
Fractional covering with upper bounds on the variables:
Solving LPs with negative entries

Naveen Garg and Rohit Khandekar?

Indian Institute of Technology Delhi
{naveen, rohitk}@cse.iitd.ernet.in

Abstract. We present a Lagrangian relaxation technique to solve a class of linear
programs with negative coefficients in the objective function and the constraints.
We apply this technique to solve (the dual of) covering linear programs with
upper bounds on the variables:min{c>x | Ax ≥ b, x ≤ u, x ≥ 0} where
c, u ∈ R

m
+ , b ∈ R

n
+ andA ∈ R

n×m
+ have non-negative entries. We obtain

a strictly feasible,(1 + ε)-approximate solution by makingO(mε−2 logm +
min{n, log logC}) calls to an oracle that finds themost-violated constraint.
HereC is the largest entry inc or u, m is the number of variables, andn is
the number of covering constraints. Our algorithm follows naturally from the al-
gorithm for the fractional packing problem and improves the previous best bound
ofO(mε−2 log(mC)) given by Fleischer [1]. Also for a fixedε, if the number of
covering constraints is polynomial, our algorithm makes a number of oracle calls
that is strongly polynomial.

1 Introduction

In last couple of decades, there has been extensive research on solving linear programs
(LPs) efficiently, albeit approximately using Lagrangian relaxation. Starting from the
work of Shahrokhi & Matula [2] on multicommodity flows, a series of papers including
those of Plotkin et al. [3], Luby & Nisan [4], Grigoriadis & Khachiyan [5, 6], Young [7,
8], Garg & Könemann [9], and Fleischer [10] proposed several algorithms for packing
and covering LPs. Refer to Bienstock [11] for a survey of this field. All of these algo-
rithms rely crucially on thenon-negativityof the coefficients in the objective function
and the constraints.

In this paper we show how Lagrangian relaxation can be used to solve a class of
LPs with negative coefficients in the objective function and the constraints. The basic
idea behind this approach is as follows. Suppose we would like to solve an LP of the
form

maxc>x
s.t. Ax ≤ b

x ≥ 0
(1)

where the entries inA andcmay be negative. Suppose also that there exists an optimum
solutionx∗ to (1) such thatc>x∗ ≥ 0 andAx∗ ≥ 0. In such a case, we can add
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constraintsc>x ≥ 0 andAx ≥ 0 to (1) without affecting the optimum solution. The
resulting linear program can then be thought of as a fractional packing problem

max{c>x | Ax ≤ b, x ∈ P}

whereP = {x ≥ 0 | c>x ≥ 0, Ax ≥ 0}. Such a packing problem can be solved
using algorithms similar to Plotkin et al. [3], Grigoriadis & Khachiyan [12], Garg &
Könemann [9], and Jansen & Zhang [13] provided one has an oracle to minimize linear
functions overP .

1.1 Our contribution and previous work

We apply the technique mentioned above to (the dual of) a covering LP with upper
bounds on the variables:

min c>x
s.t. Ax ≥ b

x ≤ u
x ≥ 0

(2)

wherec, u ∈ Rm+ , b ∈ Rn+ andA ∈ Rn×m+ have non-negative entries. For a positive
integerk, let [k] = {1, . . . , k}. To solve (2), we assume that we have an oracle that
givenx ∈ Rm+ , finds themost-violated constraint. Formally,

givenx ∈ Rm+ , the oracle findsmin
j∈[n]

Ajx

bj
(3)

whereAj denotes thejth row ofA. The dual of (2) has negative entries in the constraint
matrix; we reduce it to a packing problem and prove the following theorem.

Theorem 1. There exists an algorithm that given an error parameterω ∈ (0, 1), either
computes astrictly feasible,exp(ω)-approximation to (2), or proves that (2) is infeasi-
ble. The algorithm makesO(mω−2 logm + min{n, log logC}) calls to the oracle (3)
whereC = maxi∈[m] ciui

mini:ciui>0 ciui
.

