
QUIZ 1 (COL 351)

Name Entry No.

Give precise arguments. Needlessly long explanations will not fetch any marks.

You have n workers. Worker i has skill si. You are given a target T . You need to divide the workers
into teams of two workers each (assume n is even, and so there will be n/2 teams). A team consisting of
workers i and j is said to be good if si + sj ≥ T . Give a greedy algorithm to divide the workers into teams
of two workers each such that the number of good teams is maximized.
Greedy Algorithm: Sort the workers in decreasing order of skills . Consider them in this order. When
considering worker i, pair it with the least skilled worker j which has not been paired yet, and such that
si + sj ≥ T . If there is no such worker, then pair it arbitrarily .

Proof of Correctness: Assume s1 ≥ s2 . . . ≥ sn. Suppose for workers 1, . . . , k, we were able to pair up
with workers such that the total skill was at least T , but we could not find such a worker for k + 1. Then
it is clear that from now on, none of the pairs will be good because pairing of k + 1 with even the best
skilled remaining worker has total skill less than T . Thus our algorithm forms k good pairs. Suppose i
is paired with i′ for i = 1, . . . , k. We prove the following by induction on `, where 0 ≤ ` ≤ k: there is an
optimal solution which contains the good pairs (1, 1′), . . . , (`, `′) . Base case is true trivially. Suppose this
fact is true from some ` < k. So, consider an optimal solution which contains (1, 1′), . . . , (`, `′). Suppose
(` + 1) is not paired with (` + 1)′ (otherwise nothing to prove). Suppose the optimal solution contains the
pairs ((` + 1), a), ((` + 1)′, b). Clearly a, b are distinct from 1, 1′, . . . , `, `′ (because these pairs are already
formed – induction hypothesis) . Now, we modify the optimal solution by replacing these two pairs with
((` + 1), (` + 1)′), (a, b)) . Note that if at least one of ((` + 1), a), ((`+)′, b) were not good, then we have
not decreased the number of good pairs, because ((`+ 1), (`+ 1)′) is good . If both ((`+ 1), a), ((`+ 1)′, b)
are good, note that the skill of a is at least as high as the skill of (` + 1)′ . Therefore, the new optimal
solution will also have the same number of good pairs. This proves the induction hypothesis. Now, consider
an optimal solution which contains the pairs (1, 1′), . . . , (k, k′). If it contains another good pair (a, b) our
algorithm should also have been able to find one more good pair while looking at k + 1, because then a
and b would be unpaired, and skill of k + 1 is at least the skill of a or b .
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You are given a set of n intervals, each of which has starting and ending points in the range [0, T ]. Give
an efficient greedy algorithm to find a minimum cardinality subset of these intervals such that for every
point p ∈ [0, T ], there is at least one interval in this subset containing p. Note that all intervals are closed
intervals (so if you have an interval [s, t] then the point s (or t) is contained in this interval).

Greedy Algorithm: We assume that for every point there is at least one interval containing it. To begin
with, consider all the intervals containing the point 0, and pick the interval which has the highest right
end-point among such intervals . At an intermediate step, suppose we have picked a subset of intervals
which cover the sub-interval [0, p]. Then consider all the intervals containing p and pick the interval which
has the highest right end-point . Repeat till we cover T .

Proof of Correctness: Suppose the algorithm picks intervals I1, . . . , Ik. Let O be any optimal solution,
and suppose it picks intervals O1, . . . , Ok′ , arranged in increasing order of left-endpoints, where k′ ≤ k .
We will prove the following by induction: the right end-point of Ii is at least the right end-point of Oi, for
i = 1, . . . , k′ . Base case: O1 must contain the point 0 (it has the leftmost left end-point). So, by choice of
I1, O1 must end before I1 ends . Suppose this fact is true for some i < k′. Let p be the right end-point
of Ii. If Oi+1 contains p, then the claim follows by choice of Ii+1 . So suppose this is not the case. Let p′

be the right end-point of Oi. By induction hypothesis p′ ≤ p. Now Oi+1 must contain p′ . So if it does
not contain p, it ends before p, and so, before Ii+1 ends . This proves the induction hypothesis. Now, if
k′ < k, it follows that the right most point covered by Ok′ is before the right end-point of Ik′ . But even
Ik′ cannot reach T , and so, this optimal solution is not feasible .


