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Abstract. We present a Lagrangian relaxation technigue to solve a class of linear
programs with negative coefficients in the objective function and the constraints.
We apply this technique to solve (the dual of) covering linear programs with
upper bounds on the variablesin{c"z | Az > b,z < u,x > 0} where

cu € RY,b € RE andA € R}*™ have non-negative entries. We obtain

a strictly feasible,(1 + ¢)-approximate solution by makin@(me 2logm +
min{n,loglog C'}) calls to an oracle that finds thmost-violated constraint
Here C is the largest entry im or u, m is the number of variables, andis

the number of covering constraints. Our algorithm follows naturally from the al-
gorithm for the fractional packing problem and improves the previous best bound
of O(me™2log(mC)) given by Fleischer [1]. Also for a fixed if the number of
covering constraints is polynomial, our algorithm makes a number of oracle calls
that is strongly polynomial.

1 Introduction

In last couple of decades, there has been extensive research on solving linear programs
(LPs) efficiently, albeit approximately using Lagrangian relaxation. Starting from the
work of Shahrokhi & Matula [2] on multicommodity flows, a series of papers including
those of Plotkin et al. [3], Luby & Nisan [4], Grigoriadis & Khachiyan [5, 6], Young [7,
8], Garg & Kénemann [9], and Fleischer [10] proposed several algorithms for packing
and covering LPs. Refer to Bienstock [11] for a survey of this field. All of these algo-
rithms rely crucially on thenon-negativityof the coefficients in the objective function
and the constraints.

In this paper we show how Lagrangian relaxation can be used to solve a class of
LPs with negative coefficients in the objective function and the constraints. The basic
idea behind this approach is as follows. Suppose we would like to solve an LP of the

form
maxc' z

st Az <b (1)
x>0

where the entries idl andc may be negativesuppose also that there exists an optimum
solutionz* to (1) such that:"z* > 0 and Az* > 0. In such a case, we can add
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constraints:"z > 0 and Az > 0 to (1) without affecting the optimum solution. The
resulting linear program can then be thought of as a fractional packing problem

max{c' z | Az < b,z € P}

whereP = {z > 0 | ¢"2 > 0, Az > 0}. Such a packing problem can be solved
using algorithms similar to Plotkin et al. [3], Grigoriadis & Khachiyan [12], Garg &
Konemann [9], and Jansen & Zhang [13] provided one has an oracle to minimize linear
functions overP.

1.1 Our contribution and previous work

We apply the technique mentioned above to (the dual of) a covering LP with upper
bounds on the variables:
mine’x
st. Az >b
z<u
x>0

(2)

wherec,u € RY,b € R} andA € R’*™ have non-negative entries. For a positive
integerk, let [k] = {1,...,k}. To solve (2), we assume that we have an oracle that
givenz € R, finds themost-violated constrainFormally,

. ) Aj
givenx € R"?, the oracle flndSm%n] £t 3
JEINn j
whereA; denotes thgth row of A. The dual of (2) has negative entries in the constraint
matrix; we reduce it to a packing problem and prove the following theorem.

Theorem 1. There exists an algorithm that given an error parameteg (0, 1), either
computes atrictly feasible exp(w)-approximation to (2), or proves that (2) is infeasi-
ble. The algorithm makeS (mw~=21ogm + min{n, loglog C}) calls to the oracle (3)
WhereC’ _ max;em] Cili

MiNG:c;u; >0 Cilky

The LP (2) is a special case of the mixed packing and coveringdiR{c 'z | Az >

b, Pz < u,x > 0} wherec € R7,b € R?,u € R, A € R?*™ andP € R ™.

The known algorithms (Young [8]) for mixed LP however compute approximately
feasiblesolutions in which either the packing or the covering constraints are violated by
a factor of(1 + €). Our algorithm, on the other hand, computesrictly feasible solu-

tion. Fleischer [1] recently presented an algorithm to computepéw )-approximation

to (2) by makingO (mw~2log(mC)) calls! to the oracle (3). Theorem 1 thus improves
her running time, especially whefti is large orn is polynomial — for example, when

the instance is explicitly given. We note that an approximate version of the oracle (3)
that computes a roy’ € [n] such thatd; .z /by < (1 + €) minjep,) Ajz/b; is not

! Fleischer [1] defines’ asmax; e[ ¢i/ min;..; o c;. However, the running time of her algo-
rithm depends, in fact, o6’ as defined in Theorem 1. Note that this valueCbfs invariant
under the scaling of variables.