The LP (2) is a special case of the mixed packing and covering LP:min{c>x | Ax ≥
b, Px ≤ u, x ≥ 0} wherec ∈ Rm+ , b ∈ Rn+, u ∈ Rn

′

+ , A ∈ Rn×m+ andP ∈ Rn
′×m

+ .
The known algorithms (Young [8]) for mixed LP however compute onlyapproximately
feasiblesolutions in which either the packing or the covering constraints are violated by
a factor of(1 + ε). Our algorithm, on the other hand, computes astrictly feasible solu-
tion. Fleischer [1] recently presented an algorithm to compute aexp(ω)-approximation
to (2) by makingO(mω−2 log(mC)) calls1 to the oracle (3). Theorem 1 thus improves
her running time, especially whenC is large orn is polynomial — for example, when
the instance is explicitly given. We note that an approximate version of the oracle (3)
that computes a rowj′ ∈ [n] such thatAj′x/bj′ ≤ (1 + ε) minj∈[n]Ajx/bj is not

1 Fleischer [1] definesC asmaxi∈[m] ci/mini:ci>0 ci. However, the running time of her algo-
rithm depends, in fact, onC as defined in Theorem 1. Note that this value ofC is invariant
under the scaling of variables.
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strong enough to distinguish between feasibility and infeasibility of the given instance.
For example, if all covering constraints are approximately satisfied byx = u, i.e.,
Au ≥ b/(1 + ε), the algorithm may outputx = u as a solution even if it may not
satisfyAu ≥ b implying that the instance is infeasible. Our algorithm follows naturally
from the packing algorithm; and, in fact, can be thought of as an alternate description
of Fleischer’s algorithm [1].

2 The covering LP with upper bounds on the variables

To simplify the presentation, we modify the given instance of (2) as follows. It is no loss
of generality to assume that all entries ofc, u, andb are positive. This is because ifci =
0, we can reduce the problem by settingxi = ui and replacing eachbj with bj −Ajiui.
If ui = 0, then clearlyxi = 0 in any feasible solution and hence we can remove this
variable. Similarly, ifbj = 0, then thejth covering constraint is trivially satisfied and
can be removed. We can also assume that the objective functionc = 1 is the vector of all
ones; this can be achieved by working with new variablesx′i = cixi and replacing each
Aji with Aji/ci and replacing eachui with ciui. We finally assume thatmini∈[m] ui =
1. This is achieved by dividing each entry ofu andb by mini∈[m] ui. While doing this,
it is not necessary to scale the vectorc by mini∈[m] ui, since that amounts to just scaling
the optimum value. Observe that after these modifications, we havemaxi∈[m] ui = C.
Note that the oracle (3) for the modified instance can be obtained from the given oracle
for the original instance; and a solution for the original instance can be obtained from a
solution of the modified instance. Sinceb andc have only positive entries, the optimum
value of (2) ispositive.

Before solving this linear program, we make a call to oracle (3) withx = u to find
a row j ∈ [n] that minimizesAju/bj . If Aju < bj , then thejth covering constraint
cannot be satisfied even if we set each variablexi to its upper boundui. In this case, we
output “infeasible”. Therefore, in what follows, we assume thatAu ≥ b, i.e., the given
instance is feasible.

2.1 Reduction to the packing problem

Consider the following dual LP of (2).

maxb>y − u>z
s.t. A>y − z ≤ 1

y, z ≥ 0
(4)

Although (4) has negative entries in the constraints and the objective function, the fol-
lowing lemma proves that it satisfies the conditions discussed in Section 1.

Lemma 1. Any optimum solution(y∗, z∗) to (4) satisfiesb>y∗−u>z∗ > 0 andA>y∗−
z∗ ≥ 0.

