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ABSTRACT

We consider the Active Min-Cost Measurement problem to
minimize the cost incurred by measuring network link de-
lays. Although the problem has a polynomial representa-
tion, its covering LP formulation, for which most of the
previous distributed algorithms apply, has an exponential
number of variables, one for each path.

We present first known distributed (1 + €)-approximation
algorithm for this problem that converges in time that is
linear in the maximal path length and poly-logarithmic in
the size of the entire network and has polynomial compu-
tational overhead. Previous distributed solutions achiev-
ing similar approximations required either convergence time
that is polynomial or computational overhead that is expo-
nential in the size of the entire network.
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F.2.2 [Analysis of Algorithms and Problem Complex-
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Keywords
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1. ACTIVE NETWORK MEASUREMENT

An active min-cost link measurement problem uses pack-
ets generated by a measurement device to probe the Inter-
net and measure its characteristics. Examples of this ap-
proach include the ping utility, the traceroute utility, and
the pathchar tool used to determine Internet routing paths
and their latencies. Given are a directed graph G = (V, E)
with & commodities, each specified by a source s;, a sink
ti, a measurement cost b; > 0, and an integer L > 0. Let
Pi be the set of (simple and non-simple) paths between s;
and t; of hop-length at most L. Each commodity ¢ needs to
decide a frequency f; of “measurements” for p € P;. At this
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frequency, f;; measurement probes are done along p per unit
time. The objective is to collectively measure each link at
a unit frequency. Since the measurements done along each
path are independent of other paths, the total frequency
of measurement on a link is the sum of individual frequen-
cies of the paths going through that link. Let A% be the
multiplicity of an edge e on a path p. Thus a path p with
frequency f; covers an edge e to an extent A% f;;. In prac-
tice, L < n is much smaller as compared to the size of the
entire graph; e.g., L = 1 in a bipartite case. This problem
can be formulated as the following linear program.

min ZZblf;,

i pEP;
s.t. ZZAgf; > 1 V links e (1)
i e€p .
fp >0 V paths p

This problem is an instance of the set cover problem, with
the links being elements and the paths being sets. Aggre-
gating all the sets for a single commodity into a “super-set”
allows a possibility of a polynomial overhead solution, but
does not let us use the set cover framework in a direct way.

Distributed BILLBOARDS Model. We assume that there
are non-strategic agents associated with each commodity
and each link. They have access to a global clock. The
only allowable communication between agents proceeds as
follows: each link-agent (resp. commodity-agent) may send
private messages to commodity-agents (resp. link-agents)
once per clock cycle, e.g., by posting encrypted messages
onto a shared “billboard”; or flooding these messages through
the network. For a given error parameter €, the convergence
complexity of an algorithm is the number of global clock cy-
cles and the computational complexity is the total amount of
computational overhead that each agent incurs to converge
to a (1 + €)-approximate solution.

Denote by P < n¥ an upper bound on the total number
of paths. Let k and m be the number of commodities and
edges resp., and B = max; b;/ min; b;.

THEOREM 1.1. There ezists a (1+¢€)-approzimation algo-
rithm for the active min-cost measurement (1) in distributed
2
BILLBOARDS model converging in O(L - loge(iz:nB) - log )
steps. The computational overhead per agent is bounded by
(0] (m2 . L).

The essence of our improvement over prior work [5, 6, 1, 4,
7] is that, without compromising on the distributed con-
vergence time, we accomplish a solution with polynomial



computation overhead of O (log P) = O (L) assuming up-
per bound of L on path length.

2. THE ALGORITHM

By scaling, we assume that min; b; = 1 and max; b; =
B. For p € P;, let b, = b;. In the algorithm (Figures 1-
2), we use fi = Zpepi:EEp AL f, to denote the total flow
of commodity ¢ through e counting the multiplicities. The
algorithm starts by routing zero flow f!, however, allows
an additive pre-flow f! « § = ¢/kB over each edge. The
total cost of this initialization is only an e fraction of the
optimum; hence it can be ignored. We maintain the “residual
requirements” r. with each link e:

re = ((mB)© 72#2.
((mB)™)

We maintain a variable « such that

< a(l+e).

The “reward” 7. for each link e is defined as
Ye = (1 + €)are.

Since there are exponentially many paths, we cannot af-
ford to maintain their flows explicitly in a polynomial-time
implementation. We therefore do not maintain a path de-
composition of the flow and instead augment the flow along
the mazimal collection of “most beneficial” paths (similar to
a blocking flow) subject to the “step-size constraint” that
the flow of any commodity along an edge does not increase
by a factor of more than (1 + 3) where 8 = ¢2/log(mB). A
similar idea was used by Awerbuch et al. [3] for the multi-
commodity flow problems.

We can assume that the link-agent e offers a “reward” v. =
a(1+4¢€)re to each commodity-agent ¢. For each commodity ¢
such that there is a “profitable” path p with b, < Zeep AP,
we iteratively augment the flow by maximal amount along
such paths under the residual capacity constraints. In other
words, we send a maximal flow along approximately most
beneficial paths such that there is no residual capacity left
along any approximately most beneficial path. To compute
a (non-simple) most beneficial path of length at most L, we
first construct an acyclic directed graph by taking L copies
of the vertex-set in the original graph and adding directed
edges in consecutive layers. We then compute the longest
path (under the reward metric) in this DAG from s; in the
first layer to ¢; in the last layer.

A phase has Tppese = O(L - “’E”ii*;’B) - log %) steps. In any
step, since we are routing a blocking flow along the (1 + ¢)
approximate most beneficial paths, at least one edge on each
(14 ¢) approximate most beneficial path gets saturated and
decreases its reward by a factor of (1 — €). Since the initial
flow on any link is ¢, after O(log(é+3) -log 3) saturations,
the total flow on that link becomes one. Since any most
beneficial path has at most L links, after Tphase steps, this
path stops to be most beneficial. The details of the proof of
correctness are omitted from this extended abstract.

Conclusions. The minimum-cost link measurement prob-
lem can be formulated as a set cover problem with exponen-
tially many sets. The polynomial computational overhead
was achieved by representing these sets implicitly and us-
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2. repeat for T'= O (“’g(ei;”BQ phases
(a) repeat for Tpnase = O (L . bg‘eig”B) -log %) steps:
i. update:
re — ((mB)l/e) RREL and ve = (14€)are.
ii. update residual capacities ul = max{BfZ, 8}

for each commodity 7.
(b) Set a — a(l+e€).

Figure 1: A distributed algorithm for link e

e repeat for T - Tjpqse Steps:

while there is a “profitable” path p with positive residual
capacity, i.e., mineep uf > 0 and

bp < ZA@'}/&
ecp
do
1. route f = mineepul/ AL flow along p: update

fi— fi4 AR for all € € p.

2. update the residual capacities: ul « uf — f.A? for
all e € p.

Figure 2: A distributed algorithm for commodity ¢

ing an approach similar to “blocking-flows” to increase all
most-beneficial sets simultaneously.
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