Fractional covering with upper bounds on the variables 3

strong enough to distinguish between feasibility and infeasibility of the given instance.
For example, if all covering constraints are approximately satisfied by «, i.e.,

Au > b/(1 + €), the algorithm may output = « as a solution even if it may not
satisfy Au > b implying that the instance is infeasible. Our algorithm follows naturally
from the packing algorithm; and, in fact, can be thought of as an alternate description
of Fleischer’s algorithm [1].

2 The covering LP with upper bounds on the variables

To simplify the presentation, we modify the given instance of (2) as follows. It is no loss
of generality to assume that all entriescofi, andb are positive. This is becauserif =
0, we can reduce the problem by setting= u,; and replacing eachy with b; — A;;u;.
If u; = 0, then clearlyx, = 0 in any feasible solution and hence we can remove this
variable. Similarly, ifb; = 0, then thejth covering constraint is trivially satisfied and
can be removed. We can also assume that the objective furctiohis the vector of all
ones; this can be achieved by working with new variables: ¢;z; and replacing each
Aj; with Aj; /c; and replacing each; with c;u;. We finally assume thatin, ¢, u; =
1. This is achieved by dividing each entry@findb by min;c[,,,) u;. While doing this,
itis not necessary to scale the veatday min;¢,,,) u;, Since that amounts to just scaling
the optimum value. Observe that after these modifications, wethawg(,,,) u; = C.
Note that the oracle (3) for the modified instance can be obtained from the given oracle
for the original instance; and a solution for the original instance can be obtained from a
solution of the modified instance. Sineandc have only positive entries, the optimum
value of (2) ispositive

Before solving this linear program, we make a call to oracle (3) with « to find
arow;j € [n] that minimizesA;u/b;. If Aju < b;, then thejth covering constraint
cannot be satisfied even if we set each variabl® its upper bound;. In this case, we
output “infeasible”. Therefore, in what follows, we assume that> b, i.e., the given
instance is feasible.

2.1 Reduction to the packing problem
Consider the following dual LP of (2).

maxb'y —u'z
st. ATy—2z2<1 (4)
y,z>0

Although (4) has negative entries in the constraints and the objective function, the fol-
lowing lemma proves that it satisfies the conditions discussed in Section 1.

Lemma 1. Any optimum solutiofy*, z*) to (4) satisfies "y*—u ' z* > 0andATy*—
z* > 0.

Proof. Since the optimum value of (2) is positive, by LP dualityy* — v " z* is also
positive. Now the only constraints anarez; > 0 andz; > (ATy); — 1. Oncey = y*
is fixed, in order to maximize the objective function, we would seto the smallest
possible value, i.emax{0, (A"y); — 1} and we havé AT y*); — zF > 0.
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Thus we can add constrairitsy —u 'z > 0 andA Ty — z > 0 to (4) without affecting
its optimum value. The resulting LP is
maxb'y —u'z
st. ATy —z2<1

by —u'z>0 (5)
ATy—2>0
y,z=>0

We now define an instance of the packing problem. Define a polyiEbgeIR{Tm and
functionsf; : P — R, i € [m] as follows.

P={(y,2) 20| ATy—2>0b"y—u'z=1},
fily,2) = (ATy); — z fori € [m).
Now consider the packing problem

(6)

min max f;(y, z). 7
JNin max fily, 2) (7
It is easy to see that (5) has an optimum valug and only if (7) has an optimum
valuel/\. Furthermore, anxp(w)-approximate solution of (7) can be scaled to obtain
an exp(w)-approximate solution of (5). It is therefore sufficient to obtaineap(w)
approximation to (7).

