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Abstract

We propose a simultaneous ascending auction mechanism for a
producer-consumer economy. A producer-consumer economy comprises
of producers, consumers and several types of items. Each producer can
produce at most one unit of an item and each consumer wants to con-
sume at most one unit of an item. Each producer’s cost of producing
each type of item and the valuations of these items by the consumers
are private and known to them. For our mechanism we propose simple
strategies for producers and consumers which if followed will lead to a
nearly efficient allocation. We study the incentive properties of these
strategies. Further we show, under certain conditions, if producers
and consumers follow these strategies, final prices of our mechanism
will converge close to a uniquely defined competitive equilibrium price.

Keywords: Competitive equilibrium; Dominant strategy; English auc-
tion; Nash equilibrium; Two sided matching
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1 Introduction

Auctions are well established mechanisms for efficient resource allocation
and price discovery. With the popularity of e-commerce on the Internet,
there has been a renewed interest in the theory of auctions as well as its
applicability in different domains. One such domain is production planning.
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Many a times, producers have machines that can produce a variety of
items. In order to effectively use the machine capacities and maximize their
profits, the producers need to estimate the demand as well as the selling price
for each of the item they can produce. Based on this information, producers
can plan their schedule more effectively. However, the actual demand as
well as the prices are uncertain and therefore pose a risk to the producers.

To alleviate this problem, capacity auctions are becoming popular. In-
stead of selling different items, the producers auction capacities to produce
different items on their machines. By auctioning these capacities, the pro-
ducers not only know the exact demand for each of their items, but also the
revenues they will obtain by producing these items. This process lets them
utilize their resources much more efficiently while minimizing the associated
risks.

In this paper we consider a very elementary producer-consumer econ-
omy and show how auctions can be used to plan efficient production of
items among different competing producers and efficient allocation of these
items among different competing consumers. Our contribution is to show
how simultaneous ascending price English auctions (Bansal and Garg, 2001;
Bansal and Garg, 2002; Demange et al., 1986) can be used effectively in a
producer-consumer economy and achieve a nearly efficient allocation. Our
most important results are on the strategic behaviors of producers and con-
sumers in such an auction mechanism and their implication on final prices.
Unlike other related works (Crawford and Knoer, 1981; Kelso and Crawford,
1982), we derive our results using arbitrary finite bid increments (such as in
(Rothkopf and Harstad, 1994)) instead of a suitably small bid increment.

We consider an economy of n consumers, [ producers and m items. Each
consumer is interested in a subset of m items for which she has positive,
private and known valuations. However, each consumer wants at most one
item from her subset. Similarly, each producer has a capability to produce a
subset of items out of these m items and has a positive and finite production
cost associated with each of the items of his subset. However, each of the
producer can produce at-most one item at a given time.

Which of the items should a producer produce while avoiding the com-
petition from other producers who can also produce the same item? At
what price and to which customer (who has several competing alternatives),
and how, should the producer sell his item while maximizing his surplus?
The same set of problems are also faced by the consumers. What trading
mechanism should be used by the producers and consumers to arrive at
an acceptable solution (exchange or trade) that is also fair and efficient?
What are the best strategic behaviors of producers and consumers in such
a mechanism?

The early work on a related assignment problem was done by Shap-
ley and Shubik (1972) who show that the core of the assignment prob-
lem forms a complete lattice. The recent extension of this work by Gul



and Stacchetti (1999), who also consider a two-sided market, is more rele-
vant to the producer-consumer problem. They show that if there are “no-
complementarities” in production and consumption, then the set of Wal-
rasian prices form a complete lattice. As a result, there is a unique mini-
mum and a unique maximum competitive equilibrium price. Gul and Stac-
chetti also show that every Walrasian equilibrium assignment is efficient.
Single unit demand and single unit supply forms a special case of the “no-
complementarity” condition, and hence the results of Gul and Stacchetti are
directly applicable to the producer-consumer economy discussed above.

In another paper Gul and Stacchetti (2000) give a double auction mech-
anism for the producer-consumer economy that converges to the minimum
competitive equilibrium price. Gul and Stacchetti assume that the consumer
valuations and the producer costs are integer valued and the bid increment
is unity. In practice, for a variety of reasons, these assumptions may not be
valid.

In this paper we study a more generic auction mechanism, very similar
to the simultaneous ascending English auctions (Bansal and Garg, 2002; De-
mange et al., 1986), that places no restrictions on valuations, costs and bid
increments. Such a mechanism is also decentralized in nature and can be
implemented across multiple auctioneers in the Internet, with only a minor
coordination among them (Bansal and Garg, 2001; Bansal and Garg, 2002).
We propose strategies for producers and consumers in this auction mech-
anism and show that these strategies lead to a nearly efficient allocation.
We also give bounds for the inefficiency arising due to discrete and finite
bid increments. Earlier Bertsekas (1992) has obtained similar results for a
single sided market.

With suitable modifications, the producer-consumer problem can be
mapped to a generalized stable marriage problem (Gale and Shapley, 1962;
Eriksson and Karlander, 2000) or a two-sided matching market (Demange
and Gale, 1985). Demange and Gale study the strategy structure of pro-
ducers as well as consumers in a two sided matching market in a centralized
mechanism. In this mechanism, both sides of the market report their de-
mand and supply structures to a neutral “referee” (or an auctioneer) who
calculates the minimum competitive equilibrium and allocates the items ac-
cordingly. They show that in such a mechanism, a consumer has no incentive
to falsify her demand (or valuations) whereas a producer can obtain better
payoffs (upto the payoffs corresponding to the maximum competitive equi-
librium price) by falsifying his supply (costs). While these results may be
seen as a generalization of second price sealed bid auction mechanism of
Vickrey (1961) for a two sided matching market, we obtain similar results
for two sided matching markets in the context of ascending English auc-
tions while also taking arbitrary finite bid increments into account. Miyake
(1998) has obtained some results on strategic behavior of consumers for a
single sided market under some restrictive conditions. Later, this work was



generalized by Bansal and Garg (2002) (for single sided markets) while also
taking arbitrary finite bid increments into account.

We show how simultaneous independent online auctions (SIA) of Bansal
and Garg (2002) can be used effectively in a producer-consumer economy.
We extend the LGB strategy proposed by Bansal and Garg to a class of
strategies in which LGB(0) refers to the LGB strategy of Bansal and Garg,.
We also propose a class of greedy strategies for producers called item selec-
tion bidding (ISB) that uses dummy bidding agents for producers.

We show that when consumers follow the LGB(0) strategy, and pro-
ducers follow ISB(0) strategy our auction mechanism converges close to the
minimum competitive equilibrium. A consumer cannot increase her sur-
plus significantly by following a different strategy, if all other consumers
follow the LGB(0) strategy and all the producers follow ISB(S) strategies
with suitable restrictions on §. Therefore, the LGB(0) strategy approaches
a Nash equilibrium in the producer-consumer economy as the bid increment
€ approaches zero.

The producers can achieve better surpluses if they set a reserve price
higher than their cost of production. However, the producers run into the
risk of not being able to sell their capacity as higher reserve prices may not
attract any consumer. We show that the maximum achievable surplus of a
producer corresponds to his surplus in maximum competitive equilibrium.
If a producer sets a reserve price less than or equal to the maximum com-
petitive equilibrium price (minus (2w + 1)¢, where w = min(n,[)) then he is
guaranteed to sell his capacity. On the other hand, a producer will not be
able to sell his capacity if he sets a reserve price that exceeds the maximum
competitive equilibrium price (by more than 2we), provided all the other
producers set a reserve price less than the maximum competitive equilib-
rium price. So, the strategy of setting a reserve price equal to the maximum
competitive equilibrium price (minus (2w + 1)e) approaches a Nash Equi-
librium for producers as the bid increment approaches zero. In this case,
the final prices in our auction mechanism converge close to the maximum
competitive equilibrium price.

In general, if producers set a reserve price higher than their cost of pro-
duction and lower than the maximum competitive equilibrium price, the
final prices in our auction mechanism converge to a uniquely defined com-
petitive equilibrium price. We give a characterization of this price.

