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Abstract. In this paper, we generalize the notion of bisimulations to "bisimulations induced by a pair of rela-
tions" on the underlying action set. We establish that many of the nice properties of bisimulations and bisimilar-
ities may be thought of as actually being inherited from properties of the underlying orderings on actions. We
show that many bisimulation-based orderings (including strong and weak bisimilarity) defined in the literature
are instances of this generalization. We also show by an example that there are instances where the equivalence
of two systems (which intuitively have the same functionality), cannot be established directly by observational
equivalence.
We explore these new generalized notions by defining new preorders and equivalences based on an abstract
notion of cost. By suitably translating the notion of cost from purely semantic models of concurrent systems we
show that this notion may be used to translate processes expressed as labelled transition systems into labelled
transition systems with cost-oriented transitions. We prove transformation theorems for both the synchronous
and asynchronous products of LTSs into cost-oriented LTSs,which preserve existing bisimulation based notions
that have been defined for them in the literature.

1 Introduction

In this paper we generalize the notion of bisimulations [12](and bisimilarity) by parametrizing the notion on a
pair of binary relations imposed on the set of actions. The usual notion of bisimulation is obtained as a special
case when both binary relations are the identity relation onactions. With a minimal number of assumptions we
show that some of the nice properties of bisimulations and bisimilarity relations may be viewed as being induced
by the corresponding properties of the underlying relations on actions. In particular, we may view the properties of
reflexivity, symmetry and transitivity of both strong and weak bisimilarity as being inherited from the underlying
equivalence relations on the set of actions.

We develop these notions in the setting of labelled transition systems with a parallel composition operation. We re-
strict our attention to parallel composition operators which respect an expansion law (e.g. interleaving parallelism
as in CCS and lock-step parallelism as in SCCS). This impliesthat processes represented as rooted labelled tran-
sition systems are closed under a product operation that represents their parallel composition. These cases provide
instances of how one may define cost-oriented bisimulation relations by basing them on a “temporal” ordering or
a “spatial” ordering on the underlying action sets respectively.

We explore these new generalized notions by defining new preorders and equivalences based on an abstract no-
tion of cost. By suitably translating the notion of cost frompurely semantic models of concurrent systems we
show that this notion may be used to translate processes expressed as labelled transition systems into labelled
transition systems with cost-oriented transitions. We prove transformation theorems for both the synchronous and
asynchronous products of LTSs into cost-oriented LTSs, which preserve existing bisimulation based notions that
have been defined for them in the literature.

The paper is organized as follows. In section 2 we introduce our generalized notions and prove some basic inheri-
tance properties. Particular cases when the two underlyingpartial orders on the action set are the same are further
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explored in this section. In section 3 we illustrate, through an example, the need for more generalized notions than
strong and weak bisimulation. In section 4 we define cost oriented bisimilarity relations. In section 5 we discuss
temporal preorders and prove that they may be captured in a cost-oriented framework. Similarly in section 6.2 we
discuss preorders under a synchronous parallel composition operation and show their transformation into the same
cost-oriented framework. Section 7 is the conclusion.

The proofs of most of these results are quite easy (and given in the appendix for completeness). The main contri-
bution of this paper is the articulation of a generalized viewpoint which we believe has its uses.

2 (ρ, σ)-Bisimulations

A labelled transition system (LTS)L is a 3-tuple〈P, Act,−→〉, whereP is a set ofprocess statesor processes,
Act is a (possibly countable) set of actions and−→⊆ P×Act×P is thetransition relation. We use the notation
p

a
−→ q to denote(p, a, q) ∈−→ and refer toq as ana-derivativeor ana-successorof p. q is a derivativeor

successorof p if it is an a-successor for some actiona. q is reachablefrom p if either p = q or q is reachable
from some successor ofp. A rootedlabelled transition system is a 4-tuple〈P, Act,−→, p0〉 where〈P, Act,−→〉
is a LTS with a distinguishedinitial statep0 ∈ P. In general we will consider the set of states of such a LTS as
consisting only of those states that are reachable from the initial state. The term “process” will be used to refer
to a process state in a LTS, as also to the sub-LTS rooted at that state and containing all the states and transitions
reachable from that given state. Since an arbitrary disjoint union of LTSs is also an LTS, we shall often refer toP

as the set of all processes.

Even though our proofs are not specific to any particular process calculus, we often use the syntax of CCS [10]
for defining processes of particular interest. In particular, 0 denotes the process which can perform no action
whatsoever. Other notational conventions we use are:

– ≡ for the identity relation on a set. It may be used in the context of actions, processes and also sets of processes.
– ◦ to denote relational composition
– ℘(U) to denote the powerset of a setU .

Definition 1. LetP be the set of processes and letρ andσ be binary relations onAct. A binary relationR ⊆ P×P

is a(ρ, σ)-induced bisimulation or simply a(ρ, σ)-bisimulation if pRq implies the following conditions.

∀a ∈ Act[p
a

−→ p′ ⇒ ∃b, q′[aρb ∧ q
b

−→ q′ ∧ p′Rq′]] (1)

and
∀b ∈ Act[q

b
−→ q′ ⇒ ∃a, p′[aσb ∧ p

a
−→ p′ ∧ p′Rq′]] (2)

The largest(ρ, σ)-bisimulation (under set containment) is called(ρ, σ)-bisimilarity and denoted2(ρ,σ). A (≡

,≡)-induced bisimulation will sometimes be called anatural bisimulation 1. B(ρ,σ) denotes the set of all(ρ, σ)-
bisimulations.

Given binary relationsρ, ρ′, σ andσ′ onAct, ρ is at aleast as fine as(or no coarser than) ρ′ if ρ ⊆ ρ′ andρ is finer
thanρ′ if ρ ⊂ ρ′. This notion is extended pointwise to pairs of relations onAct and by abuse of notation we write
(ρ, σ) ⊆ (ρ′, σ′) to mean that(ρ, σ) is no coarser than(ρ′, σ′). The following facts are proven in the same way as
they are for bisimulations and the reader is referred to [10]for their proof.

Proposition 2. Let ρ and σ be binary relations onAct and let R and S be binary relations on the setP of
processes.

1. The empty relation∅ on processes and the relation{〈0,0〉} are both(ρ, σ)-bisimulations.

1 A strong bisimulation on CCS processes is an example of anatural bisimulation.
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2. Arbitrary unions of(ρ, σ)-bisimulations are also(ρ, σ)-bisimulations.
3. LetB(ρ,σ) be a function on binary relations onP such that,〈p, q〉 ∈ B(ρ,σ)(R) iff p andq satisfy the conditions

(1) and (2) of definition 1. Then
(a) B(ρ,σ) is monotonic i.e.R ⊆ S impliesB(ρ,σ)(R) ⊆ B(ρ,σ)(S).
(b) R is a (ρ, σ)-bisimulation iffR ⊆ B(ρ,σ)(R).
(c) If R is a (ρ, σ)-bisimulation then so isB(ρ,σ)(R).
(d) 2(ρ,σ) =

⋃
{R|R ⊆ B(ρ,σ)(R)} is the largest (under set containment) fixpoint ofB(ρ,σ).

4. p 2(ρ,σ) q iff pRq for someR ∈ B(ρ,σ).

⊓⊔

A consequence of proposition 2 is the following theorem which yields an algebraic sufficiency condition for a
bisimilarity to be at least a preorder (reflexive and transitive). The notion of a semiring is taken from [7]. The last
part of the theorem follows from the second part and the definition of a semiring.

