Short Length Menger’s Theorem and Reliable Optical Routing

Amitabha Bagchi and Amitabh Chaudhary

Dept. of Information and Computer Science University of California, Irvine, USA

{bagchi,amic}@ics.uci.edu

Petr Kolman

Inst. for Theoretical Computer Science Charles University, Prague, Czech Republic

kolman@kam.mff.cuni.cz

ABSTRACT

We deal with a generalization of the Minimum path colouring problem, k-Edge disjoint path systems colouring: given a graph G and a set of pairs of vertices of G, the task is to connect each pair by a system of k-edge disjoint paths (a ksystem) and to colour the k-systems by minimal number of colours in such way that any two edge-intersecting k-systems have different colours. Multiple connecting paths between the same pair of vertices are motivated by a need for fault tolerant connections. We propose an O(k^2F ) approximation algorithm for this problem where F is the flow number of the graph. As a byproduct of our analysis we also show that any two k-connected vertices in G are connected by k edge disjoint paths of average length O(kF ) which improves previously known bounds for many classes of graphs.

Categories and Subject Descriptors

G.2.2 [Graph Theory]: Path and circuit problems, Network problems; F.2.2 [Nonnumerical Algorithms and Problems]: Routing and Layout

General Terms

Algorithms

Keywords

Menger’s theorem, fault-tolerant routing, path coloring, Flow Number

1. INTRODUCTION

In this paper we describe both efficient and reliable (faulttolerant) algorithms for network communication problems. We consider optical networks in which faults may appear on one or many links (edges). We guarantee fault tolerance by reserving several independent communication channels (i.e. disjoint paths) for a single connection.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. To copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee.

SPAA’03, June 7–9, 2003, San Diego, California, USA. Copyright 2003 ACM 1-58113-661-7/03/0006 ...$5.00.

Formally, we consider a generalization of the well known Minimum path colouring problem (MPCP) [4], namely the k-Edge disjoint path systems colouring problem (k- EDPCOL): given a graph G = (V, E) and a (multi)set of pairs of vertices {(si, ti)|si, ti ∈ V }, connect each pair by k-edge disjoint paths (called a k-system) and colour the ksystems in such a way that any two k-systems using the same edge have different colours. The objective is to minimize the number of colours used.

Since MPCP, which corresponds to 1-EDPCOL, is an NPhard problem, we concentrate on approximation algorithms for k-EDPCOL. We parametrize the performance of our algorithms by the flow number F of the graph, defined below. This makes it possible to do better than the Ω(m^{1/2−ϵ}) lower bound [2] for many classes of graphs (we recall that the flow number of, e.g., constant degree expanders, hypercubes, butterflies is O(log n), F (d-dim-mesh) = O(^d √ n)).

The main algorithmic result in this paper is an O(k^2F ) approximation algorithm for k-EDPCOL. This improves the best known result for MPCP by a log n factor. Our algorithm takes an instance of k-EDPCOL, solves it fractionally as a multicommodity flow problem, rounds the fractional flows into integral k-systems and colours the k-systems greedily. Keeping the k-systems small is the crux of our technique (the size of a k-system is the number of edges in it). A corollary of this effort is the short length Menger’s theorem, namely, an O(kF ) bound on the average path length of k edge disjoint paths between any two k-connected vertices.

We conclude this introduction with a formal definition of the flow number. Let I0 denote an instance of the concurrent multicommodity flow problem with a commodity of demand deg(u) · deg(v)/2|E(G)| between each pair of nodes (u, v). For a feasible solution S, let D(S) be the length of the longest flow path in S and let C(S) be the inverse of the flow. The flow number F = F (G) of G is the minimum of max{D(S), C(S)} over all feasible solutions S of I0 [3]. F is known to be O(Δα^{−1} log n) [3], where Δ is the maximum degree of G and α is the edge expansion.

2. A SHORT LENGTH VERSION OF MENGER’S THEOREM

The key problem we address in this paper is the existence of small k-systems, and our ability to find them. For a single pair, this can be easily done by solving a minimum cost flow problem. For multiple pairs, however, we need the following general lemma:

Lemma 2.1. Given a graph with flow number F , a set T of pairs of vertices and a flow system F such that there are k units of flow between each pair from T and the maximal flow through an edge is one, then there exists a flow system F^′ such that

• there are still k units of flow for each pair from T ,

• the maximal flow through any edge is 2,

• for each pair from T , the corresponding flow can be decomposed into flow along several k-systems, each of size O(k^2F ).