The rest of the paper is organized as follows. In Section 2 we describe
the ascending price English auction mechanism for the producer-consumer
economy with strategies for consumers and producers. In section 3, we
discuss the optimality property of our mechanism. Section 4 deals with the
strategic behaviors of producers and consumers. In section 5, we investigate
the equilibrium properties of the auction mechanism. We conclude in section
6.



2 The Auction Mechanism

Let A = {a1,as,...,any} be the set of m types of items that can be produced
and consumed in a market comprising a set of producers and consumers. Let
B = {01,0P2,...,0n} be the set of n consumers and G = {v1,72,...,%} be
the set of [ producers in the market. Denote the valuation of consumer 3;
on item type o to be v;; and cost of production of «; by producer v, to be
cij. If consumer 3; is not interested in item «; then v;; = 0. If producer
cannot produce item «; then c; is assumed to be infinity. Each producer
has capacity to produce a maximum of one item and each consumer wants
to get at most one item. We call this the producer-consumer economy.

2.1 Auction Rules

We show how simultaneous independent ascending online auctions (Bansal
and Garg, 2002) (or multi-item ascending English auctions (Demange et al.,
1986)) may be used effectively in the producer-consumer economy. In simul-
taneous independent ascending auctions (SIA), the consumers bid on items
as in ascending English auctions. Since each item can be produced by a
subset of G producers, the consumers bid on (producer,item) tuples. Each
of the (producer,item) tuple is auctioned independently as an ascending
English auction, except that all the auctions begin and close at the same
times. All the producers are required to be present from the beginning till
the end of the auctions. The consumers may join or leave the auction at
any time, provided that they do not have an outstanding bid on any of the
(producer,item) tuple.

Initially, each producer sets a price of zero for each of the item that it
can produce. A consumer interested in buying an item from a producer
can do so by placing a bid on the corresponding (producer, item) tuple that
supersedes the current outstanding bid on the tuple by at-least the minimum
bid increment (€). In case there is no outstanding bid on the (producer, item)
tuple, a consumer can place a bid that equals the minimum bid increment.
The minimum bid increment is usually set by the auctioneer. The auction
closes either at a prespecified time, or when there has been no bidding for a
reasonable period of time. When the auction closes, the consumer with the
highest bid on a (producer,item) tuple pays the amount equal to his bid to
the corresponding producer and the producer produces the corresponding
item for the consumer.

Denote the value of current outstanding bid at time ¢ on item «; pro-
duced by v, as the current price py; of (7, ;) at time ¢. Define the surplus
of consumer f3; on tuple (v, ;) as v;j — pg;j. Define the surplus of producer
Yk on item «; as prj — Cj-



2.2 Bidding Strategy of Consumers

We suggest a greedy bidding strategy for consumers as in (Bansal and Garg,
2002). Denote the local greedy bidding strategy with an assured surplus of
t as LGB(t). In this strategy, the consumer who does not have an out-
standing bid on any (producer,item) tuple, examines the prices of all the
(producer,item) tuples and finds the tuples which give her the maximum
surplus. If this surplus is greater than or equal to t + €, then she bids on
that particular tuple. The consumer can have more than one tuple which
may give her the maximum surplus in which case she arbitrarily chooses one
of them. The consumer does not place any more bids in case she has an
outstanding (winning) bid on a tuple. LGB refers to a class of strategies
with different values of ¢. If a consumer follows LGB(0) strategy, she will
bid on a (producer,item) tuple only if her surplus on that tuple is at least
€.

LGB strategies make sure that a consumer does not bid on more than
one item. Since prices in the auction do not fall, if a consumer has an
outstanding bid on any (producer,item) tuple, she will not get a better
surplus on any other (producer,item) tuple in the future. These bidding
strategies allow us to state the following two important propositions.

Proposition 1 If consumer 3; wins item «; to be produced by vy, and does
not win an item oz;» produced by ;. by following an LGB strategy, then v;; —
Prj + € > vy — Pirjr where P is the final price vector in STA.

Proof: Consider the instant when 3; placed the winning bid on a tuple
(V&> «j). At that instant, the price of the tuple was py; — €. Let the price
of tuple (7,2,0(3-) be pjs; at that instant. Since the consumer follows LGB
class of bidding strategies, tuple (v, ;) gave maximum surplus to f; at
this instant. Therefore, we have v;; — prj + € > v;» — pirj. From the
rules of the auction, prices of tuple (vy;,«’;) can not drop. Hence we have,

J
Vij — Dkj + € = Vi — Dt u

Proposition 2 If a consumer 3; has surplus greater than or equal to t + €
on any (producer,item) tuple by following LGB(t) strategy at the end of
STA, then she should get an item.

Proof: Since (3; has at least t + € surplus at the end of SIA, on some
(producer,item) tuple, her maximum surplus at the end of SIA should be
at least t+e€. From the LGB strategy, she should bid on the (producer,item)
tuple giving her the maximum surplus, unless she has a highest bid on some
other tuple. In that case, since the auction ended here, she did not bid any
more. This means she won an item from a producer. |



2.3 Strategy of Producers

Each producer has a capability to produce a subset of items in A. The con-
sumers may place bids on more than one items from this subset. However,
each producer has a capacity to produce only one of the items. Therefore,
a producer must ensure that at the end of the auction, there should not
be more than one outstanding bid from consumers on the set of items the
producer can produce. Each producer ensures this by adding m dummy
bidders, one corresponding to each item. As soon as there are more than
one outstanding bid by consumers on a producer’s items, his dummy bidders
outbid all except one of the consumers, according to the producer’s strategy.

We propose a greedy bidding strategy, similar to the bidding strategy
of consumers, for the dummy bidders of producers. Each producer has a
markup surplus amount (MSA), §. This indicates the surplus the producers
want to guarantee for themselves. This can also be thought of as a markup
above the cost of production.

Let us call the amount c; + 31, the reserve price of producer 7, on item
a;. Our suggested bidding strategy ensures that if a producer is assigned
he will get his reserve price on the item he is assigned. This is done by
the use of dummy agents. If a consumer places a bid on any item of a
producer and the bid amount is less than the corresponding reserve price,
then the dummy agent outbids that consumer. After a producer receives
a bid on an item which is more than his reserve price on that item, the
producer ensures that there is just one consumer with an outstanding bid
on any of his items. This is ensured by using the dummy agents. The
moment consumers place an outstanding bid on more than one item of a
producer, his dummy agents outbid the consumers on all the items except
on the item giving him the maximum surplus. We call this strategy as
item selection bidding ISB(8) strategy. So, ISB refers to a class of strategies
for producers and ISB(S) represents one particular strategy from this class
where the MSA for producers is given by the vector §. It is easy to see
that with ISB strategies, a producer is guaranteed to commit to at most
one item at the end of the auction. The following propositions are similar
to proposition 1 and proposition 2 and are important properties of the ISB
strategy.

Proposition 3 If a producer v is assigned to produce item o in SIA but
not oz;» by following an ISB strategy, then pyr; — cij + € > Prjr — cxjr, where
P is the final price vector in SIA.

Proof: Consider the instant when the price of tuple (g, a;) was Ppji — €.
Following an ISB strategy, since the dummy agent of the producer places
bid on o at this price, either there is some other item o on which he has
more surplus than oz;- and on which there is a consumer with the highest bid

or the price of none of the items have reached their reserve prices. Since the



producer is assigned, in the latter case, at some point in the auction he will
have an item which will give him the highest surplus and whose price will
be more then the corresponding reserve price. Without loss of generality, let
o’f be that item. Let the price of o/ when it was the item giving maximum
surplus (more than the MSA) to v; be py;». So we have,

Pkj — Cijn 2 Dkjr — Chjr — €.

But later dummy agent of ~; must have placed bid on 04;-’ and by ISB strat-
egy, he would have continued his process of selection till he is left with ;.
This means his surplus on «; must have been more than that on oz;-’ at that
instant. So we can write,

Pkj — Ckj = Dkjr — Cjr-

Adding the above two inequalities gives, pr; — crj + € > Drjr — Cijr. |

Proposition 4 If a producer ~yy is unassigned in SIA following ISB(Sy)
strategy, then py; — cpj < 5 + € Vo, € A, where p is the final price vector
in SIA and §; > 0.

