′ = q (by definition of S). Suppose p
γ−→ pd. Then

by Lemma 3, we have (ψ, p′)
α−→ (ψ′, p′′) where (δ(ψ))p′′ = pd, δ(ψ)(α) = γ and

ψ′ = ψ⊕E(α). Then by definition of 2(≡,≡), there must exist β such that (ψ, q′)
β−→

(ψ′, q′′) where αψ◦ ≡ ◦ψβ and (ψ′, p′′)2(≡,≡)(ψ
′, q′′). Since αψ◦ ≡ ◦ψβ, we have

(δ(ψ))(α) = γ = (δ(ψ))(β). Thus we have q
γ−→ qd where qd = (δ(ψ))q′′. Now let

s be any substitutive effect of γ = δ(ψ)(α), then by Lemma 2, s ◦ δ(ψ) is a substi-
tutive effect of ψ′ = ψ ⊕ E(α). Furthermore we can choose s and δ(ψ′) to be such
that s ◦ δ(ψ) = δ(ψ′). We thus have s(pd) S−1 ◦2(≡,≡) ◦ S s(qd) (as (δ(ψ))p′′ = pd,
(ψ′, p′′)2(≡,≡)(ψ

′, q′′) and (δ(ψ))q′′ = qd). A similar proof may be given for a transi-
tion of q. ut

Corollary 1. 2(≡,≡) = T ◦ ∼̇ ◦T−1, where ∼̇ is strong bisimilarity (Definition 8).

Proof. It follows from Proposition 2 that S−1 ◦2(≡,≡) ◦S ⊆ ∼̇ for some S ⊆ T. Since
◦ is monotonic in each argument with respect to the ⊆ ordering, we get 2(≡,≡) ⊆
S ◦ ∼̇ ◦ S−1 ⊆ T ◦ ∼̇ ◦T−1. The reverse containment follows from Proposition 1. ut

5.3 Parameterised Hyperbisimulations

A (ρ, σ)-bisimulation as defined above only compares two states under identical en-
vironments. However we are actually interested in comparing processes and not the
states in which they operate. Intuitively speaking, two processes may be considered
equivalent only if they are equivalent under all environments. Hence we need to extend
(ρ, σ)-bisimulations to a bisimulation based ordering defined over processes.



Definition 12. A relation H ⊆ P2 is a (ρ, σ)-hyperbisimulation iff for all p, q ∈ P,
pH q implies for all ψ ∈ Env, there is a (ρ, σ)-bisimulation G such that (ψ, p)G(ψ, q).
The largest (ρ, σ)-hyperbisimulation called (ρ, σ)-hyperbisimilarity is denoted 2(ρ,σ).

The concept of hyperbisimulations is unique to fusion calculus and it was originally
defined by Victor in his work as the largest congruence contained within bisimulation.
A very important property of interest for hyperbisimulations in the fusion calculus is
the property of substitution closure which is necessary if one wishes to prove that hy-
perbisimilarity is a congruence.

Definition 13. A relation ρ is conservative iff ∀α,β if αρβ then E(α) = E(β). It is
substitution-closed iff ∀x, y,α,β if αρβ then ({x/y}α)ρ({x/y}β).

The following result (see [Bag11] for a proof) shows that substitution-closure on pro-
cesses can also be derived from certain properties of the relations on actions for param-
eterised hyperbisimulations.

Corollary 2. ([Bag11]) If ρ and σ are both conservative and substitution closed rela-
tions on actions then for all ψ ∈ Env and θ such that θ is a substitutive effect of ψ
we have (ψ, p)2(ρ.σ)(ψ, q) if and only if (1, θp)2(ρ,σ)(1, θq). Furthermore if p2(ρ,σ)q
then for all substitutions θ we have (θp)2(ρ,σ)(θq). ut

Our motivation in defining hyperbisimulations is the same as Victor’s, i.e. hyper-
bisimulations should relate processes which have the same behaviour in all contexts.
However we have defined hyperbisimulations as the natural lifting of bisimulations,
which are relations defined over states, to relations defined over processes, whereas in
[Vic98] hyperbisimulation is used to define the largest congruence contained in bisimu-
lations defined on original semantics and is obtained by closing the relation under all
substitutions.