3 The packing algorithm

For completeness, we outline an algorithm for the packing problem. Given a convex set
P C R™ andm convex non-negative functiong : P — R,,i € [m], the packing
problem is to compute
A" =minA(y) where A(y):= max f;(y).
yeEP i€[m]
We refer to this problem aBRIMAL. For a non-zero vectar € R, definez :=
z/ 3" x; as the normalized vector and defidér) := minyep (z, f(y)) where
(z, f(y)) = >, z, fi(y) denotes the inner product. It is easy to see da) < \* <
A(y) foranya > 0 andy € P. We refer to the problem of finding > 0 such that
d(x) is maximum as theuAL. The duality theorem (see, e.g., Rockafellar [14], p.393)
implies that
min AMy) = max d(z).

The algorithm assumes an oracle that given 0, computes; € P such that

(z, f(y)) < exp(e) - d(x) (8)
for a constant € (0, 1).

Theorem 2. The algorithm in Figure 1 computes® > 0 and y* € P such that
Ay*) < exp(3e¢) - d(z*). The duality then implies that* and y* form the near-
optimum solutions to theuAaL and PRIMAL problems respectively. The algorithm
makesO (me~? log m) calls to the oracle (8).

For the proof of Theorem 2, we refer to [15].
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1) z:=1 {1 is a vector of all ones
(2) Findy € P suchthatz, f(y)) < exp(e) - d(z) {oracle cal}
() zfi=zx,d" =z, f(y) {current dual and its valge
@ r:=0 {initialize the round numbet
(5) Repeat
(6) ri=r+1 {roundr beging
@ Findy, € P suchthafz, f(y,)) < exp(e) - d(x) {oracle cal}
(8) wy 1= 1/ max;epm fi(yr) {pick y, to an extentv. }
9) Fori € [m] dox; := x; - exp(ewr fi (yr)) {update the dual variablés
10) I {z, f(y.) > d"

thenz™ := z,d" := (z, f(yr)) {keep track of the best dual
(11)  Until (max; e z: > m?/€) {roundr endg
(12) Outpute® andy” = (7_, weys) /(X7 ws)

Fig. 1. The packing algorithm with exponential updates of the duals

4 Implementing the desired oracle

To solve (7) using the packing algorithm, we need an oracle that given a non-zero vector
z € R, computegy, z) € P that minimizest " (AT y — z) within a factor ofexp(e),
wherez = /> | ;. Sinced_" | z; is fixed, we need to approximate

R(z):= min z'(ATy—2). 9)
(y,2)eP

Sinceb"y —u'z = 1for (y,z) € P, we have
T AT _
R(z) min{W 1y, 2> 0,ATy—2>0,b"y—u' 2 >o}.

We now show how to findy, z) that achieves an approximate valueRffr).
Forz € R anda > 0, define(z|,) € R as the “truncated” vector witfr|, ); =
min{z;, au;} for i € [m]. Define
A
i Ai@la)
j€ln] b
whereA; is thejth row of A. Givenz anda, we can compute, (z) by making one
call to oracle (3). The proof of the following lemma is omitted due to lack of space.

Lemma 2. For a fixedz € R, the functionr, (x) is a non-decreasing and concave
function ofa.
Lemma 3. For anyz € R7 withz; > 0 for i € [m], we haverg(,(z) = R(x).
Proof. Lety,z > 0be suchthattTy — 2> 0,b"y —u"2 > 0 and
zT(ATy - 2)
R(z) = —————.
() bTy —ulz

Itis no loss of generality to assume that the above minimum is achievéd fgr = 1;
this can be achieved by scaliggz. Recall thatR(x) is the minimum possible value of
this fraction.
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Claim. Without loss of generality, we can assume that the vectsiof the form

[ (ATy)i, if 2 > R(z) - ug;
e {0, otherwise (10)

Proof. Note that the coefficient of; in the numerator ig;;, while its coefficient in the
denominator is;. If z; /u; < R(z), we can set; = 0, since in this case, by decreasing
z;, the value of the fraction does not increase. If on the other hapd;, > R(z),

the variablez; must be set to its highest possible valgd,” y);, since otherwise by
increasingz;, we can decrease the value of the fraction. On increasirtgpwever, the
value of the denominatdr’y — « " z may reach zero. But in this case, singgu; >
R(z), the numerator: " (ATy — z) reaches zero “before” the denominator. Thus we
would haver " (ATy — 2) = 0andb’y — u' z > 0 for somey, z > 0. Sincez; > 0
for i € [m], it must be thatd "y — z = 0. This, in turn, implies that (4) is unbounded
and (2) is infeasible yielding a contradiction. This proves the claim.