Proof: If pi; = 0, the propostion holds. Otherwise, by ISB strategy,
dummy agent of producer 7, would have placed a bid on «; at price pi; — €.
Since 7y, is unassigned, by ISB strategy, pi;j—€—cij < 5k, Or Prj—cij < Sp+e€.
|

2.4 Total Global Surplus

Denote the set of triplets (8;,a;,v,) in an assignment by p. A triplet
(Bi, aj,vk) in p indicates that item «; produced by ~; will be consumed
by B;. Each producer and consumer appears in at most one triplet in an
assignment u. Let us denote the final price vector in the mechanism by p.
So, item «;, produced by <, has a final price of py;. Let consumer (3; be
the winner of a; to be produced by ;. So, the surplus of the consumer on
the item o is v;; — Pr;. Surplus of the producer on this item is pr; — cx;.
Therefore, surplus of the system due to this assignment is v;; — c;. Define
the total global surplus as Sgys = z(ﬁi,aj,wk)eu(”ij — cj). Thus, the to-
tal global surplus of the system is independent of the final price vector. It
depends only on the final assignment of items to producers and consumers.

3 Optimality Properties

In this section we prove the optimality of our ascending auction mechanism.
In optimal allocation, items will be matched to producers and consumers



such that total global surplus of the system is maximized. Let Sopr denote
the total global surplus in optimal allocation. Let Sgyg denote the total
global surplus generated by STA. Also, let pj; denote the final price of item
a; to be produced by 7; in the SIA mechanism.

Theorem 1 If producers follow ISB(0) strategy and consumers follow LGB(0)
strategy then Sopr — Ssys < (I + n)e.

The proof is provided in the appendix. The theorem shows that loss in
efficiency becomes small as the value of € approaches zero.

4 Strategic Behavior

In the last section we showed that if producers follow ISB(0) strategy and
consumers follow LGB(0) strategy, the auction mechanism is efficient as
€ tends to zero. But what incentives do producers and consumers have
to follow these strategies? Can the producer set a higher MSA and still
be assured of producing some item? Can a consumer get better surplus
by following some other strategy? In this section, we will try to answer
these questions. But before we discuss the strategic behavior, we define the
notion of competitive equilibrium in this context. The notion of maximum
and minimum competitive equilibrium will help us understand the strategic
behavior of producers and consumers. Consider a consumer ;. Define the
demand set of [3; at price vector p as the set of all (producer,item) tuples
which give her the maximum non-negative surplus. Mathematically:

Di(p) = { ¢ if max(y, o,)egxavij — Prj] <0,
' { (v @) |vijr — prrjr = max(y, o,yegxalvij — Prjl}  otherwise

Similarly we can define the supply set of producer v, at price vector p
as the set of all items on which he has the maximum non-negative surplus.
Mathematically:

Sk(p) = { ¢ if maxa;eapr; — crj] <0,
{04; |Pkjr — Crjr = maXa,ecAlPk; — ckj]} otherwise

Now we define the competitive equilibrium prices as follows:

Definition 1 A price vector p is a competitive equilibrium price if there ex-
ists an assignment [ containing triplets of the form (consumer,item, producer)
such that following conditions satisfy:

o A producer who is assigned in p is assigned to an item from his
supply set and a consumer who is assigned in p is assigned to a
(producer,item) tuple from her demand set.



e All producers with positive surplus on any item are in p and all pro-
ducers with negative surplus on all item are not in u.

o All consumers with positive surplus on any (producer,item) tuple are
in p and all consumers with negative surplus on all (producer,item)
tuples are not in .

o Fvery consumer is assigned at most once. Each producer is assigned
at most once.

The assignment p is called the competitive equilibrium assignment at
p and the tuple (u,p) is called a competitive equilibrium. There can be
multiple competitive equilibria. The results of Gul and Stacchetti (1999)
imply that the set of competitive equilibrium price vectors form a lattice in
the producer-consumer economy. Thus there exists a unique minimum and
a unique maximum competitive equilibrium price vector.

Let p™"™ denote the minimum competitive equilibrium price vector and
P denote the maximum competitive equilibrium price vector. Let us
denote the maximum and minimum surplus vectors for producers as follows.
Let sT** denote the surplus of producer 7 on items in his supply set at the
maximum competitive equilibrium price p™**. It is zero if his supply set
is empty. Call s/ as the maximum achievable surplus of producer 7.
Let s,"** denote the vector of maximum achievable surpluses of producers.
Let s7"" denote the surplus of producer ~; on items in his supply set (zero
if his supply set is empty) at the minimum competitive equilibrium price
p™n. Call s%" as the minimum guaranteed surplus of producer ;. Let
s,"'" denote the vector of minimum guaranteed surpluses of producers. Let
w = min(l, n).

In order to discuss strategic behaviors in the context of finite bid incre-
ments, we need to define the concept of §-Nash equilibrium.

Definition 2 (0-Nash equilibrium) A strategy profile o* constitutes a 6-
Nash Equilibrium if, for every player i,

Y o; € S;, where S; is the set of strategies player i can adopt and u; is the
utility function of player i.
4.1 Consumer’s Strategy

The following theorem is key in proving that LGB(0) constitutes a (5w+1)e-
Nash equilibrium.

Theorem 2 Let the final price in SIA be p when all the producers follow
ISB strategies and all the consumers follow LGB strategies. If 81 follows

10



a different strategy and makes a bid of p11 on a tuple (vy1,a1) such that
P11 < P11 — bwe then B will be eventually outbid.

The proof is provided in Appendix. The SIA mechanism is completely
decentralized and (unlike other mechanisms) does not place any restrictions
on the order in which consumers or the dummy agents of producers place
their bids. Similarly, the LGB and ISB strategies do not place any restric-
tions on order in which producers and consumers place their bids. However,
the order in which bids are placed may alter outcome i.e. the allocations
and prices. The following theorem bounds the price variations from one
outcome to another.

Theorem 3 If py; and py; are the final prices of tuple (i, ) in two dif-
ferent outcomes of SIA with all the producers following ISB strategies and
all the consumers following LGB strategies then ¥(k,j) | prj — Pr; |< Swe.

Proof: 1If pr; < Pr;j then py; > pr; — dSwe or else using Theorem 2 the
bidder placing a bid of py; in the second outcome will eventually be outbid.
Therefore, pr; — prj < dSwe. Similarly, if pr; < pr; then pr; — pr; < dwe.
Hence, | pi; — Drj |< bwe. [ ]

Theorem 4 If all the producers follow ISB strategies and all the consumers
follow LGB strategies, then a consumer following the LGB(0) strategy cannot
increase her surplus by more than (5w+1)e by following a different strategy.

Proof: Let p be the final prices in one of the outcomes of SIA with all
the producers following ISB strategies, consumer [3; following the LGB(0)
strategy and all other consumers following LGB strategies. WLOG, consider
a second outcome when f; follows a different strategy. Now consider the
case when (31 does not win an item in the second outcome. Since §; followed
LGB(0) in the first outcome, her surplus is greater than or equal to zero
in the first outcome, whereas her surplus is equal to zero in the second
outcome. So, in this case (3 cannot increase her surplus by following a
different strategy.

Now consider the case when (3; wins an item in the second outcome. Let
B1 win the item o; produced by ~; at the price py; in the second outcome.
Let (71, 1) be the tuple giving maximum surplus (which may be negative
also) to B in the first outcome. Using Theorem 2, py; > pr;j — dwe. Since,
(71, 1) gives maximum surplus to 1 in first outcome, viy —p11 > vij — D;-
The above two inequalities give, v1; — prj < v11 — P11 + dwe.

If 51 does not win an item in the first outcome, from proposition 2 and
the fact that he follows LGB(0) strategy, we have v1; — p11 < €. This gives
us vij — Prj < (bw + 1)e. Since the surplus in the first outcome was zero for
f1 in this case, she can not increase her surplus more than (5w + 1)e.