Theorem 3. Let℘(P × P) be the set of all binary relations on processes. Then

1. 〈B(ρ,σ),∪, ∅〉 is a commutative submonoid of〈℘(P × P),∪, ∅〉.
2. 2(ρ,σ) is a preorder if〈B(ρ,σ), ◦,≡〉 is a submonoid of〈℘(P × P), ◦,≡〉.
3. 2(ρ,σ) is a preorder if〈B(ρ,σ),∪, ◦, ∅,≡〉 is a sub-semiring of〈℘(P × P),∪, ◦, ∅,≡〉.

⊓⊔

The following simple lemma shows that binary relations (on actions) with certain properties transmit these prop-
erties to the bisimulations and bisimilarities they induce.

Lemma 4. (Transmission). Letρ, ρ′, σ andσ′ be binary relations onAct. Then

1. Monotonicity_1. (ρ, σ) ⊆ (ρ′, σ′) impliesB(ρ,σ) ⊆ B(ρ′,σ′), i.e. every(ρ, σ)-bisimulation is also a(ρ′, σ′)-
bisimulation.

2. Monotonicity_2. (ρ, σ) ⊆ (ρ′, σ′) implies the induced bisimilarities are also similarly related2, that is,
(ρ, σ) ⊆ (ρ′, σ′) implies2(ρ,σ) ⊆ 2(ρ′,σ′).

3. Reflexivity. If ρ andσ are both reflexive then the identity relation≡ onP is a (ρ, σ)-bisimulation and conse-
quently2(ρ,σ) is reflexive.

4. Symmetry.ρ andσ are both symmetric implies the converse of each(ρ, σ)-bisimulation is a(σ, ρ)-bisimulation.
In addition, ifρ = σ then2(ρ,σ) is a symmetric relation.

5. Transitivity. If ρ andσ are both transitive then the relational composition of(ρ, σ)-bisimulations is another
(ρ, σ)-bisimulation, and2(ρ,σ) is also transitive.

6. If ρ andσ are both preorders or partial orders then2(ρ,σ) is a preorder3.
7. If ρ is an equivalence relation then so is2(ρ,ρ).

⊓⊔

Whenρ = σ, the converses of the properties 1, 2, 3, 4 and 5 in lemma 4 hold, yielding an obvious characterization
(theorem 6). For any binary relationρ onAct let B(ρ,ρ) be the family of(ρ, ρ)-bisimulations.

Lemma 5.

1. Monotonicity. If B(ρ,ρ) ⊆ B(ρ′,ρ′) thenρ ⊆ ρ′. Similarly, if 2(ρ,ρ) ⊆ 2(ρ′,ρ′) thenρ ⊆ ρ′.
2. Reflexivity. Let ≡ be the identity relation on processes. Then≡∈ B(ρ,ρ) impliesρ is reflexive. Also if≡⊆

2(ρ,ρ) thenρ must be reflexive.
3. Symmetry. If R ∈ B(ρ,ρ) impliesR−1 ∈ B(ρ,ρ) thenρ must be symmetric. Similarly the symmetry of2(ρ,ρ)

impliesρ must be symmetric.

2 However,(ρ, σ) ⊂ (ρ′
, σ

′) does not imply2(ρ,σ) ⊂ 2(ρ′,σ′).
3 However,(ρ, σ)-bisimilarity is not necessarily a partial order ifρ andσ are both partial orders.
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4. Transitivity. Let◦ denote relational composition. IfR, S ∈ B(ρ,ρ) impliesR◦S ∈ B(ρ, ρ), thenρ is transitive.
In other words, if〈B(ρ,ρ), ◦〉 is a semigroup thenρ is transitive. Further, if2(ρ,ρ) is transitive then so isρ.

⊓⊔

Theorem 6. For any binary relationρ onAct, 2(ρ,ρ) is a preorder iffρ is a preorder, and2(ρ,ρ) is an equivalence
iff ρ is an equivalence relation.

⊓⊔

3 Example: A caching proxy server

In this section, we show by an example that it is useful to havea more generalized notion of bisimulation than the
classical ones.

In most computing environments, it is fairly common to find a caching proxy server in operation. Caching proxy
servers improve the performance of web-access within the network by caching most frequently accessed pages of a
web-server with predominantly static content and serving them to the clients in the network. The main communica-
tion overhead is restricted to receiving header information from the web-site being accessed to determine whether
the cached copy in the proxy is the latest or needs to be updated. Caching proxies also improve the performance of
the web-server by reducing the number of direct accesses to the web-site from distant clients for its content.

We model greatly simplified versions of the web-server, clients and the proxy server, to show that the use of the
proxy server reduces the volume of traffic between the network and the web-server while still serving up to date
information to each client.

Assume all the clients in a local area network are identical in design. It will be easy to show that it suffices to
model a single client which repeatedly accesses either directly or indirectly (via a proxy server) a single distant
web-server with state of the form(h, a) whereh is the header (timestamp) anda the content. In general, the volume
of dataa is much greater than that of the header (h).

The following set of actions are used in this example, written in CCS-style. Process states are written in SMALL -
CAPITALS.

gp(a) – getpagea, op(a) – outputpagea on screen
drp() – direct request forpage, dsp(h, a) – directly servepage
irp() – indirectrequest forpage, isp(h, a) – indirectlyservepage
drh() – direct request forheader, dsh(h) – directly serveheader

We first design the Web server with the assumption that it can service only one request at a time. For a page request,
it sends its current page and for a header request, it determines whether to reply with its current header or send the
latest page. Sending back the header is an acknowledgement that the page has not be updated since.

WEBSERVER(h, a) df
= τ.WEBSERVER(h′, a′)+

drp().dsp(h, a).WEBSERVER(h, a)+
drh(h′′).CHECKUPDATE(h, a, h′′)

CHECKUPDATE(h, a, h′′) df
= if h = h′′ then dsh(h).WEBSERVER(h, a)

else dsp(h).WEBSERVER(h, a)

In the absence of a proxy server, a typical client DCLIENT, which accesses the web-server directly, has the follow-
ing definition.

DCLIENT df
= gp(a).drp().dsp(h, a).op(a).DCLIENT + τ.DCLIENT

With the introduction of a proxy server, the clients communicate only with the proxy and are indeed set up to do
just that. In such a system the clients would look as follows.The actions involving communications of the clients
with proxy server areirp andisp.

ICLIENT df
= gp(a).irp().isp(h, a).op(a).ICLIENT + τ.ICLIENT
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We may model the proxy server as follows. Again we simplify the design of the proxy server by assuming it serves
only one request at a time and that it has some initial undefined content(⊥,⊥) in its cache. On the first request it
obtains the full page from the WEBSERVER. For each subsequent request it merely sends a request with the header
as parameter.

PROXY0(⊥,⊥) df
= irp().REQUESTPAGE(⊥,⊥) + τ.PROXY0(⊥,⊥)

PROXY(h0, a0) df
= irp().CLIENTWAIT (h0, a0) + τ.PROXY(h0, a0)

CLIENTWAIT(h0, a0) df
= drh(h0).PROXYWAIT (h0, a0)

PROXYWAIT (h0, a0) df
= dsh(h0).CACHED(h0, a0) + dsp(h′

0, a
′
0).CACHED(h′

0, a
′
0)

REQUESTPAGE(h0, a0) df
= drp().REQUESTSENT(h0, a0)

REQUESTSENT(h0, a0) df
= dsp(h′′

0 , a′′
0).CACHED(h′′

0 , a′′
0)

CACHED(h, a) df
= isp(h, a).PROXY(h, a)

CPSYSTEM df
= (ICLIENT|PROXY0(⊥,⊥))\{irp(_, _), isp(_, _)}

where the parameters “_” denote wildcard values.