Definition 14. A strong bisimulation (Definition 8) R is a strong hyperbisimulation
iff it is substitution-closed i.e. for all substitutions θ, if pRq then (θp)R(θq). We denote
the largest strong hyperbisimulation, called strong hyperbisimilarity, by ∼.

The reason we choose to call the relation defined in Definition 12 as parameterised
hyperbisimulation is because the relation defined by us turns out to be identical to the
hyperbisimulations defined by Victor using the original semantics, as shown by the
following result.

Corollary 3. 2(≡,≡) =∼ i.e. strong hyperbisimilarity (Definition 14), equals parame-
terised (≡,≡)-hyperbisimilarity (Definition 12).

Proof. By Definition 14, p ∼ q iff for all substitutions θ we have θp ∼̇ θq. By Corollary
1 and noting that (1, p)Tp holds for all processes p, we have θp ∼̇ θq if and only
if (1, θp)2(≡,≡)(1, θq). Let ψ be any environment such that θ is a substitutive effect
of ψ, then by Corollary 2, we have (ψ, p)2(≡,≡)(ψ, q). Since the result holds for all
substitutions θ and hence for all environments ψ which have θ as its substitutive effect,
by Definition 12, we have p2(≡,≡)q . Each step of the proof is reversible, hence the
converse also holds. ut



6 Concluding Remarks

Some applications of parameterisation to the algebraic theory of bisimulations on pro-
cess algebras were presented in this paper. While parameterisation has led to a more
general notion of bisimulation, we have gone further in this paper by generalising this
notion for name-passing calculi. In a manner similar to our earlier results, one can show
that the properties of parameterised bisimulations for the value-passing calculus may be
derived from the properties of the relations defined on actions, thereby providing a gen-
eralized framework for the study of bisimulations in value-passing calculi. In particular,
one can show that the monotonicity, inversion, symmetry and reflexivity properties as
shown in Proposition 2 also hold for these bisimulations, by simply noting that if ρ is
symmetric or reflexive then so is ψ ◦ ρ ◦ψ and (ψ ◦ ρ ◦ψ)−1 = ψ ◦ ρ−1 ◦ψ. Also if one
were to limit oneself to processes which can be represented in a non-value passing cal-
culus like CCS, then the Definition 10 reduces to Definition 1. Therefore it strengthens
our confidence that Definition 10 is the correct generalization of parameterised bisimu-
lations to value passing calculus.

A more general proof can be given along the lines of corollary 3 to show that anal-
ogous notions such as weak (hyper-)bisimulations, efficiency preorder [AKH92] and
elaborations [AKN95] over fusion calculus agents are special cases of (ρ, σ)−(hyper-
)bisimulations by choosing ρ and σ appropriately. Further work may be done on in-
vestigating and extending the earlier results given for parameterised bisimulations, for
example the axiomatization of parameterised bisimulations given in [SAK09], to the
more generalised framework given for name passing calculus presented in this paper.
Acknowledgement. The research presented in this paper was partly sponsored by EADS Corp.
We are thankful to the suggestions of anonymous reviewers who helped improve this paper. We
are also thankful to Shibashis Guha for his careful review and suggestions.
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A Appendix: Observational Congruence Proof

We provide the proofs for the observational equivalence of the derived LTS L† with
the original LTS L (see Lemma 1 in paper) and the observational congruence as pa-
rameterised bisimulation in L† (see Theorem 2 in paper) here. The formal proof of the
results mentioned in the paper requires the proof of various other lemmas, which makes
the proof quite lengthy but it ensures that we cover all the details, thus making them
necessary.

Definition A1 Let L = 〈P, Act,→〉 be the usual LTS defined by divergence-free finite-
state CCS agents. We define an LTS L† = 〈P, Act.τ∗,−→†〉 derived from L such that
Act.τ∗ = {µτn | µ ∈ Act, n ≥ 0} and p µτn

−−−→† p
′ iff there exists n ≥ 0 and processes

p0, · · · , pn such that p
µ−→ p0 ≈

τ−→ p1 ≈
τ−→ · · · ≈ τ−→ pn ≡ p′ and there does not

exists any pn+1 such that p′ ≈ τ−→ pn+1. (Note: We use p ≈ τ−→ q to denote p τ−→ q
and p ≈ q here).