Proof. Since the optimum value of (2) is positive, by LP duality,b>y∗ − u>z∗ is also
positive. Now the only constraints onz arezi ≥ 0 andzi ≥ (A>y)i − 1. Oncey = y∗

is fixed, in order to maximize the objective function, we would setzi to the smallest
possible value, i.e.,max{0, (A>y)i − 1} and we have(A>y∗)i − z∗i ≥ 0.
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Thus we can add constraintsb>y− u>z > 0 andA>y− z ≥ 0 to (4) without affecting
its optimum value. The resulting LP is

maxb>y − u>z
s.t. A>y − z ≤ 1

b>y − u>z > 0
A>y − z ≥ 0

y, z ≥ 0

(5)

We now define an instance of the packing problem. Define a polytopeP ⊂ Rn+m
+ and

functionsfi : P → R+, i ∈ [m] as follows.

P = {(y, z) ≥ 0 | A>y − z ≥ 0, b>y − u>z = 1},
fi(y, z) = (A>y)i − zi for i ∈ [m]. (6)

Now consider the packing problem

min
(y,z)∈P

max
i∈[m]

fi(y, z). (7)

It is easy to see that (5) has an optimum valueλ if and only if (7) has an optimum
value1/λ. Furthermore, anexp(ω)-approximate solution of (7) can be scaled to obtain
an exp(ω)-approximate solution of (5). It is therefore sufficient to obtain anexp(ω)
approximation to (7).

3 The packing algorithm

For completeness, we outline an algorithm for the packing problem. Given a convex set
P ⊆ Rn andm convex non-negative functionsfi : P → R+, i ∈ [m], the packing
problem is to compute

λ∗ = min
y∈P

λ(y) where λ(y) := max
i∈[m]

fi(y).

We refer to this problem asPRIMAL. For a non-zero vectorx ∈ Rm+ , definex :=
x/
∑m
i=1 xi as the normalized vector and defined(x) := miny∈P 〈x, f(y)〉 where

〈x, f(y)〉 =
∑
i xifi(y) denotes the inner product. It is easy to see thatd(x) ≤ λ∗ ≤

λ(y) for anyx > 0 andy ∈ P . We refer to the problem of findingx > 0 such that
d(x) is maximum as theDUAL . The duality theorem (see, e.g., Rockafellar [14], p.393)
implies that

min
y∈P

λ(y) = max
x>0

d(x).

The algorithm assumes an oracle that givenx > 0, computesy ∈ P such that

〈x, f(y)〉 ≤ exp(ε) · d(x) (8)

for a constantε ∈ (0, 1).

Theorem 2. The algorithm in Figure 1 computesx∗ > 0 and y∗ ∈ P such that
λ(y∗) ≤ exp(3ε) · d(x∗). The duality then implies thatx∗ and y∗ form the near-
optimum solutions to theDUAL and PRIMAL problems respectively. The algorithm
makesO(mε−2 logm) calls to the oracle (8).

For the proof of Theorem 2, we refer to [15].
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(1) x := 1 {1 is a vector of all ones}
(2) Findy ∈ P such that〈x, f(y)〉 ≤ exp(ε) · d(x) {oracle call}
(3) x∗ := x, d∗ = 〈x, f(y)〉 {current dual and its value}
(4) r := 0 {initialize the round number}
(5) Repeat
(6) r := r + 1 {roundr begins}
(7) Findyr ∈ P such that〈x, f(yr)〉 ≤ exp(ε) · d(x) {oracle call}
(8) wr := 1/maxi∈[m] fi(yr) {pick yr to an extentwr}
(9) Fori ∈ [m] doxi := xi · exp(εwrfi(yr)) {update the dual variables}
(10) If 〈x, f(yr)〉 > d∗

thenx∗ := x, d∗ := 〈x, f(yr)〉 {keep track of the best dual}
(11) Until (maxi∈[m] xi ≥ m2/ε) {roundr ends}
(12) Outputx∗ andy∗ = (

∑r
s=1 wsys)/(

∑r
s=1 ws)

Fig. 1.The packing algorithm with exponential updates of the duals

4 Implementing the desired oracle

To solve (7) using the packing algorithm, we need an oracle that given a non-zero vector
x ∈ Rm+ , computes(y, z) ∈ P that minimizesx>(A>y − z) within a factor ofexp(ε),
wherex = x/

∑m
i=1 xi. Since

∑m
i=1 xi is fixed, we need to approximate

R(x) := min
(y,z)∈P

x>(A>y − z). (9)

Sinceb>y − u>z = 1 for (y, z) ∈ P , we have

R(x) = min
{
x>(A>y − z)
b>y − u>z

| y, z ≥ 0, A>y − z ≥ 0, b>y − u>z > 0
}
.