It is clear that the two systems CPSYSTEM and DCLIENT are not observationally equivalent, since CPSYSTEM

may perform actions such asdsh(_) which are not in the sort of DCLIENT. However they are both functionally
equivalent4 from the point of view of the user sitting at the client and theLAN administration. Moreover, the
administration would claim that it is a cheaper solution.

We may compare them as follows. The runs of the two systems maybe represented by the followingω-regular
expressions (ignoringτ and the parameters on the actions)

DCLIENT: (gp.drp.dsp.op)ω CPSYSTEM: gp.drp.dsp.op.(gp.drh.(dsh + dsp).op)ω

To prove that the two systems are functionally equivalent wecould relate actions which produce “similar effects”.
In other words, define=ρ to be the smallest equivalence such that

– drh() =ρ drp() and
– dsh(h) =ρ dsp(h, a), for any(h, a)
– ε =ρ τ

We assume that any processp may perform the empty sequenceε, and become itself. Then we may readily see that
CPSYSTEM 2(=ρ,=ρ) DCLIENT.

However, a more interesting comparison involves using a relation between the costs of functionally equivalent
communication actions. The internal action incurs “no cost” since each internal action occurs within the local area
network and does not involve communication with any distantentity. Every visible action does have some cost
associated with it. However, certain signals such as requests of all kinds are comparable to each other whereas the
cost of each response depends upon the payload it carries.

Keeping the above in mind, we define≤ to be the smallest preorder satisfying

– drh(h) ≤ drp() anddrp() ≤ drh(h), for any headerh
– dsh(h) ≤ dsp(h, a), for any(h, a)
– ε ≤ τ , andτ ≤ ε.

It is clear then that CPSYSTEM 2(≤,≤) DCLIENT.

4 Cost-based Relations

While we briefly related actions on the basis of cost in section 3, in this section we provide the notion of cost-based
bisimulations a more concrete form. In the following sections we transoform some of the existing bisimilarity

4 i.e one can show that when taken in conjunction with the web-server and hiding the communications involving it, the two
systems are in fact, observationally equivalent.
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relations in the literature into cost-based ones. Further,in section 3 we used bisimulations based on a single relation;
the reason for considering a pair of possibly different relations would become more obvious in section 5.

Let V (ranged over by lower case initial greek lettersα, β, . . . ) be a countable set ofvisible actions, τ 6∈ V a
distinguishedinvisible actionandA = V ∪ {τ} the set ofactions(ranged over by lower case initial roman letters
a, b, . . . ). LetA∗ denote the set of all finite sequences of actions (including the empty sequenceε). We write ŝ to
denote the sequence obtained froms ∈ A∗ by deleting all occurrences ofτ . ŝ = ε if s contains no visible action.
Finally |s| denotes the length of the sequences. We writes =̂ t if ŝ = t̂.

Let the setAct of action-cost pairsbe defined asAct = Vε ×C whereVε = V ∪{ε} and〈C,≥〉 is any set of costs
equipped with a reflexive total order≥. Form, n ∈ C, n > m i.e. n 6= m andn ≥ m, impliesn is a higher cost
thanm.

Let –̂ (calledvisible equivalence) be the equivalence onAct which ignores the second component of each pair, i.e.
(a, m) –̂ (b, n) iff a = b. We may extend this relation pointwise to sequencess ∈ Act∗, and refer to(point-wise)
visibly equivalentsequences. Clearly, two sequences of unequal lengths cannot possibly be equivalent.

The ≥ relation onC is extended toAct so that visibly equivalent action-cost pairs may be compared on cost
i.e. (a, m) ≥ (b, n) iff a = b andm ≥ n. We then say that(a, m) is at least as expensive as(a, n). It is also
similarly extended pointwise to visibly equivalent sequences and we say that a sequences is (point-wise) at least
as expensive ast if s, t ∈ Act∗ ands ≥ t. It is clear that –̂ is a strictly coarser relation than≥ on Act and (by
pointwise extension)Act∗ whenever|C| > 1.

In the sequel, we will identify〈C,≥〉 with the set of natural numbersN under the usual≥ relation. It is possible to
consider the non-negative rationals or reals instead. However, while they are intuitively feasible and meaningful,
they would not be relevant to the rest of this paper.

5 Temporal Preorders for Interleaving

In this section we revisit the preorders of [1] and [3] and provide fresh characterizations. The setting is a LTS
〈P, A,→〉, whereA = V ∪ {τ} is the set of actions as mentioned in the beginning of section4. We further
assume thatV = Λ ∪ Λ̄, whereΛ andΛ̄ are disjoint and in bijection under the operation.̄ All the processes we
mention in this section are assumed to be drawn from this structure. In general, transition systems for processes in
an interleaving model of concurrency such as CCS use a product construction on LTS’s such as the following.

Definition 7. Given rooted LTSsL = 〈P, Act,−→, p0〉 andM = 〈Q, Act,−→, q0〉, their inteleaving is a third
LTS N = 〈R, Act,−→, r0〉 and denotedN = L|M such that

– r0 = p0|q0

– R ⊆ {p|q : p ∈ P, q ∈ Q} consists of the set of states reachable fromr0, where for eachr = p|q for p ∈ P,
q ∈ Q, its successors are such that
• p

a
−→ p′ ⇒ p|q

a
−→ p′|q for eacha ∈ A,

• q
a

−→ q′ ⇒ p|q
a

−→ p|q′ for eacha ∈ A, and

• p
α

−→ p′ ∧ q
ᾱ

−→ q′ ⇒ p|q
τ

−→ p′|q′ for eachα ∈ V .

Definition 8. Let � be the relation onA∗ generated by the inequationss � s andτs � s, i.e.� is closed under
reflexivity, transitivity and substitution under catenation contexts. It is clear thatτ � ε, sτ � s for all s and that�
is antisymmetric. Hence� is a partial order onA∗. For s, t ∈ A∗, let s �. t if ŝ = t̂ and|s| ≥ |t| ands

.
= t if

s �. t andt �. s.

Some easy consequences of definition 8 are listed below.

Lemma 9. Lets, t ∈ A∗. Then
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1. s andt are comparable (by any of the preorders/equivalences defined above) only if̂s = t̂.
2. s = t iff s � t andt � s.
3. �. is coarser than� (i.e.s � t impliess �. t but not the converse).
4. =̂ is a strictly coarser relation than

.
=, which in turn is coarser than=.

5. For anya ∈ V , a � t impliest = a anda �. t impliest = a,
6. τ i � τ j iff i ≥ j andτ i �. τ j iff i ≥ j.

⊓⊔

Definition 10. For s, t ∈ A∗ anda ∈ A, the transitionsp
s

−→ p′ andp
s

=⇒ p′ are defined by induction on the
length ofs as follows

– p
ε

−→ p for all p,
– p

s
−→ p′ for s = ta iff ∃p′′ : p

t
−→ p′′

a
−→ p′,

– p
ε

=⇒ p′ iff ∃m ≥ 0 : p
τm

−→ p′,
– p

a
=⇒ p′ iff ∃p′′, p′′′ : p

ε
=⇒ p′′

a
−→ p′′′

ε
=⇒ p′, and

– p
s

=⇒ p′ for s = ta iff ∃p′′ : p
t

=⇒ p′′
a

=⇒ p′.

We will be particularly interested in the set ofextendedactions defined byEA = {u ∈ A∗ | |û| ≤ 1}, viz. the set
of sequences which contain at most one visible action. Any extended actionu ∈ EA is of the formτ i or τ iατ j ,
whereα ∈ V andi, j are natural numbers.

