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Outline

P Define the k-median problem
» Simple local search algorithm
P Analysis

» Generalization
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The k-median problem

We are given n points in a metric space.
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The k-median problem

We are given n points in a metric space.
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The k-median problem

We are given n points in a metric space.
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We want to identify K “medians” such that the sum of distances of

all the points to their nearest medians is minimized.
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The k-median problem

We are given n points in a metric space.

We want to identify K “medians” such that the sum of lengths of alll

the red segments is minimized.
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A brief bio-sketch of the k-median problem

» NP-hard
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» Known to OR community since 60’s.
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A brief bio-sketch of the k-median problem

» NP-hard
» Known to OR community since 60’s.

P Used for locating warehouses, manufacturing plants, etc.

» Used also for clustering, data mining.
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A brief bio-sketch of the k-median problem

NP-hard
Known to OR community since 60’s.

Used for locating warehouses, manufacturing plants, etc.

Used also for clustering, data mining.
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Received the attention of the Approximation algorithms
community in early 90's.
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A brief bio-sketch of the k-median problem

NP-hard
Known to OR community since 60’s.

Used for locating warehouses, manufacturing plants, etc.

Used also for clustering, data mining.

vV vV Vv VvV V9

Received the attention of the Approximation algorithms
community in early 90's.

P Various algorithms via LP-relaxation, primal-dual scheme,
etc.
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A local search algorithm
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A local search algorithm
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Start with any set of kK medians.
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A local search algorithm
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ldentify a median and a point that is not a median.
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A local search algorithm
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And SWAP tentatively!
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A local search algorithm
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Perform the swap, only if the new solution is “better” (has less
cost) than the previous solution.
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A local search algorithm

O 5 O O ©
O O O 5
@) Q.
o ® o ® O O
® O ®
O O
o © O 5 ®
O o O
O O
O O O o O
O © 0 O O
O O O O
O O O
© O
® O ®
O o O 5 O
e @) O O

Perform the swap, only if the new solution is “better” (has less
cost) than the previous solution.

Stop, if there is no swap that improves the solution.

Departmental Seminar — p.12/4:



The algorithm

Algorithm Local Sear ch.

1. S+« any k medians
2. While 3 se Sand s ¢ Ssuch that,
cost(S—s+¢9) < cod(S),
do S« S—s+¢
3. returnS
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The algorithm

Algorithm Local Sear ch.

1. S+« any k medians
2. While 3 se Sand s ¢ Ssuch that,
cost(S—s+9) < (1—¢€)cost(9),
do S« S—s+¢
3. returnS
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Main theorem

The local search algorithm described above computes a
solution with cost (the sum of distances) at most 5 times
the minimum cost.

Departmental Seminar — p.15/4:



Main theorem

The local search algorithm described above computes a
solution with cost (the sum of distances) at most 5 times
the minimum cost.

Korupolu, Plaxton, and Rajaraman (1998) analyzed a
variant in which they permitted adding, deleting, and

swapping medians and got (3+ 5/¢€) approximation by
taking K(1+ €) medians.
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Some notation
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cost(S) = the sum of lengths of al the red segments
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Some more notation
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Some more notation
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Local optimality of S

» Since Sis a local optimum solution,
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Local optimality of S

» Since Sis a local optimum solution,
We have,

cost(S—s+0) > cost(S forallse Soe O.
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Local optimality of S

» Since Sis a local optimum solution,
We have,

cost(S—s+0) > cost(S forallse Soe O.
P We shall add Kk of these inequalities (chosen carefully) to

show that,
cost(S) < 5-cos(0O)
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Capture

We say that s€ Scaptures o€ O if

No(0)|
o

ING'| >

Capture graph
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A mapping Tt

We consider a permutation Tt: No(0) — No(0) that satisfies the
following property:

if s does not capture 0 then a point j € N should get mapped

outside Ng.
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A mapping Tt

We consider a permutation Tt: No(0) — No(0) that satisfies the
following property:

if s does not capture 0 then a point j € N should get mapped

outside Ng.
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A mapping Tt

No(0)| =
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Capture graph
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Construct a bipartite graph G = (O, S E) where there is an edge
(0,9) if and only if s€ Scaptures 0 € O.

Capture
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Swaps considered

>1/2
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Swaps considered
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“Why consider the swaps?”
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Properties of the swaps considered
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» If (S,0) is considered, then S does not capture any 0’ # 0.
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Properties of the swaps considered
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» If (S,0) is considered, then S does not capture any 0’ # 0.

» Any o € Ois considered in exactly one swap.
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Properties of the swaps considered
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» If (S,0) is considered, then S does not capture any 0’ # 0.

» Any o € Ois considered in exactly one swap.