11



If 51 wins an item, let the tuple that she wins be (72, ag). By proposition
1, we have v1g — paa + € > v11 — p11. This gives us vis — pro + (bw + 1)e >
v1j — Pij- This also implies that she can not increase her surplus by more
than (5w 4+ 1)e in the second outcome by following a different strategy. W

The above theorem implies that LGB(0) constitutes a (5w + 1)e-Nash
equilibrium for consumers in the producer-consumer economy with SIA
mechanism and when the producers follow ISB strategies. The above theo-
rem also implies that if the set of consumer strategies are restricted to LGB
class of strategies, then LGB(0) approaches a dominant strategy as the bid
increment approaches zero.

4.2 Producer’s Strategy

The producer’s strategic behavior is remarkably different from that of con-
sumers in the producer-consumer economy with SIA mechanism. For con-
sumers, LGB(0), the honest strategy of bidding according to the true val-
uations approaches Nash equilibrium as the minimum bid increment ap-
proaches zero. However, producers can realize better surpluses by setting
their reserve prices above their true cost of production. The producers run
into the risk of loosing consumers it they raise the reserve prices too much.
The following two theorems illustrate the maximum reserve price that may
be set by the producers without loosing their consumers.

Theorem 5 Let producers follow ISB(S) strategy (§ > 0), and consumers
follow LGB(0) strategy . If 0 < 81 < sii% — (2w + 1)¢, then y1 will pro-
duce some item in SIA irrespective of the markup surplus amounts of other
producers.

The proof is provided in the Appendix. This theorem throws some light
into the optimality property of STA mechanism also. If all producers follow
ISB(8) strategy with 0 < § < s™% — (2w + 1)e, then they will be assigned
some item. Our proof of Theorem 1 will still hold good in that case. The only
place we use the fact that producers should follow ISB(0) strategy is while
deriving Equation 1 in the proof. If all producers are assigned and consumers
follow LGB(0) strategy, then this derivation does not require producers to
follow ISB(0) strategy. So SIA leads to nearly efficient allocation when
consumers follow LGB(0) strategy and producers follow ISB(S) strategy with
0<8<sm™* — 2w+ 1e.

Theorem 6 Let all producers follow ISB(S) strategy and all consumers
follow LGB(t) strategy (t > 0). If 81 > sI% +2we and 31 < sT5F, then 1

-1’
will not produce any item in STA.

The proof is provided in the Appendix.

12



The above two theorems also indicate that if the set of producer strate-
gies are restricted to ISB, then the strategy ISB(s)"** —(2w+1)e) constitutes
a (4w + 1)e-Nash equilibrium for the producers.

In general, the producers will not know their maximum achievable sur-
plus (s;'*"). In order to compute this, they need to know the cost of pro-
duction of all other producers and the valuations of all the consumers. In
view of this Theorem 5 holds a special significance. Theorem 5 indicates
that if a producer makes a conservative estimate of his maximum achievable
surplus, he is guaranteed to produce an item and utilize his capacity. The
following section characterizes the final prices in SIA if all the producers

make conservative estimates of their maximum achievable surplus.

5 Competitive Equilibrium

We denote the surplus of producer 7, on the items in his supply set at
price vector p as s, (p) (zero if the supply set is the null set). We denote
the surplus vector of all the producers as s(p). As before 5., denotes the
markup surplus amount of producer v and the vector of all markup surplus
amounts of all producers is denoted by §. Define a “minimal competitive
equilibrium price at s” as follows:

Definition 3 p is a minimal competitive equilibrium price vector at s if it
is a competitive equilibrium price vector such that s(p) > s and there does
not exist another competitive equilibrium price vector p < p with s(p) > s.

So minimal competitive equilibrium price vector is the smallest compet-
itive equilibrium price vector whose corresponding surplus vector is greater
than or equal to the given surplus vector. For example if s is a vector of
zeros, then the minimal competitive equilibrium price at s is unique and
corresponds to the minimum competitive equilibrium price vector (Gul and
Stacchetti, 1999). We generalize this result to arbitrary surplus vectors less
than or equal to maximum achievable surplus vector of producers, s,
which corresponds to the surplus of producers on items in their supply set
in the maximum competitive equilibrium.

Theorem 7 For any surplus vector s < 8", the minimal competitive equi-
librium price vector at s (denoted by p™™(s)) exists and is unique.

The proof is provided in the Appendix.

Since the minimal competitive equilibrium price at s is unique, we call
it the minimum competitive equilibrium price vector at s and denote it as
p™"(s). The next two theorems show that if the producers follow ISB(8)
strategy with 0 < s < s7** and consumers follow LGB(0) strategy, then
the final prices will converge close to the minimum competitive equilibrium

price at s, p™"(8).
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Theorem 8 If p is the final price vector in SIA, when all the producers
follow ISB(3) strategies with 0 < 3 < 8" and all consumers follow LGB(0)
strategy, then ¥(vk, 0;)pr; > pz}m(fs) —2(w + 1e.

The proof is provided in the Appendix.

Theorem 9 If p is the final price vector in SIA, when all the producers
follow ISB(8) strategies with 0 < 8§ < 8" and all consumers follow LGB(0)
strategy, then V' (v, o), Prj — Pl (8) < (4w + 3)e.

So, in the extreme cases, if the reserve prices are set to the true cost
of production in STA (with consumers following the LGB(0) strategy), then
the final prices will converge close to the minimum competitive equilibrium
prices. On the other extreme, if each producer v having s7'* > (2w + 1)e,

sets a markup surplus amount §, = s7'** — (2w + 1)e, thgn in STA he will
be assigned to produce an item, and the final prices will converge close to
the maximum competitive equilibrium prices.

Gul and Stacchetti (1999) showed that in any competitive equilibrium,
prices of all (producer, item) tuples involving the same item are equal. Below

we provide a theorem which states a result analogous to theirs.

Theorem 10 For any two producers, 1 and 7y, let p11 and po1 be the prices
of tuples (y1,a1) and (y2,c1) respectively in SIA when consumers follow
LGB(0) strategy and producers follow ISB strategy. |p11 — po1| < (6w + 5)e.

Proof: Let p denote the minimal competitive equilibrium price at §, where
§ is the vector of MSAs of producers. From Theorem 9, p11 < p11+ (dw+3)e.
From Gul and Stacchetti (1999), we get p11 = po1. So, P11 < po1 + (4w + 3)e.
But from Theorem 8, po; < po1+(2w+2)e. This gives us p11 < por+(6w+5)e.
Similarly we can show that po; < P11 + (6w + 5)e. [ |

6 Conclusion

In this paper we considered a simple producer-consumer economy where
there is a set of producers, a set of consumers and a set of items. In our
model each producer is capable of producing a subset of items, but has a
capacity to produce only one item at a time. Similarly the consumers are
interested in a subset of items, but want to get at most one item from their
subset. We assume that both producers and consumers have private and
known valuations.

We show how the simultaneous independent ascending auction mech-
anism (SIA) (Bansal and Garg, 2002) can be used in this economy. We
proposed strategies for producers and consumers for this mechanism. The
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suggested strategies result in efficient production-consumption assignment.
As a result the total global surplus in the economy is maximized.

Our main contribution is the study of strategic behaviors of produc-
ers and consumers in the producer-consumer economy (that can easily be
mapped to a two-sided matching market) with simultaneous independent
ascending auction mechanism with arbitrary finite minimum bid increment.
We show that the truth-telling greedy bidding strategy is close to a Nash
equilibrium for consumers. We also show that setting reserve prices close
to the maximum competitive equilibrium prices in the producer-consumer
economy approaches a Nash equilibrium for producers as the minimum bid
increment approaches zero.

Since the producers do not know the maximum competitive equilibrium
price in advance, they need to make an estimate which exposes them to a
risk. We argue that a risk free strategy for producers is to make a conser-
vative estimate of the maximum competitive equilibrium price. We charac-
terize the final prices in the mechanism (which are always Walrasian) if all
the producers make a conservative estimate of the maximum competitive
equilibrium price.