We now show how to find(y, z) that achieves an approximate value ofR(x).
Forx ∈ Rm+ andα ≥ 0, define(x|α) ∈ Rm+ as the “truncated” vector with(x|α)i =

min{xi, αui} for i ∈ [m]. Define

rα(x) = min
j∈[n]

Aj(x|α)
bj

whereAj is thejth row ofA. Givenx andα, we can computerα(x) by making one
call to oracle (3). The proof of the following lemma is omitted due to lack of space.

Lemma 2. For a fixedx ∈ Rm+ , the functionrα(x) is a non-decreasing and concave
function ofα.

Lemma 3. For anyx ∈ Rm+ with xi > 0 for i ∈ [m], we haverR(x)(x) = R(x).

Proof. Let y, z ≥ 0 be such thatA>y − z ≥ 0, b>y − u>z > 0 and

R(x) =
x>(A>y − z)
b>y − u>z

.

It is no loss of generality to assume that the above minimum is achieved for〈1, y〉 = 1;
this can be achieved by scalingy, z. Recall thatR(x) is the minimum possible value of
this fraction.
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Claim. Without loss of generality, we can assume that the vectorz is of the form

zi =
{

(A>y)i, if xi > R(x) · ui;
0, otherwise.

(10)

Proof. Note that the coefficient ofzi in the numerator isxi, while its coefficient in the
denominator isui. If xi/ui ≤ R(x), we can setzi = 0, since in this case, by decreasing
zi, the value of the fraction does not increase. If on the other handxi/ui > R(x),
the variablezi must be set to its highest possible value,(A>y)i, since otherwise by
increasingzi, we can decrease the value of the fraction. On increasingzi, however, the
value of the denominatorb>y − u>z may reach zero. But in this case, sincexi/ui >
R(x), the numeratorx>(A>y − z) reaches zero “before” the denominator. Thus we
would havex>(A>y − z) = 0 andb>y − u>z > 0 for somey, z ≥ 0. Sincexi > 0
for i ∈ [m], it must be thatA>y − z = 0. This, in turn, implies that (4) is unbounded
and (2) is infeasible yielding a contradiction. This proves the claim.

Now sincex>(A>y−z) = R(x)·(b>y−u>z),we havex>A>y−(x>−R(x)·u>)z =
R(x) · b>y.

Lemma 4. If z satisfieszi = (A>y)i if xi > α · ui, and0 otherwise for someα, then
we havex>A>y − (x> − α · u>)z = (x|α)>A>y.

Proof. We show thatxi(A>y)i−(xi−α·ui)zi = (x|α)i(A>y)i holds for eachi ∈ [m].
If xi − α · ui ≤ 0, we havezi = 0 and(x|α)i = xi, hence the equality holds. On the
other hand, ifxi−α · ui > 0, we havezi = (A>y)i andxi(A>y)i− (xi−α · ui)zi =
(α · ui)(A>yi) = (x|α)i(A>y)i. This proves Lemma 4.

Thus we have(x|R(x))>A>y = R(x) · b>y, i.e.,

R(x) =
(x|R(x))>A>y

b>y
.

Further we can assume thaty is of the form

yj = 1 for a rowj ∈ [n] such that((x|R(x))>A>)j/bj is minimum, (11)

yj′ = 0 for j′ 6= j.

This is true because by replacingy with the vector as defined above, the value of the
ratio does not increase. Therefore indeed we haverR(x)(x) = minj Aj(x|R(x))/bj =
R(x) and the proof of Lemma 3 is complete.

Lemma 5. For anyx ∈ Rm+ with xi > 0 for i ∈ [m], we haverα(x) < α if and only if
α > R(x).