» Any s e Sis considered in at most 2 swaps.
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Focus on a swap (S,0)

Consider a swap (S,0) that is one of the k swaps defined above.

We know cost(S— s+ 0) > cos(S).
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Upper bound on cost(S— s+ 0)

» In the solution S— s+ 0, each point is connected to the
closest median in S— s+ 0.
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Upper bound on cost(S— s+ 0)

» In the solution S— s+ 0, each point is connected to the
closest median in S— s+ 0.

P cost(S— s+ 0) is the sum of distances of all the points to
their nearest medians.
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Upper bound on cost(S— s+ 0)

» In the solution S— s+ 0, each point is connected to the
closest median in S— s+ 0.

P cost(S— s+ 0) is the sum of distances of all the points to
their nearest medians.

P We are going to demonstrate a possible way of connecting
each client to a median in S— S+ 0 to get an upper bound

on cost(S—s+0).
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Upper bound on cost(S— s+ 0)

Points in No(0) are now connected to the new median 0.
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Upper bound on cost(S— s+ 0)

Thus, the increase in the distance for j € Npo(0) is at most

O —-35.
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Upper bound on cost(S— s+ 0)

P Consider a point j € Ng(s) \ No(0).
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Upper bound on cost(S— s+ 0)

P Consider a point j € Ng(s) \ No(0).
» Suppose T(j) € Ng(S). (Note that S’ # S)
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Upper bound on cost(S— s+ 0)

P Consider a point j € Ng(s) \ No(0).
» Suppose T(j) € Ng(S). (Note that S’ # S)

P Connect j to ' now.
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Upper bound on cost(S— s+ 0)

P New distance of j is at most Oj 4 Oyyj) + Syj).-
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Upper bound on cost(S— s+ 0)

P New distance of j is at most Oj 4 Oyyj) + Syj).-

P Therefore, the increase in the distance for j € Ng(s) \ No(0)
IS at most

Oj + Orj) + Sj) — -
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Upper bound on the increase in the cost

P Lets try to count the total increase in the cost.
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Upper bound on the increase in the cost

P Lets try to count the total increase in the cost.

» Points j € No(0) contribute at most

(0j - Sj).

Departmental Seminar — p.35/4:



Upper bound on the increase in the cost

P Lets try to count the total increase in the cost.

» Points j € No(0) contribute at most
(G = S).
» Points j € Ng(s) \ No(0) contribute at most

(Oj + Oryj) + Syj) — Sj)-
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Upper bound on the increase in the cost

P Lets try to count the total increase in the cost.

» Points j € No(0) contribute at most
(Gj = S))-
» Points j € Ng(s) \ No(0) contribute at most
(Oj + Or(j) + Su(j) — )-

» Thus, the total increase is at most,

Y (0j—=S)+ >  (Oj+On)+Sy;

jeNo(0) j€Ns(s)\No(0)

)~ Si)-
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Upper bound on the increase in the cost

> Oj=§)+ >  (Oj+Onj)+Syj)—Si)
j€No(0) j€Ns(s)\No(0)
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Upper bound on the increase in the cost

> Oj=§)+ >  (Oj+Onj)+Syj)—Si)
j€No(0) j€Ns(s)\No(0)

> cost(S—s+0) —codt(S)
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Upper bound on the increase in the cost

> Oj=§)+ >  (Oj+Onj)+Syj)—Si)
j€No(0) j€Ns(s)\No(0)

> cost(S—s+0) —codt(S)

> 0
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Plan

P We have one such inequality for each swap (S, 0).

> ©Oi=S)+ > (0j+0n(;j)+Syj)~$) 2 0.
j€No(0) j€Ns(s)\No(0)
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Plan

P We have one such inequality for each swap (S, 0).

> ©Oi=S)+ > (0j+0n(;j)+Syj)~$) 2 0.
j€No(0) j€Ns(s)\No(0)

» There are k swaps that we have defined.
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Plan

P We have one such inequality for each swap (S, 0).

> ©Oi=S)+ > (0j+0n(;j)+Syj)~$) 2 0.
j€No(0) j€Ns(s)\No(0)

» There are k swaps that we have defined.
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Plan

P We have one such inequality for each swap (S, 0).

> ©Oi=S)+ > (0j+0n(;j)+Syj)~$) 2 0.
j€No(0) j€Ns(s)\No(0)

» There are k swaps that we have defined.
I

0 sl

>1/2

P Lets add the inequalities for all the k swaps and see what
we get!
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The first term ...

| j€eNo(0)

> (0j-5)

j€Ns(s)\No(0)

(Oj + Onyj) + Snj)

-§j) > 0.
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The first term ...

> Oj=5)|+ > (Oj+Oyj+Sy)—S) = 0.
_j€No(0) 1 j€Ns(s)\No(o)

Note that each 0 € O is considered in exactly one swap.
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The first term ...