Nowsincer " (ATy—z2) = R(x)-(b"y—u'z),wehaver " ATy—(z" —R(z)-u')z =
R(x)-by.

Lemma 4. If z satisfiesz; = (ATy); if 2; > « - u;, and0 otherwise for some, then
wehaver"ATy — (27 —a-u')z = (z|o)TATy.

Proof. We show that:; (AT y); — (z; —a-u;)z; = (z]a)i(ATy); holds for each € [m].

If x; — - u; <0, we havez; = 0 and(zl|,); = z;, hence the equality holds. On the
other hand, ifc; — o~ u; > 0, we havey; = (ATy); andxz; (AT y); — (25 — - uy)z =
(a-u;)(ATy;) = (z]a)i(ATy);. This proves Lemma 4.

Thus we havéz|p,)) " ATy = R(z)- by, ie.,

(I|R(w))TATy

R(zx) = b7y

Further we can assume thais of the form

y; =1 forarow; € [n] such that(z|p()) " A");/b; is minimum  (11)
yi =0 forj #j.

This is true because by replaciggwith the vector as defined above, the value of the
ratio does not increase. Therefore indeed we hayg) (z) = min; A;(z|g))/b; =
R(z) and the proof of Lemma 3 is complete.

Lemma 5. For anyz € R with z; > 0 for i € [m], we haver,(z) < « if and only if
a > R(x).

Proof. Sincer,, is a concave function oft andrq(z) = 0,7r) = R(x), we have
ro(x) > afor0 < o < R(z). Thereforer,(z) < aimpliesa > R(z).

Now leta: > R(x). Again using the concavity of,, we haver,(z) < «. We now
show that strict inequality holds. L€y, z) be vectors as given in (11) and (10) that
achieve the minimum rati®(z). Note that we havéA " y); — z; > 0 for somei € [m);
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« «a
ro(z) ra(z)
for a fixedz > 0 s for afixedz > 0
. a . o
0 R(z) 0 R(z)

(€Y (b)

Fig. 2. The possible forms of the function, for a fixedz > 0. (a) case ifimin e, Aju/b; > 1,
(b) case ifmin¢(,) Aju/b; = 1.

otherwise the argument in the proof of Lemma 3 implies that (2) is infeasible. For such
i € [m], we have(ATy); > 0 andz; = 0. This impliesz; < R(z) - u; andA4;; > 0
forindexj € [n] defined in (11). Note that; < R(x) - u; < a - u; implies(z|); =
(#|Rr(z))i = x; > 0. This combined with4;; > 0 and(z|.) < a/R(z) - (7|g())
implies thatA;(z|.)/b; < a/R(x) - Aj(x|pa))/bj = a/R(x) - R(z) = a. Since

this holds for allj € [n] that attain the minimum in (11), we havg(z) < «. Thus
Lemma 5 is proved.

Now from Lemmas 2,3, and 5, the functiop must be of the form given in Fig-
ure 2. Fix anz > 0. Consider amx € [0, min;e[y,) ;/u;]. Note that(z|,) = o -
u. Therefore we have,(z) = « - min;cp,) A;u/b;. Since (2) is feasible, we have
min;ecp,) Aju/b; > 1. Now if minjcp,) Aju/b; > 1, we haver, (z) > a. In this case,
from Lemmas 2,3, and 5, we get that= 0 anda = R(z) are the only values ok
satisfyingr,(z) = « and the function, has the form given in Figure 2 (a). On the
other hand, ifmin;¢p,,) Aju/b; = 1, we haver, (z) = a. In this case, the function,
has the form given in Figure 2 (b). In either cag¥y) is the largest value of such
thatr, (z) = a.