Proof. Sincerα is a concave function ofα andr0(x) = 0, rR(x) = R(x), we have
rα(x) ≥ α for 0 ≤ α ≤ R(x). Thereforerα(x) < α impliesα > R(x).

Now letα > R(x). Again using the concavity ofrα, we haverα(x) ≤ α. We now
show that strict inequality holds. Let(y, z) be vectors as given in (11) and (10) that
achieve the minimum ratioR(x). Note that we have(A>y)i−zi > 0 for somei ∈ [m];
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0 R(x)

α

rα(x)

α

0 R(x)

α

rα(x)

α

(b)(a)

for a fixedx > 0 for a fixedx > 0

Fig. 2.The possible forms of the functionrα for a fixedx > 0. (a) case ifminj∈[n] Aju/bj > 1,
(b) case ifminj∈[n] Aju/bj = 1.

otherwise the argument in the proof of Lemma 3 implies that (2) is infeasible. For such
i ∈ [m], we have(A>y)i > 0 andzi = 0. This impliesxi ≤ R(x) · ui andAij > 0
for indexj ∈ [n] defined in (11). Note thatxi ≤ R(x) · ui < α · ui implies(x|α)i =
(x|R(x))i = xi > 0. This combined withAij > 0 and (x|α) ≤ α/R(x) · (x|R(x))
implies thatAj(x|α)/bj < α/R(x) · Aj(x|R(x))/bj = α/R(x) · R(x) = α. Since
this holds for allj ∈ [n] that attain the minimum in (11), we haverα(x) < α. Thus
Lemma 5 is proved.

Now from Lemmas 2,3, and 5, the functionrα must be of the form given in Fig-
ure 2. Fix anx > 0. Consider anα ∈ [0,mini∈[m] xi/ui]. Note that(x|α) = α ·
u. Therefore we haverα(x) = α · minj∈[n]Aju/bj . Since (2) is feasible, we have
minj∈[n]Aju/bj ≥ 1. Now if minj∈[n]Aju/bj > 1, we haverα(x) > α. In this case,
from Lemmas 2,3, and 5, we get thatα = 0 andα = R(x) are the only values ofα
satisfyingrα(x) = α and the functionrα has the form given in Figure 2 (a). On the
other hand, ifminj∈[n]Aju/bj = 1, we haverα(x) = α. In this case, the functionrα
has the form given in Figure 2 (b). In either case,R(x) is the largest value ofα such
thatrα(x) = α.

4.1 ComputingR(1)

In the packing algorithm (Figure 1), we initializex = 1. In this section, we describe
how to computeR(1) and prove the following lemma.

Lemma 6. The exact value ofR(1) can be computed by makingO(n+ logm) calls to
the oracle (3). Furthermore, givenε ∈ (0, 1), anexp(ε) approximation toR(1) can be
computed by makingO(log logC + log(1/ε)) calls to the oracle (3).

Lemma 7. R(1) ≥ 1/maxi ui = 1/C. Further if R(1) ≥ 1/mini ui = 1, then
R(1) = minj∈[n]Aj1/bj .

Proof. We first argue thatR(u) ≥ 1. Recall that

R(u) = min
(y,z)

u>A>y − u>z
b>y − u>z
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where the minimum is taken over(y, z) ≥ 0 such thatu>A>y − u>z ≥ 0 andb>y −
u>z > 0. Since (2) is feasible, we haveminj∈[n]Aju/bj ≥ 1. Hence to minimize the
above ratio, one has to setz to zero and this givesR(u) = minj∈[n]Aju/bj ≥ 1. Since
C · 1 ≥ u, we haveR(C · 1) ≥ R(u) ≥ 1. ThereforeR(1) = R(C · 1)/C ≥ 1/C.

Now assumeR(1) ≥ 1. Sinceu ≥ 1, we havemin{1, R(1) · ui} = 1 for eachi ∈
[m]. Therefore(1|R(1)) = 1. From Lemma 3, we haveR(1) = rR(1)(1). Therefore,
R(1) = minj∈[n]Aj1/bj as desired.

