COL726 Problem set 1: Numerical computations -
pitfalls

January 16, 2017

1 Discretization

1. Derive the trapezoidal rule for numerical integration which goes some-

what like:
b
[t

for discrete values of xj, in interval [a,b]. Compute [ sin(z)dz using
trapezoidal rule (use h = 0.1 and h = 0.01) and compare with the
exact result.
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2. Consider the differential equation

/
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(r) = 2zy(r)—222+1, 0<z<1

0) =1

a) Show /verify that the exact solution is the function y(z) = e*’ +x.
(a) y y

(b) If we approximate the derivative operation with a divided differ-
ence

Y (2k) = (Wkt1 — yi)/ (Thy1 — 1)
then show that solution can be approximated by the iteration
Yk+1 = yk+h(2xkyk72xi+1)a k‘ZO,l,...,TL
v =1
where z, = kh, k=0,1,...,nand h =1/n.

(c) Use h = 0.1 to solve the differential equation numerically and
compare (plot) your answers with the exact solution.



3. (a) Derive the Newton’s iteration for computing v/2 given by

Trp1 = s+ 2/z)], k=0,1,...
i) =1

(b) Show the Newton’s iteration takes O(logn) steps to obtain n

decimal digits of accuracy.

(c) Numerically compute v/2 using Newton’s iteration and verify the
rate of convergence.

4. Which of the following are rounding errors and which are truncation
errors?

(a) Replace sin(x) by z — (3/3!) + (z°)/5!...
(b) Use 3.1415926536 for .

(c) Use the value x1q for v/2, where x, is given by Newton’s iteration
above.

(d) Divide 1.0 by 3.0 and call the result 0.3333.

2 Unstable and Ill-conditioned problems

1. Consider the differential equation
y'(x) = (2/mayly—m), 0<z<10
y(0) = wo
(a) Show /verify that the exact solution to this equation is
2
y(x) = myo/lyo + (7 — yo)e” |
(b) Taking yo = 7 compute the solution for
i. an 8 digit rounded approximation for 7
ii. a 9 digit rounded approximation for

What can you say about the results?

2. Solve the system

2z — 4y = 1
—2.998r + 6.00ly =
using any method you know. Compare the solution with the solution to

the system obtained by changing the last equation to —2.998x+6y = 2.
Is this problem stable?



3. Examine the stability of the equation
z® —1022% 4+ 201z — 100 = 0

which has a solution z* = 1. Change one of the coefficients (say 201
to 200) and show that x* = 1 is no longer even close to a solution.

3 Unstable methods

1. Consider the quadratic
ar’ +br+c=0, a#0

Consider a = 1, b = 1000.01, ¢ = —2.5245315. Suppose that v/b% — 4ac
is computed correctly to 8 digits, what is the number of digits of
accuracy in 7 What is the source of the error?

2. Show that the solution to the quadratic can be re-written as
z = —2¢/(b* + Vb2 — 4ac)

Write a program to evaluate z for several values of a, b and ¢ (with
b large and positive and a, ¢ of moderate size). Compare the results
obtained with the usual formula and the formula above.

3. Consider the problem of determining the value of the integral

1
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Then, integration by parts gives us (please verify)

I, = 1—Fklx
Iy = fol e tdr =1 (1/e)

If we let

Thus we can compute Isg by successively computing Iy, Io,.... Com-
pute the (k, I}) table with a program, plot, and see if it makes sense.
What are the errors due to?

Compare the results with that obtained using the following recursion
(which you can easily! derive by integrating by parts twice).

Iy = (1/7) — [k(k — 1) /78 Tx_2, k=2,4,6,...



4. The standard deviation of a set of numbers 1, zs, ..., T, is defined as

n

s=(1/n) Y (a2

=1

where Z is the average. An alternative formula that is often used is
n
s=(1/n) Y a? —
i=1

(a) Discuss the instability of the second formula for the case where
the z; are all very close to each other.

(b) Observe that s should always be positive. Write a small program
to evaluate the two formulas and find values of x1,...,z19 for
which the second one gives negative results.