4.1 Computing R(1)

In the packing algorithm (Figure 1), we initialize = 1. In this section, we describe
how to computeR(1) and prove the following lemma.

Lemma 6. The exact value aR(1) can be computed by makiid(n + log m) calls to
the oracle (3). Furthermore, givene (0,1), anexp(e) approximation toR(1) can be
computed by makin@(log log C' + log(1/¢)) calls to the oracle (3).

Lemma?7. R(1) > 1/max;u; = 1/C. Further if R(1) > 1/min;u; = 1, then
R(l) = minje[n] Ajl/bj

Proof. We first argue thaf2(u) > 1. Recall that

R(u) = min — 72— 2%
) = B8 Ty T
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where the minimum is taken ovéy, z) > O such thatu" ATy — w2z > 0andb’y —
u'z > 0. Since (2) is feasible, we havein;¢|,; A;u/b; > 1. Hence to minimize the
above ratio, one has to seto zero and this giveR(u) = min;¢(,,) 4;u/b; > 1. Since
C-1>u,wehaveR(C -1) > R(u) > 1. ThereforeR(1) = R(C -1)/C > 1/C.

Now assume?(1) > 1. Sinceu > 1, we havemin{1, R(1) - u;} = 1 for eachi
[m]. Therefore(1|r(1)) = 1. From Lemma 3, we hav&(1) = rg(1)(1). Therefore,
R(1) = minj¢p,) A;1/b; as desired.

Computing R(1) approximately Now we describe a simple procedure to compute an
exp(€) approximation taR(1) wheree € (0,1). We first compute (1). If r1(1) > 1,
Lemma 5 implies thak(1) > 1. Inthis case, Lemma 7 gives thid{1) = min,¢,) A;1/b;
and we can compute this value by making one more oracle call.

On the other hand, if; (1) < 1, then we havé /C' < R(1) < 1. In such a case, we
have lower and upper bounds &{1) within a factorC. We do a bisection search as
follows. We seto = /1/C and compute, (1). If r,(1) > «, Lemma 5 implies that
R(1) € [o, 1]. On the other hand, if, (1) < «, we get thatR(1) € [1/C, a]. In either
case, we reduce the ratio of upper and lower bounds ffoim /C. By repeating this
O(loglog C + log(1/e€)) times, we can reduce the ratio of upper and lower bounds to
exp(e€). Thus we can compute such thatxp(—e¢) - a < R(1) < a.

Computing R(1) exactly We use the fact tha®(1) is the maximum value of such
thatr, (1) = « (see Figure 2) to compute the exact valugidi ). Reorder the indices
i € [m] suchthatl = u; <wug < -+ <,y = C. We first compute (1). If 71 (1) >
1/u; = 1, then Lemmas 5 and 7 imply th&(1) = min;cp,) A;1/b; and we can
compute it exactly. We therefore assume that,, < R(1) < 1/u;. Giveni € [m],
we can determine iR(1) < 1/u;. This is done by computing, (1) with a = 1/u;
and comparing its value with (see Lemma 5). Therefore, by maki@glog m) oracle
calls, we can compute (uniqug)e [m — 1] such thatl /ug+1 < R(1) < 1/uj. Now
note that for € [1/ug41, 1/ux], we have

. au;, fori=1,... k;
(1|a)i = mln{LOZUi} - {17 fori=1FkL+ 1,...,m.

Therefore for any row € [n], we have tha#;(1|,)/b; is a linear function ofx in the
rangea € [1/uk+1,1/uk]. In Figure 3, we have shown the linear functions correspond-
ing to some rowsg, andj;. Recall that the functiom, (1) is the “lower envelope” of
these functions and our objective is to compitd ) which is the largest value af
such that,, (1) = . ThusR(1) is the point at which the lower envelope intersects the
line corresponding to the linear functienwhich is shown dotted in Figure 3.