In view of definition 10, it is possible to view an LTS〈P, A,→〉 as one of the form〈P, A∗,→〉 or 〈P, EA,→〉,
where the action set depends upon our viewpoint.

We now have a variety of distinct preorders (and equivalences) on sequences of actions. Consider the following
definitions taken from the literature [10], [1], [3].

Definition 11. A binary relationR on the states of a LTS〈P, A,→〉, is

1. a strong bisimulationif pRq implies for everya ∈ A, (a) p
a

−→ p′ ⇒ ∃q′ : q
a

−→ q′ ∧ p′Rq′, and (b)
q

a
−→ q′ ⇒ ∃p′ : p

a
−→ p′ ∧ p′Rq′.

2. anefficiency prebisimulationif pRq implies for everyu, v ∈ EA, (a) p
u

−→ p′ ⇒ ∃v, q′ : u � v ∧ q
v

−→
q′ ∧ p′Rq′, and (b)q

v
−→ q′ ⇒ ∃u, p′ : u � v ∧ p

u
−→ p′ ∧ p′Rq′.

3. anelaborationif pRq implies for everya ∈ A, (a)p
a

−→ p′ ⇒ ∃q′ : q
â

=⇒ q′ ∧ p′Rq′, and (b)q
a

−→ q′ ⇒
∃p′ : p

a
=⇒ p′ ∧ p′Rq′.

4. a weak bisimulationif pRq implies for everya ∈ A (a) p
a

−→ p′ ⇒ ∃q′ : q
â

=⇒ q′ ∧ p′Rq′ and (b)

q
a

−→ q′ ⇒ ∃p′ : p
â

=⇒ p′ ∧ p′Rq′.

Definition 11 and the proof of the following characterization (Proposition 12) may be found in [1, 3] or are easy
consequences of propositions in them. Furthermore, it has been shown that the largest efficiency prebisimulation
and the largest elaboration are both preorders. We will refer to them in general as efficiency-based preorders.

Proposition 12. A binary relationR on the states of a LTS, is
1. a strong bisimulationiff pRq implies for everys ∈ A∗, (a) p

s
−→ p′ ⇒ ∃q′ : q

s
−→ q′ ∧ p′Rq′ and (b)

q
s

−→ q′ ⇒ ∃p′ : p
s

−→ p′ ∧ p′Rq′.

2. an efficiency prebisimulation iffpRq implies for everys, t ∈ A∗, (a) p
s

−→ p′ ⇒ ∃q′, t : s � t ∧ q
t

−→

q′ ∧ p′Rq′, and (b)q
t

−→ q′ ⇒ ∃p′, s : s � t ∧ p
s

−→ p′ ∧ p′Rq′.

3. an elaboration iffpRq implies for everys, t ∈ A∗, (a) p
s

−→ p′ ⇒ ∃q′, t : s =̂ t ∧ q
t

−→ q′ ∧ p′Rq′, and (b)

q
t

−→ q′ ⇒ ∃p′, s : s � t ∧ p
s

−→ p′ ∧ p′Rq′.

4. aweak bisimulationiff pRq implies for everys, t ∈ A∗, (a)p
s

−→ p′ ⇒ ∃q′, t : ŝ = t̂∧ q
t

−→ q′ ∧ p′Rq′, and

(b) q
t

−→ q′ ⇒ ∃p′, s : ŝ = t̂ ∧ p
s

−→ p′ ∧ p′Rq′.
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⊓⊔

It is obvious from proposition 12 that the above-mentioned bisimulations are induced by the various preorders and
equivalences defined earlier, on the set of actions. In otherwords, the following facts are easy consequences of
proposition 12.

Facts 13.
1. A strong bisimulation is exactly a natural bisimulation.
2. An efficiency prebisimulation is exactly a(�,�)-bisimulation.
3. An elaboration is exactly a( =̂ ,�)-bisimulation.
4. A weak bisimulation is exactly a( =̂ , =̂ )-bisimulation.

⊓⊔

It is interesting to note that even though� is a partial order, the bisimilarity2(�,�) is only a preorder. However,
we shall see in the sequel that there exist further characterizations of the efficiency preorders and we will be using
these characterizations to relate the preorders of the previous section to the preorders defined here.

Lemma 14. Letα ∈ V be any visible action andi, j, m, n be naturals. Then

1. τ iατ j � τmατn iff i ≥ m andj ≥ n.
2. τ iατ j �. τmατn iff i + j ≥ m + n.
3. τ iατ j .

= τmατn iff i + j = m + n.

⊓⊔

Lemma 15. LetR be a binary relation on process states. The following are equivalent for all 〈p, q〉 ∈ R.

1. For all a ∈ A, p
a

−→ p′ ⇒ ∃q′ : (q
â

−→ q′ ∨ q
a

−→ q′) ∧ p′Rq′.
2. For all u ∈ EA, p

u
−→ p′ ⇒ ∃v, q′ : u � v ∧ q

v
−→ q′ ∧ p′Rq′.

3. For all u ∈ EA, p
u

−→ p′ ⇒ ∃v, q′ : u �. v ∧ q
v

−→ q′ ∧ p′Rq′.

⊓⊔

Lemma 15 (whose proof is outlined in the appendix) and lemma 17 are used in the characterization theorem 19. In
particular, we draw the reader’s attention to the statements 2 and 3 in lemma 15. We notice that within the scope
of the universal quantifier “For all u”, it is possible to substitute a coarser preorder viz.�. to achieve the same
effects as�.

Corollary 16. Each of the following statements is equivalent to each of thestatements in lemma 15, for all〈p, q〉 ∈
R, whereR is a binary relation on processes.

1. For all s ∈ A∗, p
s

−→ p′ ⇒ ∃t, q′ : s � t ∧ q
t

−→ q′ ∧ p′Rq′.

2. For all s ∈ A∗, p
s

−→ p′ ⇒ ∃t, q′ : s �. t ∧ q
t

−→ q′ ∧ p′Rq′.

⊓⊔

Lemma 17. LetR be a binary relation on process states. The following are equivalent for all 〈p, q〉 ∈ R.

1. For all a ∈ A, q
a

−→ q′ ⇒ ∃p′ : p
a

=⇒ p′ ∧ p′Rq′.
2. For all v ∈ EA, q

v
−→ q′ ⇒ ∃u, p′ : u � v ∧ p

u
−→ p′ ∧ p′Rq′.

3. For all v ∈ EA, q
v

−→ q′ ⇒ ∃u, p′ : u �. v ∧ p
u

−→ p′ ∧ p′Rq′.

4. For all t ∈ A∗, q
t

−→ q′ ⇒ ∃s, p′ : s � t ∧ p
s

−→ p′ ∧ p′Rq′.

5. For all t ∈ A∗, q
t

−→ q′ ⇒ ∃s, p′ : s �. t ∧ p
s

−→ q′ ∧ p′Rq′.

⊓⊔

For the sake of completeness, we state without proof the following lemma (see also [3]).
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Lemma 18. LetR be a binary relation on process states. The following are equivalent for all 〈p, q〉 ∈ R.

1. For all a ∈ A, p
a

−→ p′ ⇒ ∃q′ : q
â

=⇒ q′ ∧ p′Rq′.
2. For all u ∈ EA, p

u
−→ p′ ⇒ ∃v, q′ : u =̂ v ∧ q

v
−→ q′ ∧ p′Rq′.