Our contribution holds a significant value because of the popularity of
auctions and e-commerce over the Internet. The decentralized nature of
simultaneous independent auctions, makes it possible to implement them
across multiple Internet auction sites without requiring a significant co-
ordination among them. This could create integrated auction markets span-
ning the entire Internet. Thus, producers with limited machine capacities,
capable of producing multiple items, can utilize their capacities more effec-
tively using simultaneous auctions in the Internet. Our results on strategic
behaviors enables the producers as well as the consumers to choose effec-
tive bidding strategies that maximize their surpluses. The use of automated
bidding agents (also referred to as proxy bidding) will lead to an automated
implementation of our proposed strategies. These agents also let the auc-
tioneers to choose a very small bid increment thus minimizing the inefficiency
in the process.
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Appendix

Before proving our main theorems, we introduce the notion of a preferred
bid. In STA mechanism for the producer-consumer economy, consumers place
bids on (producer,item) tuple. Producers following ISB strategy use dummy
bidding agents to make sure that only one item, that gives them the max-
imum surplus, has an outstanding bid from a consumer, after the price of
any of their items has reached its reserve price. A new bid placed by a con-
sumer is called a preferred bid if it increases the surplus of the corresponding
producer and gives the producer more surplus than his MSA.

Proof (Theorem 1): Let Bopr and Gopr be the sets of consumers and
producers respectively that were assigned in optimal matching. So we can
write the total global surplus in optimal matching as

Sopr = Z (vij — Crj)-

Bi€Bopr

where (3; is assigned item o to be produced by producer ;. Denoting the
final price in STA by p, the above equation can be rewritten as

Sopr =Y (vij = Puj+Prj — Ciy)-
Bi€Boprr

or,

Sorr= Y (Wij—Dr))+ Y. (Prj — cxy)-
Bi€Bopr YwEGoPT
Now let us divide the set Bopr to two subsets. Bgorm is the set of con-
sumers who are assigned in optimal matching as well as in SIA and B is the
set, of consumers who are assigned only in optimal matching and not in STA.
Similarly we can define Ggory and G. With this the above equation can
be rewritten as

Sorr= . (vij—pr)+ D (vij — Pry)

Bi€BpoTH BieB
+ Y By =)+ Y (Bry— k).
wEGBOTH YEG

By proposition 2 and LGB(0) strategy, if a consumer 3; is not assigned in
SIA, vij — prj < € V(Vk, ). Similarly by ISB(0) strategy and proposition
4, if a producer v; is not assigned an item in SIA, py; — cp; < € Va; € A.
Denoting, |B[ = q and \G | = t1, we transform the previous equation as

Sopr < Z (Uij — ﬁkj) + q1e + Z (ﬁk] — ij) + tie. (1)

Bi€BpoTH wEGBOTH
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We can define the total global surplus in SIA mechanism, Sgyg, in the
similar lines using sets Bgygs and Ggyg.

Ssys = Z (vijr = Prjr) + Z (Prjr = Crjr)-

Bi€Bsys E€Gsys

where [; is assigned item oz;- to be produced by v in SIA. As before Bsyg
can be divided into two sets, Bgory and B, where Bporpy is the set of
consumers assigned in both SIA and optimal matching and B is the set of
consumers assigned in STA and not in optimal matching. Similarly we can
define G and G porp(already defined earlier). Now the previous equation
can be written as

Ssys = Z (Vi — Prjr) + Z (vijr — Dry?)

Bi€BporH 3,€B
+ Y e — )+ Y, (Pryr — crgr):
YwEGBOTH weG

By ISB and LGB strategies, all the producers and consumers who are as-
signed have positive surplus. So if 3; € B, we can write Vi — Prjr = 0,
where (; is assigned item a;- to be produced by v in STA. Similarly, we can
write, pyj — cxjr > 0, for v, € G. So the last equation can be rewritten as

Ssys> > (g —Pry)+ 0+ D (P —cy) + 0

Bi€BporH YwE€GBOTH

or

Ssys= Y (g =)+ Y. (B — ckjr): (2)

Bi€BpoTH YWwEGBOTH

By equations 1 and 2, we can write Sopr — Sgys as follows

Sopr—Ssys < > (vijg = Prj — vigt + Prry)

Bi€BpoTH

+ Z (ﬁkg — Ckj — ﬁkj/ + ij/) + q1e + ti€.

YWwEGBOTH

Let |Bporu| = g2 and |Gporm| = t2. Applying proposition 1 to every
term in the first summation and proposition 3 to every term in the second
summation, we have

Sopr — Ssys < qo€ + toe + qre + t1€

The maximum value of ¢; + g2 is n and the maximum value of ¢1 + t5 is [.
So we can write Sopr — Sgys < (I + n)e. [ |
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Proof (Theorem 2): Let us denote the outcome when every consumer
follows an LGB(t) strategy as X. Let us denote the outcome when [;
deviates, while others follow an LGB(t) strategy as Y. Let us denote the
final price of SIA in Y as p. Assume for contradiction, §; is not outbid in
Y, by placing her bid. This means (1, «;) will be assigned in Y to 3; at
price p11. Since p11 < p11 — dwe, 71 will have more surplus in X than in Y.
Since he is assigned in Y by following ISB, he will also be assigned in X.
Consider the following lemma now.

Lemma 1 Let Z be a set of consumers assigned in'Y to a set of producers,
denoted by J, such that if B; € T is assigned to (2, 2), then pag < pog — §
(6 > 5¢). There exists a producer v3 ¢ J which is assigned an item as to
be consumed by Bo ¢ T in'Y such that ps3 < p33 — O + De.

Proof: Without loss of generality(WLOG), consider a producer v; € J
who is assigned an item a4 in Y. Since prices in X, of items produced by
the producers in J, are more than their prices in Y by 4§, and é > 5e, and
the producers follow ISB strategies, 1 will be assigned in X. So all the
producers in J will be assigned in X. Consider the following two cases.

Case 1: There exists a producer vo € J who is assigned to (2, as) in X,
and By ¢ Z. Let the assignment of v in Y involve ay. In both X and Y,
all producers follow ISB strategy. So, applying proposition 3 to v, in X, we
have,

P22 — Coa + € > Pa1 — Ca1.
Applying proposition 3 to 75 in Y, we have,
D21 — C21 + € > P22 — C22.

Adding the above two equations and using the fact that ps; — poy > 6, we
get Pog — Pao + 2€ > Po1 — Po1 > 0. So we get Pog — pao > d — 2¢. Since
B2 ¢ T, this implies B2 # (1. This means [, follows some LGB(t) strategy.
S0 w99 — poo > t. This gives us vog — poo > t + d — 2¢. Since & > be, by
proposition 2, #s will be assigned in Y. Let her assignment in Y be (3, a3).
Clearly, v3 ¢ J. Applying proposition 1 to 35 in X, we have,

Vg — P22 + € > v23 — P33.
Applying proposition 1 to (2 in Y, we have,
V23 — P33 + € = V22 — P22

Adding the above two equations and using the fact that pag — Pag > § — 2,
we get, P33 — P33 + 2€ > Pog — Pao > d — 2¢6. So we have, p33 — p33z > § — 4e.
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Case 2: All producers in J are assigned to consumers in Z in X. Let (9
be the consumer who placed a preferred bid on one of the items produced
by producers in 7, and her bid was the last such bid that was outbid. Easy
to see that B ¢ Z. Let v € J be the corresponding producer. Observe
that after B has been outbid, no other preferred bid will be placed on items
produced by producers of J. So (33 is outbid by either a consumer or the
producer agent of 5. We consider both the cases.

Case 2(a): (3, is outbid by another consumer 3. This means (33 is assigned
v2 in X. Let the item in this assignment be as. Thus, (2 bids on (72, a2)
when its price was pog — 2¢. Since By ¢ J, (2 # (1. This implies that (o
follows an LGB(t) strategy in X as well as in Y. Let the assignment of 75
in Y involve item «a7. Applying proposition 3 on =5 in X, we have,

P22 — C22 + € > P21 — Ca1.
Applying proposition 3 on s in Y, we have,
D21 — C21 + € > P22 — C22.

Adding the above two equations and using the fact that po; — po1 > 0,
we get Pog — Poo + 2€ > pPo1 — Po1 > 0. This gives us pog — Poo > 6 — 2e.
Since 9 follows an LGB(t) strategy while bidding on (72, a2) in X, we have
V9o — Poo + 2€ > t. Therefore, voo — Pog > t+ d — 4e. Since § > be, (B9 will be
assigned in X by proposition 2. Let her assignment in Y involve (v3,as).
Clearly v3 ¢ J. Let the price of (3, a3) be pss when 35 placed her last bid
on (7y2,2) in X. Since (5 follows an LGB strategy and prices in STA can
not decrease,
V22 — P + 2€ > v23 — P33 > Va3 — P33.