> Oj=5)|+ > (Oj+Oyj+Sy)—S) = 0.
_j€No(0) 1 j€Ns(s)\No(o)

Note that each 0 € O is considered in exactly one swap.
Thus, the first term added over all the swaps is

023 > (0j-5)

c jENo(O)
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The first term ...

> Oj=5)|+ > (Oj+Oyj+Sy)—S) = 0.
_j€No(0) 1 j€Ns(s)\No(o)

Note that each 0 € O is considered in exactly one swap.
Thus, the first term added over all the swaps is

023 > (0j-5)

c jENo(O)

=>(0;-§)
]
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The first term ...

> Oj=5)|+ > (Oj+Oyj+Sy)—S) = 0.
_j€No(0) 1 j€Ns(s)\No(o)

Note that each 0 € O is considered in exactly one swap.
Thus, the first term added over all the swaps is

023 > (0j-5)

€0 jeNo(0)
= (0j=5))
]

= cost(O) — cost(S).
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The second term ...

> (Oj-5)+

j€No(0)

| j€ENs(s)\No(0)

(Oj + Onyj) + Sn(j)

- 5j)
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The second term ...

> (Oj-5)+

j€No(0)

Note that

| j€ENs(s)\No(0)

(Oj + Onyj) + Sn(j)

- 5j)
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The second term ...

> (Oj—=§)+ >  (Oj+Onj)+Syj—Sj)| =0
j€No(0) | j€Ns(s)\No(0) _

Note that

Thus

Departmental Seminar — p.39/4:



The second term ...

> (Oj—=§)+ >  (Oj+Onj)+Syj—Sj)| =0
j€No(0) |j€Ns(s)\No(0) _

Note that
Oj+ On(j) +3n(h) 2 3

Thus
Oj 4 Orn(j) + iy =5 2 0.

Thus the second term is at most

> (Oj+On(j)+Syj—Sj).
jeNg(s)
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The second term ...

Note that each S € Sis considered in at most two swaps.
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The second term ...

Note that each S € Sis considered in at most two swaps.

Thus, the second term added over all the swaps is at most

2% > (0j+0Oxj)+Syj) — )

seSjeNg(s)
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The second term ...

Note that each S € Sis considered in at most two swaps.

Thus, the second term added over all the swaps is at most

2% > (0j+0Oxj)+Syj) — )

seSjeNg(s)

= 2 ) (Oj+Or(j) +Sqj) — )
J
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The second term ...

Note that each S € Sis considered in at most two swaps.

Thus, the second term added over all the swaps is at most

2% > (0j+0Oxj)+Syj) — )

seSjeNg(s)

= 2 ) (Oj+Or(j) +Sqj) — )
J
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The second term ...

Note that each S € Sis considered in at most two swaps.

Thus, the second term added over all the swaps is at most

2% > (0j+0Oxj)+Syj) — )

seSjeNg(s)

= 2 ) (Oj+Or(j) +Sqj) — )
J
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Putting things together

0< Z z (0j—5) +

(s,0) Lj€No(0)

2

j€Ns(s)\No(0)

(Oj + Oryj) + Su(j) — )
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Putting things together

0<> | > Oj-§) + > (Oj+Onjy+ Sy — Si)
(s,0) Li€No(0) j€eNs(s)\No(0) _

< [cost(O) —cost(S)] + [4-cost(O)]
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Putting things together

0<> | > Oj-§) + > (Oj+Onjy+ Sy — Si)
(s,0) Li€No(0) j€eNs(s)\No(0) _

< [cost(O) —cost(S)] + [4-cost(O)]

=5-cox(0) — coxt(S).
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Putting things together

0<> | > Oj-§) + > (Oj+Onjy+ Sy — Si)
(s,0) Li€No(0) j€eNs(s)\No(0) _

< [cost(O) —cost(S)] + [4-cost(O)]
=5-cox(0) — coxt(S).

Therefore,
cost(S) < 5-cox(O).
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A tight example

(k—1)

(k—1)/2 (k+1)/2
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A tight example

(k—1)
O
0 0 0 0 0
2 2 2 2 2
S
\
(k—1)/2 (k+1)/2

b cost(S) =4- (k—1)/2+ (k+1)/2= (5k—3)/2
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A tight example

(k—1)
O
0 0 0 0 0
2 2 2 2 2
S
\
(k—1)/2 (k+1)/2

b cost(S) =4-(k—1)/2+ (k+1)/2= (5k—3)/2
b cost(O) = 0+ (k+1)/2= (k+1)/2
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Doing multiple swaps

» Doing single swaps yields 5 approximation.
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Doing multiple swaps

» Doing single swaps yields 5 approximation.

» Doing p-way swaps yields (3+ 2/p) approximation.
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