We first make an oracle call to compufe = argminjcp,) 4;(1|)/b; where
a = 1/uk. (Refer to Figure 3.) The solid line corresponds to the linear function
Aj,(1]o)/bj,. We assume that the oracle also returns the most-violated constraint.
Since we know the rowd;,, we can computey;, which is the value ot for which
A (1]a)/bj, = a. As shown in the figureg;, is the value ofx at which the dotted
and the solid lines intersect.
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1/ ug

™.
J1

_Jjo

1/untfi”

1/ug41 gy oy 1/uy

Fig. 3. Eliminating rows one-by-one to compuig 1) exactly

We then make another oracle call to compjite= arg minje,) 4;(1[q;,)/bj. The
light line in Figure 3 corresponds to the linear functidn (1|,)/b;,. If j1 = jo, then
since the solid line goes below the dotted line for> «;,, we know thato;, is the
largest value ofv such that, (1) = e and R(1) = «g. On the other hand, if; # jo,
we findo;, which is the value o at which the dotted and the light lines intersect. We
continue this to compute rowg, js, . .. till we find j;,.; = j; for somel > 0. Since
R(1) itself is a value ofu that corresponds to the intersection of the dotted line and
the line corresponding to the functioty (1|, )/b; for some row;’ € [n], afterO(n)
such iterations, we fingl.; = j; = j' for somel > 0. Thus we can computg(1) by
makingO(n + log m) calls to the oracle (3).

Computing (y, z) € P that approximates R(1) well Given an approximate or an
exact value of?(1), we still need to findy, ) € P that achieves an approximation to
R(1).
Lemma 8. Givenz € R’ such thate; > 0 for i € [m] anda such thakexp(—e) - o <
R(r) < a, we can computéy, z) € P suchthatz' (ATy — z) < exp(e) - R(z) by
making one call to the oracle (3).
Proof. We use an argument similar to the one given in the proof of Lemma 3. We
computej € [n] such thatd,(x|,)/b; is minimum and sey; = 1 andy;; = 0 for
§' # j. Therefore we havér|,) T ATy = ro(z) - b y. We also set
o (ATy)s, if 2 > - u;
“=o, otherwise

Now Lemma 4 impliesthat " ATy — (2T —a-u')z = (2|o) TATy. Hencer " ATy —
(T —a-u)z =r4(x)-bTy. This, inturn, impliese " (ATy — 2) = ro(2) by — -
u'z < a(b’y —u'2). The strict inequality follows from, (z) < o (Lemma 5) and
b"y > 0. Therefore we have'y —u"z > 0 and

2T (ATy - 2)

W <« S exp(e) . R(ZL')

Thus the proof is complete.

Using the above lemma, we can comp(ez) € P that achieves aaxp(e) approxi-
mation toR(1).
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5 Algorithm for solving (7)

In the packing algorithm (Figure 1), we initialize= 1. We sete = w/4 wherew €
(0,1) is the given error parameter. As explained in the previous section, we compute
ana such thatexp(—e¢) - o < R(x) < «a. Using Lemma 8, we computg, z) € P
that forms aexp(e) approximation to the oracle call and update the “dual variabtes”
(step (9) in Figure 1). During the algorithm, the values:pfor i € [m] never decrease.
Therefore, the value of -
R(x) (y{gl;relpx (Aly—2)

also never decreases. We repeat this till we find fat) > «; this can detected by
checking ifr,(z) > « (Lemma 5). In such a case, we update the value ea :=
exp(e) - a and repeat.

Let a be the initial value ofr. Note that we havek(1) € [ag exp(—e), ap). We
say that the algorithm is in phage> 0 if the current value o is « exp(pe).

Bounding the number of oracle calls We designate an oracle call in which we do not
find the desiredy, z) € P as “unfruitful”. After each unfruitful oracle call, we update

the value ofa and go into the next phase. Hence the number of unfruitful calls to (3)
is at most the number of phases in the algorithm. The following lemma proves a bound
on the number of phases in the algorithm.

Lemma 9. The algorithm ha®)(¢~2 log m) phases.

Proof. The algorithm initializest = 1 and terminates when for somec [m], we
havez; > m?/¢ (step (11) in Figure 1). Thus the maximum valuean take isy -
exp(e)m?/¢. Since the value ofr increases byxp(¢) in each phase, the number of
phases in the algorithm (e =2 log m).