Applying proposition 1 on 32 in Y,
Ug3 — P33 + € = V22 — P22.

Adding the above two equations we get pgs — P33 + 3€ > Pag — Poo. But we
have shown pogs — pag > 0 — 2¢. So we get P33 — p3z > & — He.

Case 2(b): 32 gets outbid by the producer agent of 5. Let the item on
which (s gets outbid be ay. Let the assignment of v in X involve as. Let
the assignment of 75 in Y involve item . Consider the instant in X when (s
had the last outstanding bid on (72, a4). The price of (2, a4) at this instant
was pog — €. Since [y placed a preferred bid on an item produced by o and
was the last such consumer that had been outbid, later in X, the surplus of
72 can only increase by atmost e. This implies, (P24 —€) — o4 +€ > s4,. Let
5, be the surplus of v2 at the end of auction in X. Applying proposition 3,
we get s, > pa1 — c21 — €. Therefore,
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(P2a —€) —Coa +€> Sy, > Po1 —C21 — €
Applying proposition 3 to 2 in Y, we get,
D21 — C21 + € 2 Pag — Co4.

From the above two equations we get pog — pog + 2€ > po; — p21. But we
know pa; — po1 > d. So we get pag — pag > d — 2¢. Since B2 bids on (72, ay)
in X by following LGB(t) strategy at price pag — 2€, vog — Pag + 2€ > t. This
gives us vog4 — Pog >t + 0 — 4e. Since d > 5e, from proposition 2, G will be
assigned in Y. Let her assignment in Y involve (73, a3). In this case since
all the producers in J are assigned to consumers in Z, and 35 ¢ Z, therefore
v3 ¢ J. Let the price of (3, as), when (2 places her last bid on (72, ay) in
X, be p33. By LGB strategy,

Vo4 — Pog + 2€ > V23 — P33z > V23 — P33.
Applying proposition 1 to G2 in Y, we get
V23 — P33 + € = V24 — Pog.

Adding above two equations we get P33 — P33 + 3€ > pog — Pog. Earlier, we
had shown that pog — pog > 0 — 2. So we get P33 — P33 > § — De.

So in all cases we showed that there exists a producer v3 ¢ J which
is assigned an item ag to be consumed by (3 ¢ Z in Y such that ps3 <
]333 ) + Se. [ |

To prove the theorem set Z = {31}, J = {71} and § = bwe. Applying
lemma 1, we will discover a new consumer and a new producer, 2, which
is assigned an item «g in Y such that peg — pag > 5(w — 1)e. We can repeat
this process until we exhaust either all the producers or consumers in the
system at which point we will have Py — Pww > De. But we can still apply
lemma 4, to discover new pair of producer and consumer. This gives us a
contradiction. |

Proof (Theorem 5):  Assume for contradiction that producer «; does
not produce any item in SIA. Since s7:%" — (2w + 1)e > 0, v1 has positive
surplus in maximum competitive equilibrium. So he will be assigned in
maximum competitive equilibrium. Let this assignment involve the tuple
(B1,01). As v follows an ISB strategy and does not produce any item in
SIA, by proposition 4, p11 — 11 < 81 + €. Also pfi*® —c11 = si*. From
the above two equations we get, pii** — p11 > sJ/** — §1 — € > 2we. Hence
P — P11 > 2we. Since 3y is assigned in maximum competitive equilibrium

assignment and the final price of tuples (v1,c;) in SIA is more than 2we
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below the maximum competitive equilibrium price, she should have more
than 2we surplus on (1, @) in SIA. By proposition 2 and LGB(0) strategy,
B1 should be assigned in STA. Let her assignment be (72, a2) in SIA.

Proposition 5 If 51 gets (y1,a1) (or has (y1,01) in her demand set) in
any competitive equilibrium assignment and gets (2, ag) in SIA by following
LGB strategy, such that p11 < p11 — 9 (0 > €), where p is the corresponding
competitive equilibrium price vector them pag < poo — & + €.

Proof: From proposition 1, we have,
V12 — P22 = V11 — P11 — €.
From the property of competitive equilibrium we have,
U1l — P11 2= V12 — P22.

Adding above two equations we have,

D22 — P22 + € > p11 — P11

Since p11 < p11—9. This reduces the previous equation to pog—poo+e > 6.
Thus pag — pog > o —e. |

From proposition 5, and the fact that pTi® — p;; > 2we, we have
phs™ — pag > (2w — 1)e. Since 2 produces an item in SIA, and 5,, > 0,
from the previous equation it can be concluded that o will have more than
(2w — 1)e surplus in maximum competitive equilibrium. So, by the prop-
erty of competitive equilibrium, he will be assigned some tuple, (£2,a3) in
maximum competitive equilibrium.

Proposition 6 If vo produces ag in SIA by following an ISB strategy and
ag (or has as in his supply set) in a competitive equilibrium assignment,
such that pag — P22 > 0 (6 > €), where p is the competitive equilibrium price
vector than pag — pPag > 6 — €.

Proof: From the property of competitive equilibrium we have,
D23 — C23 = P22 — C22.
From proposition 3, we have,
P22 — Ca2 + € > Pa3 — 23

Adding previous two equations and using the fact that pog — poo > J, we
getp23—]523>5—6. ]

From proposition 6, we have p5i*® —pag > (2w—2)e. Now as [ is assigned
in maximum competitive equilibrium, the previous equation implies that she
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should have more than 2(w — 2)e surplus in SIA. So she should be assigned
to some tuple (y3,a4) in SIA by proposition 2 and LGB(0) strategy. This
process of discovering new producers and consumers can continue till we
exhaust either of them. At that stage we will have p]'** — p,,; > 2¢, where
«; is any item in A. But we can still apply the same logic and discover a new
set of producer and consumer. But as w = min(l,n), we have exhausted
either all the producers or all the consumers in the system. So we reach a

contradiction. Therefore ; will produce some item in SIA. |

Proof (Theorem 6): Let p denote the final prices in STA. Now consider
the following important lemma.

Lemma 2 Let J be a set of producers assigned in STA such that if v € J is
assigned to produce oj then pr; > pZ}“x +9d (6 > 2¢). There exists a producer
Y & T, assigned to (By,ajr) in SIA such that pyjr > p%’? + 0 — 2e.

Proof: Let Z be the set of consumers to which producers in J are as-
signed in SIA. As pg; > p*® + d and all consumers follow LGB(t) strategy
with ¢ > 0, all consumers in Z will have at least § > 2¢ surplus in maxi-
mum competitive equilibrium. By the property of competitive equilibrium,
all consumers in Z will be assigned in maximum competitive equilibrium.
There are two cases to consider:

Case 1: A consumer in 7 is assigned a producer ¢ J in maximum competi-
tive equilibrium. Let that consumer be 3; € 7 and her maximum competitive
equilibrium assignment be (v, a) such that vy, ¢ J. Let the assignment
of f; in SIA be (yg, 1) where y; € J.

Proposition 7 If p is competitive equilibrium price vector and 3; is as-
signed (Y, o) in SIA with consumers following LGB strategies and (v}, a:2)
is in B; s demand set in the corresponding competitive equilibrium such that

Pr1 — Pk1 = 0, then Pro — prra = 0 — €.
Proof: From proposition 1, we have,
Vi1 — Pr1 + € > Vi — Ppa-
From the property of competitive equilibrium and demand set we have
Vig — Pk/'2 2 Vil — Pk/1-

Adding these two equations we get prro — prro + € > Pr1 — Pr1 > 0. Hence
P2 — Prr2 = 0 — €. n

By proposition 7 we have pyo — pp/g* > 0 — €. Consider the following
proposition.
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Proposition 8 If a producer vy follows ISB($1) strategy such that §; <
ST and py; > pi*F 40 (8 > €) for some item a; € A which is in the supply

set of v1, then ~v1 will produce some item in SIA.

