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. The towers of hanoi is a problem whose solution may be modelled as a problem of state transitions.
Consider the towers of Hanoi problem with 3 rings and model all the transition possibilites as a
directed graph.

. Many recreational problems may be regarded as graph problems for the purpose of modelling. Given
3 uncalibrated vessels A, B and C of capacities 8 litres, 5 litres and 3 litres respectively. Vessel A is
filled to the brim with a liquid. It is required to divide the liquid in the vessel A into 2 equal volumes
using the other two vessels, without adding or dropping any more liquid

(a) Model the problem as a directed graph on states with transitions being the act of transferring
an amount of liquid from the one vessel to another so that the source vessel becomes empty
or the target vessel becomes full.

(b) Show that there is a directed path from the initial state viz. the one in which vessel A is full
and the others empty to a state in which the liquid is divided into two vessels which contain
4 litres each.

(¢) What are the invariant properties satisfied by the states that are reachable from the initial
state? Are there any states satisfying all these invariant properties, which is not reachable?

. Prove that in a directed or undirected graph of n vertices, if there is a path from vertex u to v then
there is a path of length no more than n — 1 edges from u to v.

. Prove that a simple graph with n vertices must be connected if it has more than (n — 1)(n — 2)/2
edges.

. Prove that a connected undirected graph remains connected after removing a particular edge e,
if and only if e is in some circuit of the graph.

. The union of two undirected graphs G; = (Vi, E1) and G3 = (Va, E3), denoted G; U G5 is a third
graph G5 = (V5, E3) such that V3 = V3 UV, and F5 = F7 U Ey. Similarly the intersection G; NG2
is the graph consisting of only those vertices and edges that are in both G; and Gs. The xor
graph of G; and Gy (denoted G1 @ G9) is the graph Gs = (V3, E3) such that V3 = V43 U Vs and
By = E, @ Es.

(a) Prove that each of the three operations on undirected graphs is commutative.

(b) Prove that if G; and G2 are edge-dsijoint then G; @ G2 = G1 U Ga.

(¢) Prove that union and intersection are idempotent operations and G @ G is a null graph.

. A graph G is said to be decomposed into two subgraphs Gy and G if G1UG2 = G and G1 NGy is

a null graph. Prove that a connected undirected graph is an Euler graph iff it can be decomposed
into circuits.

. The notions of Eulerian paths and circuits may be extended to directed graphs as well. An Euler
digraph is a directed graph with no isolated vertices, which has a directed Eulerian circuit.

(a) Prove that a directed graph (with no isolated vertices) is an Euler digraph iff it is strongly or
weakly connected and 67 (v) = §~(v) for every vertex v
(b) Prove that a directed graph (with no isolated vertices) has a directed Eulerian path or circuit
iff it is strongly or weakly connected and
e 6t (v) =0 (v
e 6 (v) = 6 (v) for every vertex v except two vertices u and w for which §%(u) = 6~ (u) +1
and 0~ (w) = 6T (w) + 1.

) for every vertex v or