Since Act+ = (Act.τ∗)+ we may identify L† with L+
† = 〈P, Act+,−→+

† 〉 where
−→+

† denotes one or more transitions via −→†. We formally define the set of all weak

µ-successors of p as the set Derpµ, i.e. Derpµ = {p′|p µ
=⇒ p′, µ ∈ Act}. We define the

following preorder on these sets.

Definition A2 Derpµ
⊂
≈ Derqµ if for every p′ ∈ Derpµ there exists q′ ∈ Derqµ such that

p′ ≈ q′ and Derpµ
⊂
6≈ Derqµ if Derpµ ⊂≈ Derqµ and there exists q′ ∈ Derqµ such that p′ 6≈ q′

for every p′ ∈ Derpµ. Derpµ ⊂⊃≈ Derqµ if Derpµ ⊂≈ Derqµ and Derqµ
⊂
≈ Derpµ.

From Definition A2 it follows that p ≈ q iff Derpa ⊂⊃≈ Derqa for every a ∈ Act \ {τ}
and p ≈+ q iff Derpµ ⊂⊃≈ Derqµ for each µ ∈ Act. The following lemma follows from
the preemptive power of the τ action.

Lemma A1 For any processes p, p′ ∈ P , if p τ
=⇒ p′ then Derp

′

µ
⊂
≈ Derpµ for every

µ ∈ Act. Further, if p 6≈ p′ implies Derp
′

ν
⊂
6≈ Derpν for some ν ∈ Act.



Proof. Let p′′ ∈ Derp
′

µ for some µ ∈ Act, then p τ
=⇒ p′

µ
=⇒ p′′ (by definition of

Derp
′

µ ), hence p
µ

=⇒ p′′. Thus we also have p′′ ∈ Derpµ. Since p′′ was arbitrary, we have

Derp
′

µ
⊂
≈ Derpµ for all µ ∈ Act. now if p 6≈ p′ implies ∃ν ∈ Act such that p ν

=⇒ p′′ but
6 ∃p′′′ such that p′ ν

=⇒ p′′′ and p′′ ≈ p′′′ (by definition of ≈). Clearly p′′ ∈ Derpν hence

Derp
′

ν
⊂
6≈ Derpν for some ν ∈ Act. ut

Lemma A2 If p is a finite state agent then

1. p τ
=⇒ p′ implies p τn−−→† p′′ ≈ p′ for some n > 0, and

2. for any a ∈ Act \ {τ}, p a
=⇒ p′ implies p τmaτn−−−−−→†+ p′′ ≈ p′ for some m,n ≥ 0.

Proof. (part 1)
Let p τ

=⇒ p′ then we must have p τn−−→† q for some n > 0 such that either q ≈ p′

or q τ+−−→† q′
τ

=⇒ q′′ such that q′′ ≈ p′ and q′ 6≈ p. In case 1 the result holds. In
case 2 we clearly have by Lemma A2, for all µ ∈ Act we have Derq

′

µ
⊂
≈ Derpµ and

there exists ν ∈ Act such that Derq
′

ν
⊂
6≈ Derpν . By using finite state agent assumption i.e.∑

µ∈Act
|Derpµ| is finite, applying above logic inductively with

∑
µ∈Act

|Derpµ| as induction

variable we have our result.
(part 2)
Let p a

=⇒ p′ for some a ∈ Act \ {τ}. Then we have the following two cases:

– case 1: p τ−→ p1
a

=⇒ p′

by part 1, in this case we have p τ+−−→† q such that q ≈ p1. Hence q a
=⇒ q′ such

that q′ ≈ p′ (by definition of q ≈ p1). now if q τ−→ q′′
a

=⇒ q′ then q τ+−−→† r such

that r ≈ q′′ (by part 1) but r 6≈ p (by definition of L† and since p
τ+

→2
† r). Then

by claim A2 we have
∑
µ∈Act

|Derrµ| <
∑
µ∈Act

|Derpµ| and r a
=⇒ r′ such that r′ ≈ p′.

Thus under finite state assumption we can only have this case finitely many times
and eventually we will get case 2.