ComputingR(1) approximately Now we describe a simple procedure to compute an
exp(ε) approximation toR(1) whereε ∈ (0, 1). We first computer1(1). If r1(1) ≥ 1,
Lemma 5 implies thatR(1) ≥ 1. In this case, Lemma 7 gives thatR(1) = minj∈[n]Aj1/bj
and we can compute this value by making one more oracle call.

On the other hand, ifr1(1) < 1, then we have1/C ≤ R(1) < 1. In such a case, we
have lower and upper bounds onR(1) within a factorC. We do a bisection search as
follows. We setα =

√
1/C and computerα(1). If rα(1) ≥ α, Lemma 5 implies that

R(1) ∈ [α, 1]. On the other hand, ifrα(1) < α, we get thatR(1) ∈ [1/C, α]. In either
case, we reduce the ratio of upper and lower bounds fromC to

√
C. By repeating this

O(log logC + log(1/ε)) times, we can reduce the ratio of upper and lower bounds to
exp(ε). Thus we can computeα such thatexp(−ε) · α ≤ R(1) < α.

ComputingR(1) exactly We use the fact thatR(1) is the maximum value ofα such
thatrα(1) = α (see Figure 2) to compute the exact value ofR(1). Reorder the indices
i ∈ [m] such that1 = u1 ≤ u2 ≤ · · · ≤ um = C. We first computer1(1). If r1(1) ≥
1/u1 = 1, then Lemmas 5 and 7 imply thatR(1) = minj∈[n]Aj1/bj and we can
compute it exactly. We therefore assume that1/um ≤ R(1) < 1/u1. Giveni ∈ [m],
we can determine ifR(1) ≤ 1/ui. This is done by computingrα(1) with α = 1/ui
and comparing its value withα (see Lemma 5). Therefore, by makingO(logm) oracle
calls, we can compute (unique)k ∈ [m − 1] such that1/uk+1 ≤ R(1) < 1/uk. Now
note that forα ∈ [1/uk+1, 1/uk], we have

(1|α)i = min{1, αui} =
{
αui, for i = 1, . . . , k;
1, for i = k + 1, . . . ,m.

Therefore for any rowj ∈ [n], we have thatAj(1|α)/bj is a linear function ofα in the
rangeα ∈ [1/uk+1, 1/uk]. In Figure 3, we have shown the linear functions correspond-
ing to some rowsj0 andj1. Recall that the functionrα(1) is the “lower envelope” of
these functions and our objective is to computeR(1) which is the largest value ofα
such thatrα(1) = α. ThusR(1) is the point at which the lower envelope intersects the
line corresponding to the linear functionα which is shown dotted in Figure 3.

We first make an oracle call to computej0 = arg minj∈[n]Aj(1|α)/bj where
α = 1/uk. (Refer to Figure 3.) The solid line corresponds to the linear function
Aj0(1|α)/bj0 . We assume that the oracle also returns the most-violated constraint.
Since we know the rowAj0 , we can computeαj0 which is the value ofα for which
Aj0(1|α)/bj0 = α. As shown in the figure,αj0 is the value ofα at which the dotted
and the solid lines intersect.
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j0

j1

1/uk+1 1/uk

1/uk

1/uk+1

αj0αj1

α

Fig. 3.Eliminating rows one-by-one to computeR(1) exactly

We then make another oracle call to computej1 = arg minj∈[n]Aj(1|αj0 )/bj . The
light line in Figure 3 corresponds to the linear functionAj1(1|α)/bj1 . If j1 = j0, then
since the solid line goes below the dotted line forα > αj0 , we know thatαj0 is the
largest value ofα such thatrα(1) = α andR(1) = α0. On the other hand, ifj1 6= j0,
we findαj1 which is the value ofα at which the dotted and the light lines intersect. We
continue this to compute rowsj2, j3, . . . till we find jl+1 = jl for somel ≥ 0. Since
R(1) itself is a value ofα that corresponds to the intersection of the dotted line and
the line corresponding to the functionAj′(1|α)/bj′ for some rowj′ ∈ [n], afterO(n)
such iterations, we findjl+1 = jl = j′ for somel ≥ 0. Thus we can computeR(1) by
makingO(n+ logm) calls to the oracle (3).