3. For all s ∈ A∗, p
s

−→ p′ ⇒ ∃t, q′ : s =̂ t ∧ q
t

−→ q′ ∧ p′Rq′.
⊓⊔

We then have the following characterization (theorem 19) ofthe efficiency-based preorders. This theorem follows
from lemma 15, corollary 16 and lemma 17.

Theorem 19. The characterization theorem.A binary relationR on the states of an LTS〈P, A,→〉 is
1. an efficiency prebisimulation iff every〈p, q〉 ∈ R satisfies any of the statements in lemma 15, corollary 16 and

any of the statements in lemma 17.
2. an elaboration iff every〈p, q〉 ∈ R satisfies any of the statements in lemma 18 and any of the statements in

lemma 17.
⊓⊔

More succinctly we have the following corollary.

Corollary 20. A binary relationR on the states of an LTS〈P, A,→〉 is
1. an efficiency prebisimulation iff it is a(�. ,�. )-bisimulation,
2. an elaboration iff it is a( =̂ ,�. )-bisimulation,

⊓⊔

Note that even though(�,�) ⊂ (�. ,�. ), the respective bisimilarities induced by them are the same. A similar
remark applies to the bisimilarities induced by the preorders ( =̂ ,�) and( =̂ ,�. ).

5.1 Transforming the Preorders

Let h : EA → Act be the function defined by

h(τ i) = (ε, i) h(τ iατ j) = (α, i + j)

h induces an equivalence (denoted
.
=) on EA. Our choice ofh is motivated by corollary 20 and the following

consideration, stated without proof.

Lemma 21. EA/
.
= is isomorphic toAct. In other words, for allu, v ∈ EA, u

.
= v iff h(u) = h(v).

⊓⊔

We may use this function to transform an LTSL = 〈P,EA,→〉 into an LTSh(L) = 〈P,Act,→〉 such that for

anyp, p′ ∈ P, andu ∈ EA, p
u

−→ p′ if and only if p
h(u)
−→ p′. We then have the following transformation theorem.

Theorem 22. The Transformation Theorem.LetL = 〈P, EA,→〉 be a LTS. A binary relationR ⊆ P× P is

1. a weak bisimulation inL iff it is a ( –̂ , –̂ )-bisimulation inh(L),
2. an elaboration inL iff it is a ( –̂ ,≥)-bisimulation inh(L) and
3. an efficiency prebisimulation inL iff it is a (≥,≥)-bisimulation inh(L).

⊓⊔

Originally, the efficiency-based preorders were defined forlanguages such as CCS. The transformation theorem
enables us to treat the number of invisible actions as a form of cost and reason about performance in an abstract
fashion. Even in the original works ([2, 3]) the invisible action represented a form of abstract unit cost viz. the cost
of synchronization, or the cost of idling, without actuallyquantifying it. The realization that in any extended action
τ iατ j what matters is only the sumi + j and not the individual quantitiesi andj allows a quantification on the
cost that yields a more intuitive mechanism via the transformation than was originally proposed in [2, 3].
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6 Spatial Preorders for Synchronous Systems

In this section we first introduce multisets and then give theintended action structure using them. Our motivation
for using multisets rather than the group structure proposed by Milner [9] stems from the fact that in hardware
among the factors which often contribute to cost are

– the number of connections in the layout of a chip, and
– the heat disspated or the power consumed are directly related to the number of operations being performed

simultaneously.

We relate our notions to Milner’s group-based action structure ([9]) in our transformation theorem. One of the
major disadvantages of Milner’s action structure is that itdoes not contain sufficient information for comparison
of synchronous hardware on various criteria like the ones stated above. We may for example, directly relate the
heat dissipated to the number of signals passing through various wires which form the connections in the circuit.
It is therefore more appropriate to allow for more information to be gleaned from the action structure. We define a
synchronous version (spatial version) of the efficiency preorders previously defined for the temporal preorders and
show that they satisfy some very nice properties. We also show that Milner’s bisimilarity relation may be recovered
from our spatial preorders by suitably mapping the multi-set action structure to Milner’s group structure.

In this context it is important to realise that while most of our results on multisets are very general, we shall be
mostly interested in finite multisets. Our view of a multisetof signals is that all the signals in the multiset occur
simultaneously. It is unreasonable therefore to assume that a finite (circuit) structure is capable of communicating
an infinite number of signals in a single instant of time. The power requirement for this would be infinite. Also it
would enable an infinite amount of computation to be performed in a finite time — a proposition that is impossible
under any reasonable model of computation.

6.1 The Multiset action structure

Definition 23. A multiset A on an universeU is a functionA : U → N. A is calledfinite if it is almost everywhere
0. For any,a ∈ U , A(a) is themultiplicity of the elementa. We saya 6∈ A if A(a) = 0. The set of all elements of
A with non-zero multiplicities is called thesupport of the multiset and denoted§A. Theempty multiset, denoted
∅, is one which has no elements.

Notation:A finite multisetA is often written by enumerating its elements — the number of copies of each element
equals its multiplicity inA. A multisetA with A(a) = 3 andA(b) = 2 and∀x ∈ U \ {a, b} : A(x) = 0, is a finite
multiset and may be written either by enumeration (e.g.[a, a, a, b, b]) or more simply asa3b2. Its support is the set
§A = {a, b}.

Let A, B andC be multisets on an universeU . We then define the following operations and relations on multisets.

Union: C = A ∪ B where∀x ∈ U : C(x) = max(A(x), B(x))
Intersection:C = A ∩ B where∀x ∈ U : C(x) = min(A(x), B(x))
Sum: C = A + B where∀x ∈ U : C(x) = A(x) + B(x)
Difference: C = A − B where∀x ∈ U : C(x) = max(0, A(x) − B(x))

Submultiset: A ⊆ B if ∀x ∈ U : A(x) ≤ B(x)
Proper submultiset:A ⊂ B if A ⊆ B andA 6= B
Cardinality: | A | = | §A |
Size: ‖ A ‖ =

∑
{A(x) : x ∈ U}

Definition 24. Let
– Λ be a countable set of names,
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– Λ the set ofco-namesdisjoint fromΛ and in bijection with it,
– Vis = Λ ∪ Λ the set ofvisible signals,
– 1 the distinguishedinvisible signal not occurring inVis and
– Sig = Vis ∪ {1} the set of allsignals.

The bijection betweenΛ andΛ may be extended to a complement operation: Sig → Sig such that1 = 1 and
for everyα ∈ Sig, α = α, andα andα are acomplementary pair.

Definition 25. An action A is a finite multiset of signals satisfying theexclusivityproperty:∀α ∈ Vis : A(α) =
0 ∨ A(α) = 0. ACT0 is the set of all actions. Thevisible content A of an actionA is the actionA ⊆ A such that
A(1) = 0 andA(α) = A(α) for all α ∈ Vis. An action is said to beinvisible iff A = ∅.

The reader may wonder why we have specified an exclusivity condition in our definition of an action. Our notion of
an action here represents a collection of signals that occursimultaneously in time (often this means at the leading
edge or the trailing edge of a clock). In this calculus (as in many others) naming is used to specify connections
between various ports. A wire or a direct connection is represented by a pair of complementary signals. Such a
synchronized pair of actions yields a single indivisible signal viz.1. Hence in the specification of open systems
it is desirable to specify only whatever signals are visibleto an external observer who might experiment with a
component. In cases where a signal needs to be fanned out we will use a form of renaming which allows an output
signal to be split into two or more signals and then synchronize with appropriately named complementary input
signals. Hence our definition of an action includes the exclusivity condition as a pre-requisite.

