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Tutorial sheetinduction Principles

. Prove the following using one of the principles of mathé&ozhinduction.

(a) The unique prime factorization theorem for positivegers greater than 1.
(b) The binomial theorem.

(c) Prove that
1AN+2@2N+3@BN+---+nn) =(n+ 1) -1

Find the fallacy in the proof of the following theorem. Régit and again prove it using one of the principles
of mathematical induction.

Theorem.
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Proof: Forn = 1 the LHS is ¥2 and so is RHS. Assume the theorem is truenfer 1. We then prove the
induction step.
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which was required to be proved.

. Let A be any set with a reflexive and transitive binaratien < defined on it. Thatis to say € Ax A
satisfies the following conditions.

(a) Foreveryae A,a<a.

(b) Foralla,b,c € A, a < bandb < cimpliesa < c. Then show by induction that; R =<"; R for all
n > 1 for any binary relatiorR C A x A.

. LetX be any finite set and lek be the set defined inductively froBi= {¢} andK = {.} by the ruless € A,
and for allu,v € A, uv € A. Lete denote the empty string and satisfies the identitites= .u = u for all
uex.

(a) Prove thaA = X*.

(b) Give examples of strings iA that may be constructed in more than one way. A is said tantiggu-
ously generated if there is such an elemengof

(c) Ais said to beunambiguously generated if everya € A is either inB or there is a unique constructor
f € K and unique elements, ..., a,f) € Asuch thati= f(ay,...,ayn)
Give a diferent definition of the s&t* which allows every non-empty string to be constructed ueigu
from unique components.

. LetA € U be unambiguously generated fraBnand K. Prove thatA is a well-founded set. What is the
ordering onA?

. Let A be any set. Then the s8T (A) of A-labelled binary trees is the subsetdf = (AU {0,(,),,})"
inductively defined by the basis 4@ and the single constructbt : Ax U x U — U such thabt(a,l,r) =

@al,r).

(a) Define by structural induction, the functiohg?, | : BT(A) — N which respectively yield the height,
the number of nodes and the number of leaves in any memHg¥ @) .



(b) Prove by théPrinciple of Structural Induction that for anyt € BT (A), #(t) < 2"® — 1 andl(t) < 2h0-1
(c) LetBT(A) = UBTn whereBTy(A) = {0} andBTy;1(A) = BT U {(a,l,r) |ae Al r € BTy}. Prove

neN
thatBT(A) = BTw(A).

. LetA C U be inductively defined by a basis #&t+ () and a constructor sé& # (). Let X be the set of all
setsX € U such thatB ¢ X and for every constructor € K, for all X, ..., Xy € X, k(X1, ..., X)) € X.

Prove thatA = ﬂx
XeX

. LetA c U be inductively defined by a badsand a constructor s&t. Further letA,, = UA“ whereA; = B
neN

andAi1 = AcU {f(ag,...,aun) If € K &g, ... a4, € Ad. Prove thaid = A,.

. Let A be any alphabet and Iét* be the set of all strings of characters frafn A language over A is any
subset ofA*. The seRQ of rational languages overA is defined inductively as follows:

Basis 0 € Q and foreverya € A, {a} € Q,
Induction Steps . If L, M € QthenL U M, L.M andL* also belong t&, whereL.M = {uv|ue L,ve M}
andL* = {g} U L.L".

(a) Forany language definelLR = {wRjw € L}, i.e. LR is the language obtained froimby reversing every
string inL. Prove that ifL € Q thenLR e Q.

(b) LetPref(L) ={ue A"|3dve A" : uv e L} be the set of prefixes of stringsin Prove thatifL € Q then
Pref(L) € Q.