Computing (y, z) ∈ P that approximatesR(1) well Given an approximate or an
exact value ofR(1), we still need to find(y, z) ∈ P that achieves an approximation to
R(1).

Lemma 8. Givenx ∈ Rm+ such thatxi > 0 for i ∈ [m] andα such thatexp(−ε) ·α ≤
R(x) < α, we can compute(y, z) ∈ P such thatx>(A>y − z) ≤ exp(ε) · R(x) by
making one call to the oracle (3).

Proof. We use an argument similar to the one given in the proof of Lemma 3. We
computej ∈ [n] such thatAj(x|α)/bj is minimum and setyj = 1 andyj′ = 0 for
j′ 6= j. Therefore we have(x|α)>A>y = rα(x) · b>y. We also set

zi =
{

(A>y)i, if xi > α · ui;
0, otherwise.

Now Lemma 4 implies thatx>A>y− (x>−α ·u>)z = (x|α)>A>y. Hencex>A>y−
(x>−α ·u>)z = rα(x) · b>y. This, in turn, impliesx>(A>y− z) = rα(x) · b>y−α ·
u>z < α(b>y − u>z). The strict inequality follows fromrα(x) < α (Lemma 5) and
b>y > 0. Therefore we haveb>y − u>z > 0 and

x>(A>y − z)
b>y − u>z

< α ≤ exp(ε) ·R(x).

Thus the proof is complete.

Using the above lemma, we can compute(y, z) ∈ P that achieves anexp(ε) approxi-
mation toR(1).
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5 Algorithm for solving (7)

In the packing algorithm (Figure 1), we initializex = 1. We setε = ω/4 whereω ∈
(0, 1) is the given error parameter. As explained in the previous section, we compute
anα such thatexp(−ε) · α ≤ R(x) < α. Using Lemma 8, we compute(y, z) ∈ P
that forms aexp(ε) approximation to the oracle call and update the “dual variables”x
(step (9) in Figure 1). During the algorithm, the values ofxi for i ∈ [m] never decrease.
Therefore, the value of

R(x) = min
(y,z)∈P

x>(A>y − z)

also never decreases. We repeat this till we find thatR(x) ≥ α; this can detected by
checking ifrα(x) ≥ α (Lemma 5). In such a case, we update the value ofα asα :=
exp(ε) · α and repeat.2

Let α0 be the initial value ofα. Note that we haveR(1) ∈ [α0 exp(−ε), α0). We
say that the algorithm is in phasep ≥ 0 if the current value ofα is α0 exp(pε).

Bounding the number of oracle calls We designate an oracle call in which we do not
find the desired(y, z) ∈ P as “unfruitful”. After each unfruitful oracle call, we update
the value ofα and go into the next phase. Hence the number of unfruitful calls to (3)
is at most the number of phases in the algorithm. The following lemma proves a bound
on the number of phases in the algorithm.

Lemma 9. The algorithm hasO(ε−2 logm) phases.

Proof. The algorithm initializesx = 1 and terminates when for somei ∈ [m], we
havexi ≥ m2/ε (step (11) in Figure 1). Thus the maximum valueα can take isα0 ·
exp(ε)m2/ε. Since the value ofα increases byexp(ε) in each phase, the number of
phases in the algorithm isO(ε−2 logm).

Thus the number of unfruitful oracle calls isO(ε−2 logm). Call an oracle call in which
we find(y, z) ∈ P satisfying the desired inequality as “fruitful”. Clearly the number of
fruitful oracle calls is equal to the number of oracle calls in the packing algorithm and
from Theorem 2, this isO(mε−2 logm). In the pre-processing, to compute an approx-
imate value ofR(1), we makeO(min{n+ logm, log logC + log(1/ε)}) oracle calls.
Thus the total number of calls to the oracle (3) in the algorithm isO(mε−2 logm +
min{n+ logm, log logC + log(1/ε)}) = O(mω−2 logm+ min{n, log logC}).