Note: An invisible actionA is often denoted by the natural numberi, wherei = A(1). The empty action∅ is
denoted0. The set of invisible actions is thus identified with the setN of natural numbers. An actionA = A + i is
sometimes writtenA = 〈A, i〉. Further, for anyA = 〈A, i〉, A 6= ∅ impliesA 6= ∅ ∨ i 6= 0. ACT = ACT0 − {0} is
the set ofnonemptyactions. ACT = {〈A, 0〉|A ∈ ACT} is the set ofpure visible actions.

Definition 26. The following operations are defined on actions.

– A thecomplementof actionA is the point-wise complement ofA, i.e. A(a) = A(a) for all a ∈ Sig. For any
actionA, A denotes the visible content ofA.

– Thecompositionof two actionsA = 〈A, i〉 andB = 〈B, j〉 is another action denotedA ⊗ B and defined as

A ⊗ B = 〈(A − B) + (B − A), ‖ A ∩ B ‖ + i + j〉

The following facts are easy consequences of the definitionsabove.

Facts 27. Let A = 〈A, i〉, B = 〈B, j〉 andC = 〈C, k〉 be actions.

1. ∀α ∈ V : (A ⊗ B)(α) = ((A + B) − (A + B))(α).
2. A ⊗ B = (A + B) − (A + B).
3. A ⊗ B = B ⊗ A.
4. ((A ⊗ B) ⊗ C)(α) = ((A + B + C) − (A + B + C))(α), for all α ∈ V .
5. (A ⊗ B)(1) = ‖A ∩ B‖ + i + j.
6. ((A ⊗ B) ⊗ C)(1) = i + j + k +

∑
α∈Λ min(A(α) + B(α) + C(α), A(α) + B(α) + C(α))

7. ⊗ is associative.
8. ACT0 is an abelian monoid under⊗, with 0 as the identity element.

Note.Most of the parts in the proposition above may be proven usingthe condition of exclusivity on actions. In
particular, if we remove the finiteness condition the set of multisets overSig will still remain an abelian monoid
under⊗.
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6.2 Spatial Preorders

Definition 28. Given an LTS of the formL = 〈P, ACT,−→, p0〉 each process of such an LTS is called asyn-
chronousprocess. Thesynchronous productof two rooted LTSsL = 〈P, ACT,−→, p0〉 andM = 〈Q, ACT,−→
, q0〉 is a third LTSN = 〈R, ACT,−→, r0〉 and denotedN = L ⊗M such that

– r0 = p0 ⊗ q0

– R ⊆ {p ⊗ q : p ∈ P, q ∈ Q} consists of the set of states reachable fromr0, where for eachr = p ⊗ q for
p ∈ P, q ∈ Q, its successors are such that

p
A

−→ p′ ∧ q
B

−→ q′ ⇒ p ⊗ q
A⊗B
−→ p′ ⊗ q′ for eachA, B ∈ ACT.

In analogy to the preorders defined on processes in section 5 where comparison relations were defined over se-
quences of actions (the temporal ordering relation) here wecompare actions according to their internal structure
(spatial).

Definition 29. Let A = 〈A, i〉 andB = 〈B, j〉 be two actions. We say thatA is at least aswide asB denotedA � B

iff A = B andi ≥ j. On the other handA is visibly equivalent to B and denotedA ⊲⊳ B if A = B

Facts 30.
1. � is a partial order onACT.
2. ⊲⊳ is an equivalence relation onACT.
3. Both⊲⊳ and� are preserved under⊗, i.e. for any three actionsA, B and C, and⋄ ∈ {�, ⊲⊳}, A ⋄ B implies

A ⊗ C ⋄ B ⊗ C andC ⊗ A ⋄ C ⊗ B

As in the case of bisimulations induced by the temporal ordering on sequences of actions, we obtain bisimulations
based on the spatial orderings� and⊲⊳.

Definition 31. A binary relationR on the states of a LTS〈P, ACT,→〉, is said to be a

1. afine strong bisimulationif pRq implies for everyA ∈ ACT, (a)p
A

−→ p′ ⇒ ∃q′ : q
A

−→ q′ ∧ p′Rq′ and (b)
q

A
−→ q′ ⇒ ∃p′ : p

A
−→ p′ ∧ p′Rq′.

2. afine efficiency prebisimulationif pRq implies for everyA ∈ ACT, (a)p
A

−→ p′ ⇒ ∃B, q′ : A � B ∧ q
B

−→

q′ ∧ p′Rq′ and (b)q
B

−→ q′ ⇒ ∃A, p′ : A � B ∧ p
A

−→ p′ ∧ p′Rq′

3. afine elaborationif pRq implies for everyA ∈ ACT, (a)p
A

−→ p′ ⇒ ∃B, q′ : A = B ∧ q
B

−→ q′ ∧ p′Rq′ and
(b) q

B
−→ q′ ⇒ ∃A, p′ : A � B ∧ p

A
−→ p′ ∧ p′Rq′

4. afine weak bisimulationif pRq implies for everyA, B ∈ ACT, (a)p
A

−→ p′ ⇒ ∃B, q′ : A = B∧q
B

−→ q′∧p′Rq′,
and (b)q

B
−→ q′ ⇒ ∃A, p′ : A = B ∧ p

A
−→ p′ ∧ p′Rq′

Facts 32. For LTSs onACT

1. A fine strong bisimulation is exactly a natural bisimulation.
2. A fine efficiency prebisimulation is exactly a(�, �)-bisimulation.
3. A fine elaboration is exactly a(⊲⊳, �)-bisimulation.
4. A fine weak bisimulation is exactly a(⊲⊳, ⊲⊳)-bisimulation.

The case of these spatial preorders/equivalences is much simpler than that of the temporal ones seen before. Notice
that

– The representation of each actionA in the form〈A, i〉 is adequate as a transformation of an LTS.
– ACT/⊲⊳ is an abelian group under⊗ and is isomorphic to the group structure of actions in [9].
– The “strong bisimulation” relation defined in [9] is exactlya (⊲⊳, ⊲⊳)-bisimulation.
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Theorem 33. The Transformation Theorem.Let Act = ACT × N be the set of action-cost pairs and letg :
ACT → Act be the functiong(〈A, i〉) = (A, i) which extended in an obvious fashion transforms any LTSL =
〈P, ACT,→〉 into the LTSg(L) = 〈P, Act,→〉. A binary relationR ⊆ P × P is

1. a fine weak bisimulation inL iff it is a ( –̂ , –̂ )-bisimulation ing(L),
2. a fine elaboration inL iff it is a ( –̂ ,≥)-prebisimulation ing(L) and
3. a fine efficiency prebisimulation inL iff it is a (≥,≥)-prebisimulation ing(L).

⊓⊔

7 Conclusion

In the foregoing we have generalized the notion of a bisimulation to one parametrized by a pair of relations.
We have shown that the commonly accepted properties of bisimilarities are in fact inherited from the underlying
relations on actions.

Using these notions we have defined cost-oriented bisimulations and shown that some of the bisimilarity rela-
tions already available in the literature may be mirrored incost-oriented bisimulation relations by fairly simple
transformations on the labelled transition systems.

Our example also indicates that for open systems, weak-bisimilarity (and indeed other extensional equivalence
notions that are coarser than it and rely on theidentity of names of actions) may not be useful enough. Other
bisimulation-based relations with more concrete forms of cost may be found in the works of Luẗtgen, Vogler,
Jenner and Corradini ([8, 4–6]), but they do not raise such a question.