Proof: Since p1; > pi®* + 6, this means p1; — c1; > piI** — ¢+ 0 =
7% 4§ > 51 + 6. This means py; — c1; > §1 + 6. By proposition 4, v will
be assigned in SIA. |

By proposition 8, v will be assigned in STA. Let that assignment involve
item as.

Proposition 9 If p is a competitive equilibrium price vector and ~yg pro-
duces az in SIA by following an ISB strategy but «o is in his supply set in
competitive equilibrium such that prro — prro > 0, then Prrz — prrg > 0 — €.

Proof: From proposition 3, we have,
Pr'3 — Cpr3 + € 2> Prra — Cpra.
From the property of competitive equilibrium we have,
Pk'2 — Ck/'2 = Pk/3 — Ck/3.

Adding the above two equations we get Prr3 — prr3 + € > Prro — Prro > 0.
This gives us pyi3 — prrg > 6 — €. |

By proposition 9, we have pyr3 — piis® > 0 — 2e.

Case 2: All the consumers in Z are assigned producers € 7 in maximum
competitive equilibrium. Consider the following proposition:

Proposition 10 Consider a set Q of (producer,item) tuples which are as-
signed to a set R of consumers in mazrimum competitive equilibrium who
have positive surplus on them. There exists (y1,c1) tuple ¢ Q which is in
the demand set of one of the consumers € R and supply set of v1 includes
aq.

Proof: Assume for contradiction that all the consumers € R have their
(producer,item) demand set tuples from Q. Since all consumers in R have
positive surplus, we can increase the prices of all the tuples in Q by the same
sufficiently small amount without changing the demand set of consumers in
R. Since the price of an item is increased, that item still remains in the
supply set of its corresponding producer for all tuples (v, ;) € Q. There-
fore, we still have competitive equilibrium, with increased price. But we
were already at the maximum competitive equilibrium. So our assumption
is incorrect. Hence, there exists a (producer,item) tuple ¢ Q which is in
the demand set of one of the consumers € R. Let this tuple be (y1,a1).

24



Now assume for contradiction that v; does not have o in his supply set.
This means no consumer is assigned to (71, ;) in maximum competitive
equilibrium. So we can increase the price of (v1,aq) by sufficiently small
amount without changing the supply set of v; and still have competitive
equilibrium. This is a contradiction as we are already at maximum compet-
itive equilibrium. ]

Applying proposition 10, we get that there exists a tuple (7y2,a3) such
that vo ¢ J and (31 € Z has (72, «2) in her demand set. Let the assignment
of 81 in SIA be (y1,a1). From proposition 7, we have pag — phy*™® > § — €.
Also, from proposition 10, as is in the supply set of «5. From proposition
8, 72 will be assigned in SIA. Let that assignment involve item ag. So we
have from proposition 9, pa3z — p55** > 0 — 2e.

This proves the lemma in both the possible cases. |

The proof of the theorem can be done by repeatedly applying Lemma 2.
Assume v will produce an item a; in SIA. Set J = ~1. Since §; > s/%* +
2we, we have p1; > pli* + 2we. Set 6 = 2we and apply Lemma 2 to
get another tuple (72, ap) assigned to another consumer By such that pog —
phy™® > 2we — 2¢. By proposition 8, v will be assigned in SIA. Again we can
apply Lemma 2 by including 79 in Z and setting § = 2we — 2¢ to discover
another pair of producer and consumer. This process can continue till we

either run out of producers or consumers in the system. At that moment,

we will have Py — Pine > 2e. But we can still apply lemma 2 and discover
new producer and consumer. This gives us a contradiction. |

Proof (Theorem 7): p™% is a competitive equilibrium price vector and
s(p™**) = s,' > s. This implies that, there exists a minimal competitive
equilibrium price vector at s.

Assume for contradiction, p' and p? are two different (p! # p?) minimal
competitive equilibrium price vectors at s. Let p> be a price vector such that
pi; = min[pj;, ;] Yk € G, Yoy € A. Define 53 = min[s,, (p'), s,, (p?)].

From the lattice property of the competitive equilibrium price vector
space, p° is a competitive equilibrium price vector with s(p?) = s* (Gul and
Stacchetti, 1999). Since p' and p? are different price vectors, from definition
of p, we have p? < p! and p? < p2. Since s(p') > s and s(p?) > s, s® > s.
As s3 = s(p?), s(p?) > s. So, p? is a minimal competitive equilibrium price
vector and p!, p? are not. This is a contradiction. Therefore, the minimal
competitive equilibrium price vector at s is unique. |

Proof (Theorem 8): Let us denote the minimum competitive equilib-

rium corresponding to § as . Let us denote the corresponding price vector
as p. Now consider the following lemma.
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Lemma 3 Let J be a set of producers who are assigned in p, such that
Vv, € J and for some o; € Sk(p),Pri < pri — 0(8 > 2¢€). Then there exists
a producer v1 ¢ J, such that (v1,as3) is assigned some consumer in pu and
P13 < p13 — 0 + 2e.

Proof: Let Z be the set of consumers who are assigned to J in u. Since
Pri < Pri — 0, consumers from Z will have at least § surplus in SIA. Since all
the consumers follow the LGB(0) strategy, proposition 2 implies that they
should be assigned in SIA. There are two possible cases.

Case 1: Some consumer in 7 is assigned a producer ¢ J in STA. WLOG,
let that consumer be ;. Let her assignment in SIA and p be (v1,a1) and
(72, a2) respectively. From proposition 5, we have p1; — p1; > 0 — €. Since
71 is assigned in SIA and pi1 —p11 > 6 —¢€, he should have at least 5, +0 —¢
surplus in p. Since 3,, > 0, v1 should be assigned in . Let one of the items
in his supply set be as. By proposition 6, we have p13 — p13 > J — 2e.

Case 2: All consumers in Z get producers from 7 in SIA. Consider the
following proposition:

Proposition 11 A consumer 31 ¢ J will have a (producer,item) tuple
(say (y2,a2)) in her demand set such that vo € T and ag is in the supply
set of producer .

Proof: Consider the tuple (v, ;) such that v € J and a; € Sk(p. Since
Pri — Dri > 0 and 7y is assigned in SIA using ISB(8;) strategy, then g
should have at least §; 4+ d surplus in . So all the producers in J will have
§4 0 surplus in p. Assume for contradiction that the proposition is not true.
Decrease the prices of all tuples (v, ;) such that v, € Z and «; is in the
supply set of v, by a sufficiently small amount. By decreasing the prices like
this, the supply set of producers in J remains unchanged. The demand set
of all consumers (31 ¢ Z does not contain a tuple (72, as) such that vo € J
and s is in the supply set of 5. Therefore the demand set of all such
consumers remains unchanged. The demand set of all the consumers in Z
would still contain the tuple assigned to them, since the prices decreased for
all such tuples. Therefore, the new vector of prices (p’) is still a competitive
equilibrium price (with the same competitive equilibrium assignment), and
s(p’) > 8. Therefore, p was not the minimum competitive equilibrium price
vector at §. This is a contradiction to our assumption that the proposition
is not true. |

From the above proposition, 31 ¢ Z will have (2, a2) in her demand set
in p such that v € J. Since the prices in SIA are below the prices in a
competitive equilibrium by at least J§, 81 should have at least § surplus on
tuple (y2,a9) in SIA. Since (31 follows the LGB(0) strategy, using proposi-
tion 2, 4 will be assigned some (71, 1) in STA. Since 1 ¢ Z,v ¢ J. From
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proposition 5 we have p1; — p11 > 0 — €. Since 77 is assigned in STA and
P11 — P11 > 0 — €, he should have at least 3,, 4+ d — € surplus in p. Since
8y, = 0, 71 should be assigned in p. Let one of the items in his supply set
be a3. By proposition 6, we get p13 — p13 > 6 — 2e.