Proving feasibility and near-optimality of the solutions Now from Theorem 2, the
algorithm outputs̃x ≥ 0 and(ỹ, z̃) ∈ P such that

λ(ỹ, z̃) ≤ exp(3ε) · d(x̃) (12)

where

λ(ỹ, z̃) = max
i∈[m]

(
(A>ỹ)i − z̃i

)
and d(x̃) = min

(y,z)∈P
〈x̃, f(y, z)〉 (13)

2 This technique of updatingα in multiples ofexp(ε) was first used by Fleischer [10] to reduce
the running time of the maximum multicommodity flow algorithm.
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where x̃ = x̃/
∑m
i=1 x̃i. Recall that the algorithm (Figure 1) outputs the best dual

solution found in any round and hence

x̃ = xr wherer = arg max
1≤r≤N

d(xr)

wherexr denotes the value ofx at the end of roundr. Let p be the phase in which the
algorithm computes the best dual solutionx̃. Let x̂ be the value of the dual variablesx
at the end of the phasep− 1. Letαp−1 = α0 exp((p− 1)ε) be the value ofα in phase
p− 1.

Lemma 10. The vectorsx∗ = (x̂|αp−1)/αp−1 and (y∗, z∗) = (ỹ, z̃)/λ(ỹ, z̃) form
feasible solutions to the primal linear program (2) and the dual linear program (4)
respectively. Furthermore,

1>x∗ ≤ exp(ω) ·
(
b>y∗ − u>z∗

)
.

Thusx∗ and(y∗, z∗) form near-optimum solutions to (2) and (4) respectively.

Proof. Since(x̂|αp−1) ≤ αp−1u, we havex∗ ≤ u. Since the oracle call withx =
x̂ was unfruitful at the end of phasep − 1, we haverαp−1(x̂) ≥ αp−1. Therefore
minj∈[n]Aj(x̂|αp−1)/bj = rαp−1(x̂) ≥ αp−1 and henceminj∈[n]Ajx

∗/bj ≥ 1. Thus
x∗ forms a feasible solution to (2). From the definition ofλ(ỹ, z̃), it is clear thatA>y∗−
z∗ ≤ 1 so that(y∗, z∗) forms a feasible solution to (4).

Now letαp = α0 exp(pε) be the value ofα in phasep. We have

1>x∗ =
∑m
i=1(x̂|αp−1)i
αp−1

≤
∑m
i=1 x̃i
αp−1

(sincex does not decrease, we havex̃ ≥ (x̂|αp−1))

= exp(ε) ·
∑m
i=1 x̃i
αp

(sinceαp = exp(ε) · αp−1)

From the definitions (9) and (13) ofR(x) and d(x) respectively, we haveR(x) =
d(x) ·

∑m
i=1 xi. Since the oracle call withx = x̃ was fruitful in phasep, we have

αp ≥ R(x̃) = d(x̃) ·
∑m
i=1 x̃i. Therefore

1>x∗ ≤ exp(ε) · 1
d(x̃)

≤ exp(4ε) · 1
λ(ỹ, z̃)

(from (12))

= exp(ω) · b
>ỹ − u>z̃
λ(ỹ, z̃)

(since(ỹ, z̃) ∈ P andω = 4ε)

= exp(ω) ·
(
b>y∗ − u>z∗

)
.

Therefore the proof is complete.

Note that we can modify the algorithm to keep track of the values of the dual variables
at the end of the previous round and thus be able to computex̂, αp−1, and hencex∗.

Thus the proof of Theorem 1 is complete.
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6 Conclusion

We presented a technique to handle negative entries in the objective function and the
constraints via Lagrangian relaxation. We applied this technique to the fractional cover-
ing problem with upper bounds on the variables. We reduced the dual of this problem to
the standard packing framework and derived an algorithm for this problem. However,
the technique seems to be very limited in its applicability since it needs an optimum so-
lution with non-negative values for the objective function and the constraints. The neg-
ative entries can also be handled by working with perturbed functions as done in [15].
However, there is still no fairly general and satisfactory way of taking care of negative
entries.
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