Both our example (section 3) and the later sections indicatethat to obtain bisimilarity relations that are intuitively
useful, the two parametersρ andσ should be related. Symmetry considerations (lemma 4.4 and 5.3) for bisimilar-
ities that are equivalences also bear this out.

We believe that cost-based preordering relations have genuine uses in combining semantical issues with issues of
complexity in reactive systems which are usually characterized by infinite behaviour. These transformations should
allow verification and comparison of systems within a singleframework.

In particular in section 4 we have chosen cost to be a natural number. By allowing addition on the naturals, we open
up the possibility of considering a cost relation on sequences that is coarser than the point-wise relations we have
considered in the latter sections of this paper. For instance, a sequences could be consideredat least as expensive
as another visibly equivalent sequencet (denoteds .≥ t) if the sum of the costs on the actions ofs is no less than
the corresponding sum int (even though their costs are not related point-wise). In languages like CCS and CSP
one also needs to fix the cost of synchronization as a functionof the costs of the individual actions that participate
in it. We do believe that such considerations would be usefulin many practical systems – for example, finite-state
open systems (represented as process graphs) whose runs start from some initial state and progress eventually into
a strongly connected component.

However, some problems which have eluded obvious solutionsare the following:

1. Theorem 3 only gives a sufficient condition for a(ρ, σ)-bisimilarity to be a preorder. A ncessary condition on
the semiring of(ρ, σ)-bisimulations would be desirable, whenρ 6= σ. More specifically, whereas necessity of
reflexivity in the underlying pair of relations may be provenfairly easily, transitivity eludes us.

2. From a purely verification perspective, there exist efficient algorithms, notably that of Paige and Tarjan [11],
which partition the state space into equivalence classes and enable the computation of natural bisimilarity. It
is not clear what the right generalization for the computation of (ρ, σ)-bisimilarities is.

3. It is also not clear at the moment, what the right generalization would be, to capture other cost-based preorders
and equivalences such as those of [8, 4–6].
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8 Appendix: Proofs of relevant lemmas and theorems

Proofs of Proposition 2

1. LetRi, i ∈ I for any indexing setI, be(ρ, σ)-bisimulations and letR =
⋃

i∈I Ri. The result follows immedi-
ately from the fact that any〈p, q〉 ∈ R belongs toRi, for somei ∈ I andRi ⊆ R and satisfies the conditions
1 and 2

2. LetB(ρ,σ) be a function on binary relations onP.

(a) AssumeR ⊆ S ⊆ P × P. Consider any〈p, q〉 ∈ B(ρ,σ)(R). Then for alla ∈ Act, p
a

−→ p′ implies

∃b, q′ : aρb ∧ q
b

−→ q′ ∧ p′Rq′ which impliesp′Sq′. Similarly for all b ∈ Act, q
b

−→ q′ implies
∃a, p′ : aσb ∧ p

a
−→ p′ ∧ p′Rq′ which impliesp′Sq′. Hence〈p, q〉 ∈ B(S).

(b) ( =⇒ ) Let R be a(ρ, σ)-bisimulation and〈p, q〉 ∈ R. Sincep andq satisfy the conditions of conditions
rho andsigmait follows that〈p, q〉 ∈ B(ρ,σ)(R). HenceR ⊆ B(ρ,σ)(R).
( ⇐= ) AssumeR ⊆ B(ρ,σ)(R). Any 〈p, q〉 ∈ R also belongs toB(ρ,σ)(R) and satisfies the conditions 1
and 2. HenceR is a(ρ, σ)-bisimulation.

(c) SinceR is a (ρ, σ)-bisimulation it follows thatR ⊆ B(ρ,σ)(R) by fact 2.3.3b. Since every〈p, q〉 ∈
B(ρ,σ)(R) satisfies the conditions 1 and 2 and it follows thatB(ρ,σ)(R) is (ρ, σ)-bisimulation.

(d) 2(ρ,σ) =
⋃
R whereR = {R | R ⊆ B(ρ,σ)(R)}. By fact 2.22(ρ,σ) is also a(ρ, σ)-bisimulation. Hence

by fact 2.3.3b,2(ρ, σ) ⊆ B(ρ,σ)(2(ρ,σ)) and by fact 2.3.3c,B(ρ,σ)(2(ρ, σ)) ⊆ 2(ρ,σ), showing that
2(ρ,σ) is a fixpoint ofB(ρ,σ).

(e) Let 2 be any fixpoint ofB(ρ,σ) i.e. let 2 = B(ρ,σ)(2). Then clearly2 ⊆ B(2) too and hence2 is a
ρ, σ)-bisimulation and is hence a member ofR which implies2 ⊆ 2(ρ,σ).

⊓⊔

Proof of Lemma 4.5
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Proof. LetR andS be(ρ, σ)-bisimulations and letT = R◦S and let〈p, r〉 ∈ T . Then for someq, pRqSr. Suppose

p
a

−→ p′. Then∃b, q′ : aρb ∧ q
b

−→ q′ ∧ p′Rq′. q
b

−→ q′ implies∃c, r′ : bρc ∧ r
c

−→ r′ ∧ q′Sr′. Sinceρ is a
transitive relationaρbρc impliesaρc and the conclusion follows fromp

a
−→ p′ =⇒ ∃c, r′ : aρc∧r

c
−→ r′∧p′Tr′.

Similarly if r
c

−→ r′ then∃b, q′ : bσc ∧ q
b

−→ q′ ∧ q′Sr′ andq
b

−→ q′ implies∃a, p′ : aσb∧ p
a

−→ p′ ∧ p′Rq′

and sinceσ is transitive we haver
c

−→ r′ ⇒ ∃a, p′ : aσc ∧ p
a

−→ p′ ∧ p′Rr′. HenceT is a(ρ, σ)-bisimulation.
Also as a consequence, we get that2(ρ,σ) is closed under relational composition and hence is a transitive relation.

⊓⊔

Even though our proofs are not specific to any particular process calculus, we often use the syntax of CCS for
defining processes of particular interest in our proofs. In particular, in the proofs of lemma 5 we use the following
process definitions to avoid defining them repeatedly:

p = a.0 q = b.0

Proof of Lemma 5.1.

Proof. If ρ 6⊆ ρ′, there exista, b ∈ Act such that(a, b) ∈ ρ − ρ′. This implies there exists no(ρ′, ρ′)-bisimulation
containing the pair〈p, q〉.

1. AssumeB(ρ,ρ) ⊆ B(ρ′,ρ′). R = {〈p, q〉, 〈0,0〉} is a(ρ, ρ)-bisimulation. However since(a, b) 6∈ ρ′, R is not a
(ρ′, ρ′)-bisimulation, which is a contradiction.

2. Assume2(ρ,ρ) ⊆ 2(ρ′,ρ′). Hencep2(ρ,ρ)q impliesp2(ρ′,ρ′)q, which is a contradiction.

Proof of Lemma 5.2.

Proof. If ρ is not reflexive, there must be some actiona ∈ Act, that is not related to itself viaρ. Then≡ is
not a(ρ, ρ)-bisimulation since〈p, p〉 ∈≡. In fact, then there exists no(ρ, ρ)-bisimulation containing〈p, p〉. This
contradicts both≡∈ B(ρ,ρ) and≡ ⊆ 2(ρ,ρ). Henceρ must be reflexive.

Proof of Lemma 5.3.

Proof. If ρ is not symmetric, there must somea, b such thataρb but (b, a) 6∈ ρ. Now R = {〈p, q〉, 〈0,0〉} is a
(ρ, ρ)-bisimulation implies so isR−1. But this is impossible since there can be no(ρ, ρ)-bisimulation containing
〈q, p〉. Similarly for th next part, it follows that since2(ρ,ρ) is a symmetric relation bothR andR−1 must be
contained in2(ρ,ρ), which is again impossible.