– Case 2: p a−→ p1 ⇒ p′

Then by definition of L† we must have a q such that p a.τ∗→† q such that q ≈ p1
. Since q ≈ p1, we have q ⇒ q′ ≈ p′. Now either q ≈ p′ in which case we
are done or else we have q τ⇒ q′ ≈ p′ and q 6≈ p′. Then by part 1 we will have
q τ+−−→† r ≈ q′ ≈ p′. ut

The following lemma shows that the LTS L† is observationally equivalent to the
original LTS L.

Lemma A3 If p is a finite state agent then

1. For all α ∈ Act+ if p α−→†+ p′ then p α−→ p′.



2. For allα ∈ Act+ if p α−→ p′ then there existsα′ withα′ =̂α such that p α
′

−→†+ p′′

and p′ ≈ p′′.
Proof. The (1) result follows straightforward from the definition of L†, since every
transition in L† is defined only if the corresponding transition exists in L. We prove (2)
by induction on the length of α. Base case of induction, i.e. α = a ∈ Act, follows
trivially from the definition of L†. We assume by induction hypothesis that for all α
such that |α| = k and k ≥ 1, if p α→ p′ then there exists α′ ∈ Act+ such that α̂′ = α̂

and p
α′

→+
† p
′′ and p′ ≈ p′′. Now Let |α| = k + 1 then α = γ.a where |γ| = k, k ≥ 1.

Now if p α→ p′ then there exists a q such that p
γ→ q and q a−→ p′. By IH now there

must exist γ′ ∈ Act+ such that γ̂′ = γ̂ and p
γ′

→+
† q′ and q ≈ q′. Since q ≈ q′ and

q
a−→ p′ implies q′ a

=⇒ p′′′ such that p′ ≈ p′′′. Then by Lemma A2, there must exist p′′

such that q′ τ
n.a.τm→† p′′ for some n,m ≥ 0 and p′′ ≈ p′′′ ≈ p′ . Thus we have p

α′

→+
† p
′′

and p′ ≈ p′′ where α′ = γ′.τn.a.τm. ut

Theorem A1 For all divergence-free finite-state CCS agents p, q we have p2(=̂+,=̂+) q

in L+
† iff p ≈+ q, where =̂+ is the restriction of =̂ to Act+

Claim A1 Observational Congruence, ≈+ is a (=̂+, =̂+)−bisimulation in L†+

Proof. Let p ≈+ q. Then for some α ∈ Act+ such that p
α

→+
† p
′ we must have p α→ p′

(by Lemma A3). Since p ≈+ q, there must exist a q′ and β ∈ Act+ such that α̂ = β̂

and q
β→ q′ and p′ ≈ q′. Now by Lemma A3 there must exist β′ ∈ Act+ such that

α̂ = β̂ = β̂′ and q
β′

→+
† q′′ and q′ ≈ q′′. i.e. q

β′→ q′′ and p′ ≈ q′′. Now by our
definition for L†+ there does not exists any τ child of p′ and q′′ which are bisimilar to
them, hence p′ or q′′ cant do a ε transition to match a τ transition for the other process

and still reach bisimilar states. Hence p′ ≈+ q′′. Hence we have q
β′

→+
† q
′′ and p′ ≈+ q′′

and α̂ = β̂′. Since α was arbitrary, this holds for all α. We can show the result for all
transitions of q in the similar way. Hence we have ≈+ as a (=̂+, =̂+)−bisimulation by
definition.

Claim A2 (=̂+, =̂+)−bisimulation in L†+ is a observational congruence upto weak
bisimulation.

Proof. Let p2(=̂+,=̂+)q in L†+. Then for some α ∈ Act+ such that p α→ p′ there must

exist α′ ∈ Act+ such that α̂′ = α̂ and p
α′

→+
† p
′′ and p′ ≈ p′′ (by Lemma A3)

Hence there exists β ∈ Act+ such that α̂′ = β̂ and q
β

→+
† q′ and p′′2(=̂+,=̂+)q

′.

Therefore, q
β→ q′ and α̂ = β̂ and p′ ≈ p′′2(=̂+,=̂+)q

′ where β ∈ Act+.Since α
was arbitrary, this holds for all α. We can show the result for all transitions of q in the
similar way. Hence proved. ut