Thus the number of unfruitful oracle calls@ 2 log m). Call an oracle call in which

we find(y, z) € P satisfying the desired inequality as “fruitful”. Clearly the number of
fruitful oracle calls is equal to the number of oracle calls in the packing algorithm and
from Theorem 2, this i) (me =2 log m). In the pre-processing, to compute an approx-
imate value ofR(1), we makeO(min{n + logm,loglog C' + log(1/¢)}) oracle calls.
Thus the total number of calls to the oracle (3) in the algorithr®(ge =2 log m +
min{n + logm, loglog C + log(1/€)}) = O(mw~2logm + min{n, loglog C}).

Proving feasibility and near-optimality of the solutions Now from Theorem 2, the
algorithm outputs: > 0 and(g, 2) € P such that

A(7.7) < exp(3e) - d(7) (12)
where

A3, 2) = max ((47p)i—%)  and AE) = min (2./(v.2)  (13)

2 This technique of updating in multiples ofexp(e) was first used by Fleischer [10] to reduce
the running time of the maximum multicommodity flow algorithm.
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wherez = z/> ", Z;. Recall that the algorithm (Figure 1) outputs the best dual
solution found in any round and hence

Z = " wherer = arg max d(z")

1<r<N

wherez” denotes the value af at the end of round. Let p be the phase in which the
algorithm computes the best dual solutiori_et z be the value of the dual variables
at the end of the phage— 1. Leta,_1 = agexp((p — 1)¢) be the value ot in phase
p—1.
Lemma 10. The vectorsr* = (Z|a, ,)/ap-1 and (y*,2*) = (7,2)/\(g, ) form
feasible solutions to the primal linear program (2) and the dual linear program (4)
respectively. Furthermore,

172* < exp(w) - (bTy* - uTz*).
Thusz* and (y*, z*) form near-optimum solutions to (2) and (4) respectively.

Proof. Since (Z],,_,) < ap_1u, we haver* < w. Since the oracle call with =
& was unfruitful at the end of phage— 1, we haver,, ,(2) > a,_1. Therefore
minepn) A;(%|a,_,)/bj = Ta,_, (£) > a,_1 and hencenin,cp,) A;j2*/b; > 1. Thus
x* forms a feasible solution to (2). From the definition\df;, 7), it is clear thatd T y* —
z* < 1 so that(y*, z*) forms a feasible solution to (4).

Now leta, = ag exp(pe) be the value of in phasep. We have

1T.I‘* _ Z;il(‘%hp*l)i

Qp—1
221 T ; 5 -
< (sincex does not decrease, we have> (|, ,))
Qp—1
m .
.1 X; .
= exp(e) - i1 i (sinceay,, = exp(e) - ap_1)

Qp
From the definitions (9) and (13) dk(x) and d(x) respectively, we have®(z) =
d(z) - Yi*, ;. Since the oracle call with = # was fruitful in phasep, we have
ap, > R(z) =d(z) - Y.~ &;. Therefore

172" < exp(e) - ﬁ
< exp(4e) - )\(g;g) (from (12))
bTg—u'z

= exp(w) - NG (since(y, 2) € P andw = 4¢)

= exp(w) - <bTy* - uTz*).
Therefore the proof is complete.

Note that we can modify the algorithm to keep track of the values of the dual variables
at the end of the previous round and thus be able to coniputg_;, and hence:*.
Thus the proof of Theorem 1 is complete.
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6 Conclusion

We presented a technique to handle negative entries in the objective function and the
constraints via Lagrangian relaxation. We applied this technique to the fractional cover-
ing problem with upper bounds on the variables. We reduced the dual of this problem to
the standard packing framework and derived an algorithm for this problem. However,
the technique seems to be very limited in its applicability since it needs an optimum so-
lution with non-negative values for the objective function and the constraints. The neg-
ative entries can also be handled by working with perturbed functions as done in [15].
However, there is still no fairly general and satisfactory way of taking care of negative
entries.
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