Proof of Lemma 5.4.

Proof. 1. AssumeB(ρ,ρ) is closed under relational composition, but thatρ itself is not transitive. Then for some
actionsa, b, c ∈ Act, we haveaρb andbρc but notaρc. Consider the processesp andq as in the proof of Lemma
1 and a processr ≡ c.0. The relationsR = {〈p, q〉, 〈0,0〉} andS = {〈q, r〉, 〈0,0〉} are(ρ, ρ)-bisimulations,
But their compositionR ◦ S = {〈p, r〉, 〈0,0〉} is not.

2. In fact, it may be easily shown that there exists no(ρ, ρ)-bisimulation containing the pair〈p, r〉. Hence if
2(ρ,ρ) is a transitive relation, thenp2(ρ,ρ)q2(ρ,ρ)r impliesp2(ρ,ρ)r which is impossible.

Proof of lemma 15.

We prove the following cycle of implications, viz.(15.3) ⇒ (15.1) ⇒ (15.2) ⇒ (15.3).

(15.3) ⇒ (15.1) follows by takingu = a andv = a or v = â. In either caseu � v. Similarly (15.2) ⇒ (15.3)
is obvious sinceu � v ⇒ u �. v. We proceed with the proof of(15.1) ⇒ (15.2). Here we need to consider two
cases
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– Caseû = ε. Thenu = τ i for somei ≥ 0 and we proceed by induction oni. If i = 0, u = ε and we may
choosev = ε too and there is nothing to prove. Ifi = m+1 then for somep1 we have that one of the folowing
diagrams holds withv = τk or v = τk+1 for somek ≤ m.

p
τm

−→ p1
τ

−→ p′ p
τm

−→ p1
τ

−→ p′

| | | | | |
R R R or R R R
| | | | | |

q
τk

−→ q1
τ

−→ q′ q
τk

−→ q1 = q′

– Caseû = α ∈ V . Thenu = τ iατ j for somei, j ≥ 0. The proof for this case uses that of the previous case
and is summarized in the following diagram.

p
τ i

−→ p1
α

−→ p2
τ j

−→ p′

| | | |
R R R R
| | | |

q
τk

−→ q1
α

−→ q2
τm

−→ q′

Hencev = τkατm where0 ≤ k ≤ i and0 ≤ m ≤ j.

Proof of corollary 16.

By restricting our attention toEA, it is obvious that(16.1) ⇒ (15.2) and(16.2) ⇒ (15.3). The rest of this proof
may be used to show both(15.2) ⇒ (16.1) and(15.3) ⇒ (16.2). Let p

s
−→ p′. We simply divide ups into blocks

of extended actions, says = u1 . . . uk. For eachi = 1, . . . , k it is possible to find avi such thatui � vi and the
following diagram holds.

p
u1−→ p1

u2−→ · · ·
uk−1

−→ pk−1
uk−→ pk = p′

| | | |
R R R R R
| | | |

q
v1−→ q1

v2−→ · · ·
vk−1

−→ qk−1
vk−→ qk = q′

Takingt = v1 . . . vk, we haves � t ands �. t.

Proof of theorem 22

(⇒). It is easy to see from the definition ofh that for anyu, v ∈ EA,

u =̂ v iff h(u) –̂ h(v) (3)

and
u �. v iff h(u) ≥ h(v) (4)

We know thatR is

1. a weak bisimulation if and only if it is a( =̂ , =̂ )-bisimulation,
2. an elaboration if and only if it is a( =̂ ,�. )-bisimulation (ref corollary 20), and
3. an efficiency prebisimulation if and only if it is a(�. ,�. )-bisimulation (ref corollary 20).

Let R be any of the above induced bisimulations. Let〈p, q〉 ∈ R. Then for allu, v ∈ EA we have from (3) that

1. p
u

−→ p′ ⇒ ∃v, q′ : u =̂ v ∧ q
v

−→ q′ ∧ p′Rq′ impliesp
h(u)
−→ p′ ⇒ ∃v, q′ : h(u) –̂ h(v) ∧ q

h(v)
−→ q′ ∧ p′Rq′,
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2. q
v

−→ q′ ⇒ ∃u, p′ : u =̂ v ∧ p
u

−→ p′ ∧ p′Rq′ impliesq
h(v)
−→ q′ ⇒ ∃u, p′ : h(u) –̂ h(v) ∧ p

h(v)
−→ p′ ∧ p′Rq′

and from (4) that

1. p
u

−→ p′ ⇒ ∃v, q′ : u �. v ∧ q
v

−→ q′ ∧ p′Rq′ impliesp
h(u)
−→ p′ ⇒ ∃v, q′ : h(u) ≥ h(v) ∧ q

h(v)
−→ q′ ∧ p′Rq′

2. q
v

−→ q′ ⇒ ∃u, p′ : u �. v ∧ p
v

−→ p′ ∧ p′Rq′ impliesq
h(v)
−→ q′ ⇒ ∃u, p′ : h(u) ≥ h(v) ∧ p

h(v)
−→ p′ ∧ p′Rq′

By choosing two of the appropriate clauses the result follows for each of the bisimulations in question.

( ⇐= ) From the definition ofh we have, for allm ∈ N,

p
(ε,m)
−→ p′ in h(L) iff p

τm

−→ p′ in L (5)

and for allα ∈ V , m ∈ N,

p
(α,m)
−→ p′ in h(L) iff ∃i, j ≥ 0 : m = i + j ∧ p

τ iατ j

−→ p′ in L (6)

For each(a, m) ∈ Act, leth−1(a, m) = {u ∈ EA | h(u) = (a, m)}, wherea ∈ Vε andm ∈ N. We then have that

(a, m) ≥ (a, n) iff ∀u ∈ h−1(a, m)∀v ∈ h−1(a, n) : u �. v (7)

We then have the following implications for all〈p, q〉 ∈ P, a ∈ Vε, m, n ∈ N.

1. p
(a,m)
−→ p′ ⇒ ∃n, q′ : q

(a,n)
−→ q′ ∧ p′Rq′ in h(L) implies for anyu ∈ h−1(a, m),

p
u

−→ p′ ⇒ ∃v ∈ h−1(a, n), q′ : u =̂ v ∧ q
v

−→ q′ ∧ p′Rq′ in L.

2. q
(a,n)
−→ q′ ⇒ ∃m, p′ : p

(a,m)
−→ q′ ∧ p′Rq′ in h(L) implies for anyv ∈ h−1(a, n),

q
v

−→ q′ ⇒ ∃u ∈ h−1(a, m), q′ : u =̂ v ∧ p
u

−→ p′ ∧ p′Rq′ in L.

3. p
(a,m)
−→ p′ ⇒ ∃n, q′ : m ≥ n ∧ q

(a,n)
−→ q′ ∧ p′Rq′ in h(L) implies for anyu ∈ h−1(a, m),

p
u

−→ p′ ⇒ ∃v ∈ h−1(a, n), q′ : u �. v ∧ q
v

−→ q′ ∧ p′Rq′ in L.

4. q
(a,n)
−→ q′ ⇒ ∃m, p′ : m ≥ n ∧ p

(a,m)
−→ q′ ∧ p′Rq′ in h(L) implies for anyv ∈ h−1(a, n),

q
v

−→ q′ ⇒ ∃u ∈ h−1(a, m), q′ : u �. v ∧ p
u

−→ p′ ∧ p′Rq′ in L.

From the above implications the result follows.
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