So in both cases we proved the lemma. |

To prove the theorem, we subdivide all the (producer,item) tuples into
the following two categories.
Case 1: Consider the tuples (71, aq), that are assigned to a consumer, say
B1 in . Assume for contradiction that pyy — p11 > 2we. Apply lemma 3
with Z = {71}, = 2we, to discover a new producer vy which is assigned
an item as to be produced for a new consumer (G5 such that poo — Pog >
2we — 2e. We can apply lemma 3 again to discover another pair of producer
and consumer which are matched in p. This process will continue till we
run out of producers or consumers in the system at which point we will have
Pww — Pww > 2€6. But we can still apply lemma 3 and discover a new pair
of producer and consumer. This gives us a contradiction. So the theorem
holds. So p11 — p11 < 2we.
Case 2: Consider the tuple, (v1,a1) such that «; is not assigned «a; in
p. There will be a consumer, 31, which will have the tuple (v1,a7) in her
demand set in p. If this is not true, then we can decrease the price of this
tuple and still have a minimal competitive equilibrium at §. This implies
vi; — p11 > 0. Assume for contradiction, p;; — p1; > 2(w + 1)e. This
gives us, v11 — p11 > 2(w + 1)e. By LGB(0) strategy and proposition 2, (;
will be assigned in SIA. Let that assignment involve (72, a9). So applying
proposition 5, we get pos — pag > (2w + 1)e. As pog — ca2 > §2, we can write,
P22 — a2 > S92 + (2w + 1)e. Since §3 > 0, by the property of competitive
equilibrium, 5 will be assigned some item in u. Let that item be as3. By
proposition 6, we get pa3 — pag > 2we. But in case 1 of the proof, we showed
that pog — pog < 2we. This gives us a contradiction.

So we conclude that p > p™"(s) — 2(w + 1)e. [ |

Proof (Theorem 9):  Let us denote the minimum competitive equilib-
rium price vector at § as p. Now, consider the following important lemma.

Lemma 4 Let J be a set of producers who are assigned in SIA such that
Prj > Pkj + 0 (0 > 4e), where v, € J and is assigned item oj in SIA.
Then there exists a producer vy, ¢ J which is assigned an item a; such that
Drrjr > Prrjr + 0 — 4e.

Proof: Let T be the set of consumers assigned to producers in J in SIA.
Since prices of producers in J in SIA are above the competitive equilibrium
price by ¢, then all the consumers in Z will have at least d surplus in compet-
itive equilibrium. So all the consumers in Z will be assigned in competitive
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equilibrium. There are two cases to consider.

Case 1: There exists a consumer, 31 € Z whose competitive equilibrium
assignment is (y1,a1) and v ¢ Z. Let the assignment of 5; in SIA be
(v2,2). From proposition 7, we have p1; — p13 > d — €. By property of
minimum competitive equilibrium at 8, we get p11 > p11+6d—€ > ci11+81+
d—e. As 31 > 0 and 0 > 4e, applying proposition 4, v, should be assigned an
item in STA. Let that be ag. From proposition 9 we have p13 > p13 +§ — 2e.
Case 2: All consumers in 7 get producers from 7 in competitive equilibrium.
Let 31 be the consumer who placed a preferred bid on one of the items
produced by producers in 7, and her bid was the last such bid that was
superseded. FEasy to see that 31 ¢ Z. Let 73 € J be the corresponding
producer. Observe that after 8 has been outbid, no other preferred bid will
be placed on items produced by producers of J. So (31 is either outbid by a
consumer or the producer agent of v;. We consider both the cases.

Case 2(a): 41 is outbid by another consumer (2. Let the assigned item of
~1 in SIA be a;. This means $; must be the highest bidder when the price
of (71, 1) was p11 — €. So v11 — p11+€ > 0. But we have p1; —p11 > § > 4e.
So v11 — p11 > 3e. This means (1 will be assigned something in competitive
equilibrium. Let it be (v2,a32). As 1 ¢ Z, v2 ¢ J. The price of (v1,a1),
when (31 bid for the last time on it must be p1; — 2e. Let the price of (72, as)
at this instant be psy. From the property of LGB strategy,

V11 — P11 + 2€ > V12 — P22 > V12 — D22.

From the property of competitive equilibrium we have

V12 — P22 = V11 — Pi1-

Adding the above two equations and using the fact that p1; — p11 > 6,
we have Pas — pag + 2€ > P11 — p11 > 9. This gives us poo — pao > § — 2¢. By
property of minimal competitive equilibrium at §, we have pos > poo + 9 —
2€ > o9 + 89 + 6 — 2¢. As 89 > 0 and § > 4e, by proposition 4, 9 should
be assigned in SIA. Let that assignment involve ag. From proposition 9 we
have, pag > pog + & — 3e.

Case 2(b): 1 gets outbid by the producer agent of ;. Let the item
on which 31 gets outbid be as. Let the assignment of +; in competitive
equilibrium involve «y. Consider the instant in SIA when (; had the last
outstanding bid on (71, ag). The price of (71, a3) at this instant was p13 — €.
Since (31 placed a preferred bid on (71, a3) and was the last such consumer
to get outbid, the surplus of 71 can increase atmost by e later in STA. Let
54, be the surplus of 71 at the end of SIA. So we can say by proposition 3,

(P13 —€) —ci3+€> 5y, > P11 —c11 — €
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By property of competitive equilibrium we have,

P11 — C11 = P13 — C13-

Adding the previous two equations we get, p13 — p13 + € > P11 — p11 > 0.
So P13 — p13 > 0 — €. Since [ placed a bid on (71, a3) at the price p13 — 2e,
v13 — P13 + € > 0. This means v13 — p13 > § — 2¢ > 2¢. Hence (31 should be
assigned in the competitive equilibrium. Let her assignment involve (v, a2).
As 51 ¢ I, vo ¢ J. Let the price of (y2,a2), when 31 was about to place
her last bid on (71, a3), be paa. By ISB strategy and the fact that prices do
not decrease in SIA, we have

V13 — P13 + 2€ > v12 — P22 > V12 — P2o.

By property of competitive equilibrium we have,

V12 — P22 2> V13 — P13-

Adding the previous two equations we get Pas — pog + 2€ > P13 — p13 >
0 — €. Hence pog — pao > § — 3e. By the property of minimum competitive
equilibrium at §, we get Pog > pog +0 —3€ > oo+ 89+ 0 — 3e. As 5o > 0 and
0 > 4e, by proposition 4, 2 should be assigned in STA. Let that assignment
involve ay4. From proposition 9, we get, pog — pog > § — 4e. [ |

To prove the theorem, we explore two possible cases.

Case 1: 7 is assigned a7 in SIA. Assume for contradiction pi1 — p11 >
(4w—+3)e. So we have p11 —p11 > dwe. Set T = {1} and § = dwe. Applying
lemma 4, we will discover a new consumer and a new producer, y3, which
is assigned an item ao in STIA such that poy — paa > 4(w — 1)e. We can
repeat this process until we exhaust either all the producers or consumers
in the system at which point we will have Py — pww > 4€. But we can
still apply lemma 4, to discover new pair of producer and consumer. This
gives us a contradiction. This shows that if 7; is assigned a7 in STA, then
P11 — p11 < 4we.

Case 2: v is not assigned «; in SIA. If no consumer places bid on this
tuple then p11 = 0 and the proof is trivial. Else, a consumer, (35, should
have placed a bid on (7y1,a1), when its price was p1; — 2¢. Assume for
contradiction, p11 — p11 > (4w + 3)e. By LGB(0) strategy, va; — p11 +€ > 0.
This means vg; — p11 > (4w + 2)e. Hence (35 should be assigned in the
competitive equilibrium. Let this assignment involve (v, ag). Let the price
of (72,a2) when (5 places her last bid on (v1,aq), be pao. By property of
LGB strategy and the fact that prices in SIA do not decrease, we have

V21 — P11 + 2€ > V99 — Pag > Va2 — D22
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By property of competitive equilibrium we have

Ugg — P22 2 V21 — P11-

Adding the previous two equations we get, pog — poo + 2¢ > P11 — P11 >
(4w + 3)e. Hence pog — p2o > (4w + 1)e. By the property of minimum
competitive equilibrium at §, we get poo > pas + (dw + 1)e > co9 + 82 +
(4w + 1)e. As §o > 0, by proposition 4, 5 should be assigned in SIA. Let
that assignment involve as. From proposition 9, we get, pag — pos > 4we.
But we have already shown that if ~9 gets assigned to as in SIA, then
Pog — po3 < 4we. So we reach a contradiction.

Since we reach contradictions in both cases, p11 — p11 < (4w +3)e. N

30



