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Wavelet: Recap

* Image Pyramid

* Wavelets can perform multi-resolution analysis of images.

* Wavelet analysis performs what is known as space-frequency
localization.

e Continuous Wavelet Transform

* Discrete Wavelet Transform

 Haar Wavelets
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Wavelet

Multi Resolution
Analysis

Image Pyramid

Gaussian Pyramid —>

Laplacian Pyramid —

a
b

FIGURE 7.3 'Two
image pyramids
and their
statistics: (a) a
Gaussian
(approximation)
pyramid and (b) a
Laplacian
(prediction
residual) pyramid.
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Wavelet

Multi Resolution
Analysis

Multiresolution representation
facilitates efficient compression by
exploiting the redundancies across

the resolutions.
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Wavelet

Localization in time/space and frequency

Uses a variable length window, e.g.:
Narrower windows are more appropriate at high frequencies
Wider windows are more appropriate at low frequencies

A signal with three frequency components at varying times
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Wavelet

It is convenient to take special values for s and T in
defining the wavelet basis: s =2Jandt=k . 27

t—k.277) J :
‘IJ( ; )= 22y(27t — k
= — W@t —K)
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A
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Haar Wavelets

* Suppose we are given a 1D "image" with a
resolution of 4 pixels:

1973 5]
* The wavelet transform is the following:
6 2 1 — 1| (with sub-sampling)
L, D, D, D,
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Haar Wavelets

Multi Resolution S L LIRS V4o VaoV ol

* Let W, be the orthogonal complement

of V;in Vi, :’
Vi =V + W, o
fO=Ycot—k) V.
k
fO=> o t—k)+> d, w2 t—k)
k k
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Haar Wavelets

1 if0<x<1

0  otherwise ——

:
0|

o -]

|

0l(x) =92/ x—8, £=0,1,...,2/ -1

(scaled and translated versions of the box function below)
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Haar Wavelets
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Haar Wavelets

1 if0<x<1/2
wix)=<-1 ifl/2<x<1

0 otherwise L

(b} Wit

Wif(X) I=v/(21X—19, k=0,1,...,27 -1
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Haar Wavelets
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Haar Wavelets

Digital Image Processing

j=1 j=0
L p2t—k) Vi | é(t—k) Vo
i | at—k) Vo
J | | | Blt—k) Wo
—
v(2t—-k) W
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Haar Wavelets

. . .12
using the basis functions in V'

£(x) = c§od(x) + ct% (x) + 505 (x) + 505 (0 +7 %
fx= 19 7 3 5] +3 X
' + 5 X

\Z
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Haar Wavelets

using the basis functions in V' and /!

V2=V W

£(%) = o (x) + 1o} (x) + doysg (x) + diy (%)

Resolution Averages Detail Coefficients
8| 9 7 3 5] []
2 |8 4] [1 —1]
4 6] 2]
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Haar Wavelets

using the basis functions in V°, W and W!

=6 X
VE=V+ W =1+ + W

£(x) = op(x) + dywd (x) + dywid (%) + diyi (x) 4+ %

J()= ch(p(f—k)+zzd,-kw(2jt—k) + 1%

%

+ -1 X
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Haar Wavelets

Test Function

Digital Image Processing

Approximation in Va
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Wavelet

. . s(n) u(n)
Multi Resolution Pyl 2*_A}; P
Analysis |
x(n) @— Analysis | Synthesis + x(n)
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Wavelet
Multi Resolution

Analysis /.
hy(—n) 2* oW1 / “\ &
f(x)eVjeo— hy(—n) 24 —e Wy VH/ \w,,3
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Haar Wavelet

Example (Revisit)

(973 5]

down-sampling /\

down-sampling

@ |8 4] 1 -1] @

/N
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Haar Wavelet

Example (Revisit)

(973 5]

—

@ (8 4] 1 -1] @

down-sampling an-sampling

o 6] 2 @
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Haar Wavelet

Decomposition

average
(LP)

detail
(HP)

HP
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Haar Wavelet

2D Decomposition
The 2D Haar wavelet decomposition can be computed using
1D Haar wavelet decompositions.

i.e., 2D Haar wavelet basis is separable
Two different decompositions:
Standard decomposition

Non-standard decomposition
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Haar Wavelet

Standard Decomposition

Steps:

(1) Compute 1D Haar wavelet decomposition of
each row of the original pixel values.

(2) Compute 1D Haar wavelet decomposition of
each column of the row-transformed pixels.
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Haar Wavelet
Standard Decomposition o

average

(1) Haar decomposition: @ detail

re-arrange terms

XXX X 000 00 000 - 000
XXX .. X
0000 00 000 000

o ) B
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Haar Wavelet

Standard Decomposition @ average
(1) Haar decomposition: @ detail

o0® 000 | oe® - ©

o0® 000 oe® - ©
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Haar Wavelet

Standard Decomposition

(1)
row-transformed result
Q00
Q00
Q00

Digital Image Processing

=)

@ average
Haar decomposition: @ detail
00 - O
00 - O
00 - O
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Haar Wavelet

Standard Decomposition

)w-transformed result

oe® . ©
olee® . @
ole® . @
\J
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Haar Wavelet

Standard Decomposition

column-transformed result

columns
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Haar Wavelet

Standard Decomposition
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Haar Wavelet
Non Standard Decomposition

Haar decomposition:  Haar decomposition:

XXX X Q000 00 000 00

Q000 00 Q000 0O
Q000 0O Q000 00
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Haar Wavelet

Non Standard Decomposition

re-arrange terms

Digital Image Processing

» Haar decomposition » Haar decomposition
on quadrant

on quadrant
ON I @
00 @
00 @
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Haar Wavelet

Non Standard Decomposition

columns
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Haar Wavelet

Non Standard Decomposition

@ee o

columns

B 5
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Haar Wavelet

Non Standard Decomposition
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Haar Wavelet

Sub band image coc

ing

ho(m) z* -

Rows
(along m)

x(m,n) @—

hy(m) |4 24

Rows

ho(n) 2+ —— a(m, n)
Columns
(along n)

h(n) — 24 —8d¥(m,n)
Columns

ho(n) | — 2¢ L e df(m,n)
Columns

hy(n) 2y @ d?(m, n)

Digital Image Processing

Columns

FIGURE7.5 A
two-dimensional,
four-band filter
bank for subband
image coding.
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Wavelet
Comparison with DCT

Wavelet
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