An important tool for proving the lemma is the Shortening lemma [3]. Applying Lemma 2.1 to a single pair of kconnected vertices yields the following bounded length version of Menger’s theorem. Since graphs with diameter Ω(F ) are known [3], the result is, up to a factor k, the best possible for general graphs:

Corollary 2.2. Given a graph G with flow number F and a pair of k-connected vertices (u, v), there are k-edge disjoint paths between u and v of average length 16k · F .

Lemma 2.1 also implies an improvement of the approximation ratio for the k-edge disjoint paths problem, cf. [1].

3. AN ALGORITHM FOR K-EDPCOL

Let T ⊆ V × V be an instance of k-EDPCOL on a graph G(V, E). For each (aj , bj ) ∈ T let Pj denote the set of all k-systems of size at most 16k^2F between aj and bj and let P = ⋃ Pj . In the following linear program we have a variable x(s) for each k-system s from P denoting 1/kth of the total flow sent along the k-system (that is, there is a flow x(s) along each of the k paths of s) and a variable c denoting the maximal edge congestion in the network:

min c (1) ∑ s∈P:e∈s

x(s) ≤ c ∀e ∈ E (2) ∑ s∈Pj

x(s) ≥ 1 ∀j (3)

x(s) ≥ 0 ∀s ∈ P (4)

Lemma 3.1. The optimal (fractional) solution to the linear program is (up to a constant multiple) a lower bound for the optimal (integral) solution to k-EDPCOL.

Proof. Consider the optimal solution to the k-EDPCOL. This is an integral solution to the above LP. We shorten the k-systems for each colour separately. Since the k-systems of the same colour are disjoint, it is possible to apply Lemma 2.1 to shorten them. Taking the modified flows for all colours together we get a fractional solution consisting of only small k-systems and congestion that is guaranteed to be at most O(1) times worse than the original optimal integral.

Theorem 3.2. For any graph G there is an algorithm for k-EDPCOL with approximation ratio O(k^2F ), where F is the flow number of G.

The structure of the algorithm is as follows:

1. (Approximately) solve the linear program (1)-(4). By Lemma 3.1, the congestion C in the approximate solution is (roughly) a lower bound on the number of colours needed in the optimal integral solution.

2. Round the fractional solution to an integral one using an iterative rounding method. The aim of the process will be to guarantee that every k-system intersects with at most O(Ck^2F ) other k-systems at the end.

3. The resulting k-systems can be coloured with O(Ck^2F ) colours which is within an O(k^2F ) factor of the optimum.

Step 1 can be solved either by LP methods or by more efficient approximation algorithms for multicommodity flow problems (constant approximations are sufficient for us). The rounding of Step 2 can be done in a sequence of rounds and requires some effort, cf. [5] (for more than m log m requests, a standard randomized rounding can be applied). The last step can be done using greedy colouring, it follows easily from Vizing’s theorem.

4. CONCLUSION AND OPEN PROBLEMS

We gave an O(k · F ) upper bound on the average path length between two k-connected vertices in a graph with flow number F . This compares well with the trivial lower bound Ω(F ). We feel that the gap is an artifact of the analysis and that it can be removed. This would lead to an O(kF ) approximation ratio for the k-EDPCOL. A challenging problem left open is that of finding k-systems and assigning colours to them online: Is there an online algorithm with O(k^2F ), or even O(kF ), competitive ratio? Acknowledgements. We would like to thank Ankur Bhargava and Christian Scheideler for many useful discussions. . 5. REFERENCES

[1] A. Bagchi, A. Chaudhary, P. Kolman, and

C. Scheideler. Algorithms for fault-tolerant routing in circuit switched networks. In SPAA ’02, pages 265–274, 2002.

[2] V. Guruswami, S. Khanna, R. Rajaraman,

B. Shepherd, and M. Yannakakis. Near-optimal hardness results and approximation algorithms for edge-disjoint paths and related problems. In STOC ’99, pages 19–28, 1999.

[3] P. Kolman and C. Scheideler. Improved bounds for the unsplittable flow problem. In SODA ’02, pages 184–193, 2002.

[4] Y. Rabani. Path coloring on the mesh. In FOCS ’96, pages 400–409, 1996.

[5] C. Scheideler. Probabilistic Methods for Coordination Problems. Habilitation thesis, University of Paderborn, July 2000.